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Cavity Quantum Electrodynamics
Controlled interaction between light and matter

MANIPULATE AT THE ULTIMATE QUANTUM NOISE LEVEL

Clearly, this condition is not achievable in free space, even
when using tight but diffraction limited focusing of a Gaussian
input mode (van Enk and Kimble, 2000; Tey et al., 2008;
Wrigge et al., 2008).
The situation is different when the atom is located in a

Fabry-Perot cavity; see Fig. 1(a). To this end, two mirrors with
reflectivity R1 and R2 are placed in the beam on each side of
the atom, such that the photon can bounce back and forth
many times. Effectively, this increases the absorption cross
section by the number of bounces F=π, which is determined
by the quality of the resonator as characterized by its finesse

F ¼ πðR1R2Þ1=4
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The condition to achieve a deterministic interaction then reads
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Equation (2) can be rewritten in terms of the cavity field
decay rate κ, the polarization decay rate of the atom γ, and a
parameter g that can be identified as an atom-cavity coupling
constant. It is determined by the electric dipole matrix element
μce of the atomic transition from the (coupled) ground state jci
to the excited state jei, and by the electric field E of a single
photon in the mode volume V of the resonator:

g ¼ μceE
ℏ
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Here ℏ is the reduced Planck constant, ϵ0 is the permittivity of
free space, ω is the cavity frequency, and V ¼

R
u2ð~xÞd3x is

the integral over the dimensionless electric-field mode func-
tion uð~xÞ of the resonator, normalized to 1 at the field
maximum. With the speed of light c and the resonator length
L, and using

κ ¼ πc
2LF

; ð4aÞ

γ ¼ μ2ceω3

6πϵ0ℏc3
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one can rewrite Eq. (2) as

C ¼ g2

2κγ
≫ 1. ð5Þ

Here C denotes the single-atom cooperativity parameter of the
optical-bistability literature (Gibbs, 2012), originally derived
for many atoms. Clearly, with Na atoms in the mode, the
cooperativity increases to CNa

¼ NaC. Therefore, the inverse
of C is often called the critical atom number, which gives the
number of atoms required to strongly affect the transmission
properties of the resonator. For C ≫ 1, even a single atom is
able to induce a big effect on a light beam transmitted through
the cavity. From this picture of a bouncing photon it is clear
that C should not directly depend on the cavity length. In fact,
the length dependence in the definition of C drops out as
κ ∝1=L and g ∝1=

ffiffiffiffi
L

p
.

In a similar way, one can define a critical photon number nc,
which determines the number of photons required to signifi-
cantly change the radiation properties of the atom. For a two-
level atom, nc can be identified as the number of photons
needed to saturate the atomic transition. To derive this number,
the rate of spontaneous emission 2γ has to be compared to the
rate of stimulated emission per photon 3λ2c=2πV. This leads
to the condition

nc ¼
γ2

2g2
≪ 1. ð6Þ

This simple picture already allows one to determine the
most relevant experimental parameters. As can be seen from
Eq. (3), the coupling strength on a given atomic transition
depends only on V. Therefore, the use of a cavity with a small
mode volume is essential for the realization of a quantum
interface where the atom-photon coupling rate is supposed to
be larger than all dissipative loss rates. Before the influence of
these losses is discussed in Sec. I.C, an idealized lossless
situation is assumed in Sec. I.B. This allows for a basic
understanding of the dynamics of a coupled atom-cavity
system within the canonical Jaynes-Cummings model that
was first introduced by Jaynes and Cummings (1963).

B. The Jaynes-Cummings model

The basic physical situation described by the Jaynes-
Cummings model is depicted in Fig. 1(a). A single emitter
is located in a resonator that supports a single optical mode at
a frequency ωc. This frequency is in (or close to) resonance
with an atomic transition from a coupled ground state jci to an
excited state jei at a frequency ωa. In addition, the atom
typically also exhibits one or several uncoupled energy states
jui that are far detuned from the cavity field; see the level
scheme in Fig. 1(b).
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FIG. 1 (color online). Basic physical situation considered in
CQED. A three-level emitter, e.g., a single atom, is located in an
optical cavity, schematically represented by two facing mirrors.
The atom exchanges energy with the optical field at a rate 2g. The
decay rate of photons out of the resonator is 2κ ¼ 2κout þ 2κloss.
The atomic polarization decay rate is γ. (b) Atomic energy level
scheme. The transition frequency between the coupled ground
state jci and the excited state jei is ωa. The cavity resonance
frequency is ωc. Atom and cavity are detuned by Δac ¼ ωa − ωc.
The third, uncoupled level jui is detuned from jci by Δu.
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• COMMUNICATION
• COMPUTING

