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Non-equilibrium Green’s function theory

➠ expectation value of operator A in Heisenberg picture:

〈A(t)〉 = Tr [ρ0A(t)H ] A(t)H = e
i

t
∫

t0

dt′H(t′)

Ae
−i

t
∫

t0

dt′H(t′)

➠ Hamiltonian: H(t) = H0 +HΓ(t)

➠ Coupling is adiabatically turned on

➠ eiH0t can be evaluated analyti-

cally/numerically

(

a†n(t)H0
= e

i

~
Enta†n

)

➠ Interaction picture:

A(t)H = e
−i

t0
∫

t

dt1HΓ(t1)
A(t)H0

e
−i

t
∫

t0

dt2HΓ(t2)
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Evaluate the Green’s functions

➠ Lesser Green’s function: A = G<(t1, t2) =

−i〈Ψ†
H(t2)ΨH(t1)〉

G<(t, t′) = −i〈TC

[

SH
C Ψ†

H0
(t′)ΨH0

(t)
]

〉

SH
C = exp

[

−i

∫

C

dτHΓ(τ)

]

➠ TC : contour-ordering operator

G<(t1, t2) can be calculated using Wick’s theorem and

➠ (a) evaluate the Dyson equation

➠ (b) evaluate the perturbation series: diagrammatic technique.
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Diagrammatic technique

Capable to describe Coulomb blockade transport regime
H. Schoeller, G. Schön, PRB 50, 18436 (1994)

➠ Hamiltonian of the uncoupled system:

H0 = Hcentral+EC

(

N̂ − nx

)2

+
∑

Hcontact

➠ EC : the charging energy

➠ HΓ =
contacts
∑

r=L,R

states
∑

kln

(

T rn
kl a

†
krnclne

−iφ̂ + h.c.
)

➠ [φ̂, N̂ ] = i: canonically conjugated pairs

➠ e±iφ̂ changes the occupation number N by ±1.

➠ approximation: N̂ is independent of cln

➠ Perturbation series in HΓ ⇒ Feynman diagrams

of the individual processes.
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Reduced density matrix of the central region (QD)

➠ HΓ tunneling changes the probability PN of the state A = |N〉〈N | of the quantum dot.

➠ Dyson equation for the operator A = |N〉〈N |:

➠ Time derivation ⇒ Master equation:

d

dt
PN(t) =

∑

N ′ 6=N

t
∫

t0

dt′
[

PN ′(t′)ΣN ′,N (t
′, t)− PN(t

′)ΣN,N ′(t′, t)

]

➠ Self energy ΣN,N ′ is a sum of irreducible diagrams

➠ Stationary solution: d

dt
P st
N (t) = 0 is independent of the initial PN (t0 = −∞)

➠ Stationary state of the QD can be described by a mixed state of states |N〉 by probabilities P st
N .
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Example for diagrammatic rules: current through the contac t r

➠ Ir = e d

dt
〈Nr〉 = ie〈[H,Nr]〉 (H is the full Hamiltonian)

Ir = −ie

states
∑

kln

(

T rn
kl 〈a

†
krnclne

−iφ̂〉 − c.c.
)

➠ Current operator:

➠ expectation value of the current

operator:

➠ Vertices e±iφ̂ are paired via contact (→) and central region ( ) propagators using Wick’s theorem

page 6



HunQT workshop 2019 Peter Rakyta

Transport through graphene QD

➠ Differential conductance vs bias voltage and doping gate voltage
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➠ I. Weymann, J. Barnas, S. Krom-

piewsky, PRB 92, 045427

(2015):

➠ central region: rectangle shaped

graphene with Coulomb interac-

tion (∼ 100 sites)

➠ within the diamonds the cur-

rent is suppressed due to the

charginf energy
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Motivation to do this

➠ Starightforward to generalize for normal-superconducting hybrid structures

➠ modeling nonequlibrium processes in multiterminal structures:

➠ unconventional Andreev interferometers

➠ π-Josephson transition etc.

➠ Cooper-pair splitting process

➠ Combined with EQuUs it can be used for arbitrary geometry
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Eötv ös Quantum Utilities (EQuUs)

➠ 1 mondatban:

Időfüggetlen egyensúlyi és nemegyensúlyi Green-függvényes technikák
nano- és mikro méretű minták tight binding minták kvantumos model-
lezése

➠ Jelenleg aktı́v 15203 kódsort tartalmaz

➠ Automatikus ön-tesztesztel ési elj árás (minden mérföldkő hibátlanul teljesı́ti, minden új funkciona-

litásnál bővül a teszteljárás)

➠ Webes dokument áci ó az el érhet ő API szintű funkcionalit ásokr ól (algoritmusok, adatstruktúrák)
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Diákok vs EQuUs

➠ A diákok elérhetik és kombinálhatják a bonyolult funkcionalitásokat

➠ Lerövidül az idő, mialatt a diákok bekapcsolódhatnak egy-egy kutatási projektekbe
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