Examples 
• photon + polarization
• atom ground- and 

 excited state
• atom hypefine states

CQED :  INTERACTING QUANTUM BITS



Quantum memory

Quantum network

weakly interacting

strong interaction,
long coherence time

photon = flying qubit  <—> atom = memory qubit



Microwave — visible (NIR) conversion
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<latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit>
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atom <—> chip
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<latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit>
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<latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit><latexit sha1_base64="SQIFbgIbRikjiCGUGCcJgjQOdvo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpYRTCLkjrC3mUuW7O0du3NCOIONf8XGQhFbf4Wd/8bNR6GJDwYe780wMy9MpTDout9OYWl5ZXWtuF7a2Nza3inv7jVNkmkODZ7IRN+FzIAUChooUMJdqoHFoYRWOLga+6170EYk6haHKQQx6ykRCc7QSp3ygS8hwgfq142gvha9PvqaqZ6ETrniVt0J6CLxZqRCZqh3yl9+N+FZDAq5ZMa0PTfFIGcaBZcwKvmZgZTxAetB21LFYjBBPnlhRI+t0qVRom0ppBP190TOYmOGcWg7Y4Z9M++Nxf+8dobRRZALlWYIik8XRZmkmNBxHrQrNHCUQ0sY18LeSnmfacbRplayIXjzLy+S5mnVc6vezVmldjmLo0gOyRE5IR45JzVyTeqkQTh5JM/klbw5T86L8+58TFsLzmxmn/yB8/kDIDGXPw==</latexit>

3⇥ 10
14
Hz

<latexit sha1_base64="6VIJAmDBwEXhLzh15v0Jpo4FKB0=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLRgi6LbrqsYB/QGUsmzbShSWZIMkIdxo2/4saFIm79C3f+jeljoa0HLhzOuZd77wkTzrTxvG9naXlldW29sFHc3Nre2XX39ps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthcPrsd+6p0qzWN6aUUIDgfuSRYxgY6Wue3juGyaohsi7y1Alh5mvBKw95F235JW9CeAiQTNSAjPUu+6X34tJKqg0hGOtO8hLTJBhZRjhNC/6qaYJJkPcpx1LJbZbg2zyQQ5PrNKDUaxsSQMn6u+JDAutRyK0nQKbgZ73xuJ/Xic10WWQMZmkhkoyXRSlHJoYjuOAPaYoMXxkCSaK2VshGWCFibGhFW0IaP7lRdI8KyOvjG4qperVLI4COALH4BQgcAGqoAbqoAEIeATP4BW8OU/Oi/PufExbl5zZzAH4A+fzB6uKlb0=</latexit><latexit sha1_base64="6VIJAmDBwEXhLzh15v0Jpo4FKB0=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLRgi6LbrqsYB/QGUsmzbShSWZIMkIdxo2/4saFIm79C3f+jeljoa0HLhzOuZd77wkTzrTxvG9naXlldW29sFHc3Nre2XX39ps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthcPrsd+6p0qzWN6aUUIDgfuSRYxgY6Wue3juGyaohsi7y1Alh5mvBKw95F235JW9CeAiQTNSAjPUu+6X34tJKqg0hGOtO8hLTJBhZRjhNC/6qaYJJkPcpx1LJbZbg2zyQQ5PrNKDUaxsSQMn6u+JDAutRyK0nQKbgZ73xuJ/Xic10WWQMZmkhkoyXRSlHJoYjuOAPaYoMXxkCSaK2VshGWCFibGhFW0IaP7lRdI8KyOvjG4qperVLI4COALH4BQgcAGqoAbqoAEIeATP4BW8OU/Oi/PufExbl5zZzAH4A+fzB6uKlb0=</latexit><latexit sha1_base64="6VIJAmDBwEXhLzh15v0Jpo4FKB0=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLRgi6LbrqsYB/QGUsmzbShSWZIMkIdxo2/4saFIm79C3f+jeljoa0HLhzOuZd77wkTzrTxvG9naXlldW29sFHc3Nre2XX39ps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthcPrsd+6p0qzWN6aUUIDgfuSRYxgY6Wue3juGyaohsi7y1Alh5mvBKw95F235JW9CeAiQTNSAjPUu+6X34tJKqg0hGOtO8hLTJBhZRjhNC/6qaYJJkPcpx1LJbZbg2zyQQ5PrNKDUaxsSQMn6u+JDAutRyK0nQKbgZ73xuJ/Xic10WWQMZmkhkoyXRSlHJoYjuOAPaYoMXxkCSaK2VshGWCFibGhFW0IaP7lRdI8KyOvjG4qperVLI4COALH4BQgcAGqoAbqoAEIeATP4BW8OU/Oi/PufExbl5zZzAH4A+fzB6uKlb0=</latexit><latexit sha1_base64="6VIJAmDBwEXhLzh15v0Jpo4FKB0=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLRgi6LbrqsYB/QGUsmzbShSWZIMkIdxo2/4saFIm79C3f+jeljoa0HLhzOuZd77wkTzrTxvG9naXlldW29sFHc3Nre2XX39ps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthcPrsd+6p0qzWN6aUUIDgfuSRYxgY6Wue3juGyaohsi7y1Alh5mvBKw95F235JW9CeAiQTNSAjPUu+6X34tJKqg0hGOtO8hLTJBhZRjhNC/6qaYJJkPcpx1LJbZbg2zyQQ5PrNKDUaxsSQMn6u+JDAutRyK0nQKbgZ73xuJ/Xic10WWQMZmkhkoyXRSlHJoYjuOAPaYoMXxkCSaK2VshGWCFibGhFW0IaP7lRdI8KyOvjG4qperVLI4COALH4BQgcAGqoAbqoAEIeATP4BW8OU/Oi/PufExbl5zZzAH4A+fzB6uKlb0=</latexit>
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<latexit sha1_base64="FFIXbdBIUaE9vC3rAWScNT6hAuk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokoqi7opsuK9gHNLFMppN26EwSZm6EGrLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxjejP3WA1Oax9EdjBLmS9KPeMgpASN17YNzD7hkGrvOfXaV48xTEtce865ddirOBHiRuDNSRjPUu/aX14tpKlkEVBCtO66TgJ8RBZwKlpe8VLOE0CHps46hETFL/WzyQI6PjdLDYaxMRYAn6u+JjEitRzIwnZLAQM97Y/E/r5NCeOlnPEpSYBGdLgpTgSHG4zRwjytGQYwMIVRxcyumA6IIBZNZyYTgzr+8SJqnFdepuLdn5er1LI4iOkRH6AS56AJVUQ3VUQNRlKNn9IrerCfrxXq3PqatBWs2s4/+wPr8AUDrlYk=</latexit><latexit sha1_base64="FFIXbdBIUaE9vC3rAWScNT6hAuk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokoqi7opsuK9gHNLFMppN26EwSZm6EGrLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxjejP3WA1Oax9EdjBLmS9KPeMgpASN17YNzD7hkGrvOfXaV48xTEtce865ddirOBHiRuDNSRjPUu/aX14tpKlkEVBCtO66TgJ8RBZwKlpe8VLOE0CHps46hETFL/WzyQI6PjdLDYaxMRYAn6u+JjEitRzIwnZLAQM97Y/E/r5NCeOlnPEpSYBGdLgpTgSHG4zRwjytGQYwMIVRxcyumA6IIBZNZyYTgzr+8SJqnFdepuLdn5er1LI4iOkRH6AS56AJVUQ3VUQNRlKNn9IrerCfrxXq3PqatBWs2s4/+wPr8AUDrlYk=</latexit><latexit sha1_base64="FFIXbdBIUaE9vC3rAWScNT6hAuk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokoqi7opsuK9gHNLFMppN26EwSZm6EGrLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxjejP3WA1Oax9EdjBLmS9KPeMgpASN17YNzD7hkGrvOfXaV48xTEtce865ddirOBHiRuDNSRjPUu/aX14tpKlkEVBCtO66TgJ8RBZwKlpe8VLOE0CHps46hETFL/WzyQI6PjdLDYaxMRYAn6u+JjEitRzIwnZLAQM97Y/E/r5NCeOlnPEpSYBGdLgpTgSHG4zRwjytGQYwMIVRxcyumA6IIBZNZyYTgzr+8SJqnFdepuLdn5er1LI4iOkRH6AS56AJVUQ3VUQNRlKNn9IrerCfrxXq3PqatBWs2s4/+wPr8AUDrlYk=</latexit><latexit sha1_base64="FFIXbdBIUaE9vC3rAWScNT6hAuk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokoqi7opsuK9gHNLFMppN26EwSZm6EGrLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxjejP3WA1Oax9EdjBLmS9KPeMgpASN17YNzD7hkGrvOfXaV48xTEtce865ddirOBHiRuDNSRjPUu/aX14tpKlkEVBCtO66TgJ8RBZwKlpe8VLOE0CHps46hETFL/WzyQI6PjdLDYaxMRYAn6u+JjEitRzIwnZLAQM97Y/E/r5NCeOlnPEpSYBGdLgpTgSHG4zRwjytGQYwMIVRxcyumA6IIBZNZyYTgzr+8SJqnFdepuLdn5er1LI4iOkRH6AS56AJVUQ3VUQNRlKNn9IrerCfrxXq3PqatBWs2s4/+wPr8AUDrlYk=</latexit>

Linking quantum computation to communication



From theory  
to experiment

few MHz, comparable to the spectral width of an alkaline-
atom resonance line. Such resonators have several advantages
compared to the other approaches: First, an atom in the
resonator can be optically accessed from the side, independent
from the resonator mode. This is favorable for Raman
coupling (see Sec. I.E) and moreover allows for trapping
and cooling in cavity-independent potentials (see Secs. II.B
and II.B.3). Second, the energy of a photon in the resonator is
almost completely stored in the vacuum, which makes
material absorption less critical and facilitates trapping of
several individually addressable atoms in the same resonator
mode. Third, the atom is far away from any dielectric surfaces,
which prevents the undesired influence of surface forces
and charges. Finally, the cavity length can be easily tuned
and actively stabilized when the mirrors are mounted on a
piezoelectrical crystal.
Unfortunately, these advantages come at the price of an

atom-cavity coupling rate that is bounded to a few 100 MHz
since the standing-wave light field of the cavity mode
significantly penetrates into the mirror coatings, an effect
which sets a lower bound to the achievable mode volume V
[see Eq. (3)] (Hood, Kimble, and Ye, 2001). An early
approach to improve the coupling strength was the use of
so-called whispering-gallery modes (Vahala, 2003) in micro-
spheres, microtoroids, and bottle resonators; see Fig. 8(b). In
contrast to Fabry-Perot cavities, the field is predominantly
guided in the material, typically silicon dioxide. Nevertheless,
atoms can be coupled to the cavity mode when they are
brought into the evanescent field of the mode, i.e., within a
distance of ∼100 nm to the surface. Typical cavity linewidth
values are tens of MHz, which enables one to reach the strong-
coupling regime in experiments with falling atoms (Aoki
et al., 2006) with C≃ 20, a value comparable to those
achieved in Fabry-Perot resonators. Unfortunately, the reali-
zation of a larger C seems difficult in these experiments as the

atom would need to fly closer to the material where the
attractive van der Waals force would quickly pull the atom
onto the surface (Alton et al., 2011). For the same reason,
atom trapping has not been achieved with these whispering-
gallery resonators so far, which hinders experiments that
require long atomic coherence times or the simultaneous
presence of several atoms. Beyond these challenges, it was
recently observed that whispering-gallery-mode resonators
open up new possibilities stemming from the nontransversal
character of the evanescent light field (Junge et al., 2013).
In contrast to whispering-gallery-mode resonators, atom

trapping has been demonstrated near photonic-crystal resona-
tors, where the photon field is confined by the photonic band
gap that a suitably patterned microstructure can exhibit; see
Fig. 8(c). The achievablemodevolumes can be extremely small,
on the order of λ3. This results in coupling strengths in the range
of GHz, values that have allowed reaching the strong-coupling
regime with quantum dots (Reithmaier et al., 2004; Yoshie
et al., 2004). The combination of photonic-crystal cavities and
neutral atomswas proposed (Vučković et al., 2001) and recently
achieved (Thompson et al., 2013). In this experiment, deter-
ministic loading and stable trapping of a single atom in the
cavity mode was demonstrated using an optical tweezers trap.
Further improvements of the resonator design have reduced the
resonator linewidth to κ=2π ≃ 13 GHz. With this, the Purcell
regimewas reachedwith a cooperativity ofC≃ 4 (Tiecke et al.,
2014). The high rates of g and κ allow for an investigation of
atom-photon interactions on short time scales and make this
approach promising for the implementation of quantum inter-
faces with a large bandwidth.

B. Observing, trapping, and cooling single atoms

CQED with single atoms has a long history. The first
experiments in the optical domain employed thermal atomic

(a) (c)

2µm

(b)

FIG. 8 (color online). Optical resonator designs. (a) Top: Schematic of a Fabry-Perot cavity. The resonator is formed by two
facing mirrors with high reflectivity. A small residual mirror transmission allows for incoupling and outcoupling of light. Bottom:
Photograph of a fiber-based Fabry-Perot resonator. The mirrors are the coated end facets of two optical fibers, which allows for
improved optical access. The fibers are surrounded by a copper sleeve to facilitate ion trapping in the ∼200 μm small gap between
the mirrors. Adapted from Brandstätter et al., 2013. (b) Microtoroid (left) and bottle (right) resonators. Atoms are coupled to the
evanescent field of a whispering-gallery mode that circulates in the glass structure. The mode diameter is typically on the order of
100 μm. The resonator is coupled to a nanofiber with a rate that can be adjusted via the fiber distance. Bottom: Scanning electron
microscope image of a microtoroid with a diameter of 120 μm. Adapted from Vahala, 2003 and Junge et al., 2013. (c) Photonic-
crystal cavity. Top: Sketch of the experiment. Atoms are trapped in a standing-wave optical tweezer ∼0.2 μm from the surface of
the resonator. The electric field of the resonator mode is confined to a volume of less than λ3 using a periodic modulation of the
refractive index. The cavity is coupled to a propagating mode via a fiber taper visible at the left side. Bottom: Scanning electron
microscope image. Adapted from Tiecke et al., 2014.
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Figure 2: 87Rb D2 transition hyperfine structure, with frequency splittings between the hyperfine energy levels.
The excited-state values are taken from [6], and the ground-state values are from [16]. The approximate Landé
gF -factors for each level are also given, with the corresponding Zeeman splittings between adjacent magnetic
sublevels.
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Cold atoms in the MOT



Transporting the MOT into the cavity



2

Figure 1. Schematic diagram of the energy levels of the 87Rb D2 line used
for single-photon production. The atomic states |ei, |xi, |gi are involved in the
STIRAP process and |0i, |1i denote the intra-cavity photon number.

the photonic qubit onto the source where it can be stored for later use [2]. Due to its deterministic
nature and the controllable coupling of a static qubit to a flying qubit, we have chosen to use
an atom–cavity system based on a vacuum stimulated Raman process (V-STIRAP) to produce
single photons. For an overview of the entire field please see [3] and the references therein.
Other approaches include ions and quantum dots in cavities [4, 5], electromagnetically induced
transparency (EIT) [6], and heralded down-conversion sources [7].

In order to perfect neutral atom–cavity sources many techniques have been developed.
These range from intra-cavity dipole traps [8] to the feedback control of the motion of
single atoms [9]. While enormous strides have been made, this has come at the cost of
great experimental complexity. In addition to this complexity, the electric and magnetic fields
used to create long term traps for single atoms distort the atomic levels, reducing the photon
emission probability and introducing additional dephasing. With precision spectroscopy of the
atom–cavity system and complete control of the atom’s position using blue ‘anti-trapping’
dipole traps, it should be possible to overcome these distortions, although at the cost of yet
further experimental complexity. We have taken a different approach and use un-trapped atoms
to circumvent these difficulties, and have demonstrated high efficiency photon production with
an atom–cavity interaction time which is ‘long enough’ for all practical purposes.

Photons are produced using a V-STIRAP process [10, 11]. Figure 1 illustrates the level
scheme for the 87Rb D2 line (52

S1/2 ! 52
P3/2). A single atom, located in a high finesse optical

cavity with photon number |ni = |0i, is prepared in the F = 2 hyperfine ground state denoted
by |ei. The cavity is resonant with the transition F = 1 ! F

0 = 1, |gi ! |xi, and the cavity
vacuum state causes an electric dipole interaction with strength g. The atom is driven with a
laser on the F = 2 ! F

0 = 1, |ei ! |xi transition with time-dependent Rabi frequency �(t).

New Journal of Physics 13 (2011) 103036 (http://www.njp.org/)
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a high principal quantum number of n ≈ 100 (Rydberg state) onto 
which a photon is mapped46, then the strong long-range interaction 
between two Rydberg atoms can mediate a strong effective photon–
photon interaction. In the simplest case of resonant Rydberg EIT 
(both lasers resonant with their respective transitions, Fig. 4), the 
strong interaction between two Rydberg atoms tunes the two-pho-
ton transition out of resonance, thereby destroying the transparency 
and leading to absorption22,58,59,62–64 for two or more photons. The 
quantum nonlinearity in this case arises from the Rydberg excita-
tion blockade61, which precludes the simultaneous excitation of two 
Rydberg atoms that are separated by less than the blockade radius 
rb (Fig. 4). In essence, such an excited Rydberg system behaves as a 
‘superatom’ consisting of Nb atoms within the blockade radius, with 
an effective cross-section enhanced by a factor Nb, and a correspond-
ing collectively enhanced cooperativity ηcoll ≈ Nbλ2/d2. Because the 
blockade prevents multiple excitations, such a superatom behaves 
as a two-level system, thus resulting in strong optical nonlinearity at 
the two-photon level when ηcoll » 1.

This idea, first demonstrated in a pioneering experiment by 
Pritchard and co-workers65,66, has recently been used to create a non-
linear optical medium that transmits only one photon, but absorbs 
two or more photons. As shown by Peyronel and co-workers67, such 
a medium converts incident coherent states of light, consisting of a 
Poisson distribution in photon number, into outgoing single-photon 

pulses by absorptive filtering of photon-number states. Related 
techniques allow the implementation of a deterministic single-
photon source68, the switching of light with light69, atom–photon 
entanglement70 and the control of light using Rydberg polaritons71.

Instead of creating an effective dissipative nonlinearity (that is, 
a large absorption probability for two photons when they are close 
to each other), it is also possible to create an effective dispersive 
nonlinearity — an index of refraction that depends on the distance 
between the photons. The index of refraction can be viewed as a 
potential energy because the wavelength in the medium depends 
on the index of refraction. This implies that two photons can 
experience an effective distance-dependent potential and force. 
Firstenberg and co-workers recently implemented such a situation 
by means of detuned EIT72, whereby the control laser is detuned 
from resonance with the intermediate state, but the two-photon 
resonance with probe and control laser to the Rydberg state is 
maintained. In this case, the photons not only travel slowly, but 
also acquire an effective mass owing to group-velocity dispersion. 
The attractive interaction between photons in a one-dimensional 
system then supports a bound state of two photons that mani-
fests itself in the form of photon bunching at the system exit72 
(Fig. 5). Extensions of this technique should allow for the creation 
of bound states of three or more photons, which can be viewed as 
quantum solitons73,74.
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Figure 2 | Quantum networks. a, Schematic of a quantum optical network in which atomic memory nodes can store several quantum bits and process 
quantum information locally. These nodes are connected via optical fibres that can carry quantum information encoded in photons. Qubits can be mapped 
from light to atoms mediated, for example, by optical transitions in cavities. b–d, Operation of a two-node quantum network. First, a qubit is stored in 
a coherent superposition of two Zeeman sublevels of a single atom. It is then mapped to a polarization state of a propagating light field (b). Finally, the 
photonic qubit is mapped back to an atomic state in a separate node by coherently absorbing the photon (c). The results of this single-qubit transfer are 
reflected in the elements of the process matrix χmn (d). This matrix relates the initial and final density matrices, ρf = Σ3

m,n =0 χmn σmρiσn , where σ0 is the identity 
matrix and the other σi are Pauli matrices. Perfect state transfer is achieved when χ00 = 1. Figure reproduced from ref. 75, Nature Publishing Group.
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Jaynes—Cummings model

Clearly, this condition is not achievable in free space, even
when using tight but diffraction limited focusing of a Gaussian
input mode (van Enk and Kimble, 2000; Tey et al., 2008;
Wrigge et al., 2008).
The situation is different when the atom is located in a

Fabry-Perot cavity; see Fig. 1(a). To this end, two mirrors with
reflectivity R1 and R2 are placed in the beam on each side of
the atom, such that the photon can bounce back and forth
many times. Effectively, this increases the absorption cross
section by the number of bounces F=π, which is determined
by the quality of the resonator as characterized by its finesse

F ¼ πðR1R2Þ1=4

1 −
ffiffiffiffiffiffiffiffiffiffiffi
R1R2

p . ð1Þ

The condition to achieve a deterministic interaction then reads

3λ2

2π|{z}
σabs

×
F
π|{z}

bounces

≫
π
4
w2
0

|{z}
beam area

. ð2Þ

Equation (2) can be rewritten in terms of the cavity field
decay rate κ, the polarization decay rate of the atom γ, and a
parameter g that can be identified as an atom-cavity coupling
constant. It is determined by the electric dipole matrix element
μce of the atomic transition from the (coupled) ground state jci
to the excited state jei, and by the electric field E of a single
photon in the mode volume V of the resonator:

g ¼ μceE
ℏ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2ceω
2ϵ0ℏV

s

uð~xÞ. ð3Þ

Here ℏ is the reduced Planck constant, ϵ0 is the permittivity of
free space, ω is the cavity frequency, and V ¼

R
u2ð~xÞd3x is

the integral over the dimensionless electric-field mode func-
tion uð~xÞ of the resonator, normalized to 1 at the field
maximum. With the speed of light c and the resonator length
L, and using

κ ¼ πc
2LF

; ð4aÞ

γ ¼ μ2ceω3

6πϵ0ℏc3
; ð4bÞ

one can rewrite Eq. (2) as

C ¼ g2

2κγ
≫ 1. ð5Þ

Here C denotes the single-atom cooperativity parameter of the
optical-bistability literature (Gibbs, 2012), originally derived
for many atoms. Clearly, with Na atoms in the mode, the
cooperativity increases to CNa

¼ NaC. Therefore, the inverse
of C is often called the critical atom number, which gives the
number of atoms required to strongly affect the transmission
properties of the resonator. For C ≫ 1, even a single atom is
able to induce a big effect on a light beam transmitted through
the cavity. From this picture of a bouncing photon it is clear
that C should not directly depend on the cavity length. In fact,
the length dependence in the definition of C drops out as
κ ∝1=L and g ∝1=

ffiffiffiffi
L

p
.

In a similar way, one can define a critical photon number nc,
which determines the number of photons required to signifi-
cantly change the radiation properties of the atom. For a two-
level atom, nc can be identified as the number of photons
needed to saturate the atomic transition. To derive this number,
the rate of spontaneous emission 2γ has to be compared to the
rate of stimulated emission per photon 3λ2c=2πV. This leads
to the condition

nc ¼
γ2

2g2
≪ 1. ð6Þ

This simple picture already allows one to determine the
most relevant experimental parameters. As can be seen from
Eq. (3), the coupling strength on a given atomic transition
depends only on V. Therefore, the use of a cavity with a small
mode volume is essential for the realization of a quantum
interface where the atom-photon coupling rate is supposed to
be larger than all dissipative loss rates. Before the influence of
these losses is discussed in Sec. I.C, an idealized lossless
situation is assumed in Sec. I.B. This allows for a basic
understanding of the dynamics of a coupled atom-cavity
system within the canonical Jaynes-Cummings model that
was first introduced by Jaynes and Cummings (1963).

B. The Jaynes-Cummings model

The basic physical situation described by the Jaynes-
Cummings model is depicted in Fig. 1(a). A single emitter
is located in a resonator that supports a single optical mode at
a frequency ωc. This frequency is in (or close to) resonance
with an atomic transition from a coupled ground state jci to an
excited state jei at a frequency ωa. In addition, the atom
typically also exhibits one or several uncoupled energy states
jui that are far detuned from the cavity field; see the level
scheme in Fig. 1(b).

κout

κloss

γ
g c

e >
a

c >
u > u

ac
(b)(a)

FIG. 1 (color online). Basic physical situation considered in
CQED. A three-level emitter, e.g., a single atom, is located in an
optical cavity, schematically represented by two facing mirrors.
The atom exchanges energy with the optical field at a rate 2g. The
decay rate of photons out of the resonator is 2κ ¼ 2κout þ 2κloss.
The atomic polarization decay rate is γ. (b) Atomic energy level
scheme. The transition frequency between the coupled ground
state jci and the excited state jei is ωa. The cavity resonance
frequency is ωc. Atom and cavity are detuned by Δac ¼ ωa − ωc.
The third, uncoupled level jui is detuned from jci by Δu.
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The coupling of the atomic states jci and jei to the
electromagnetic field of the cavity is described in the dipole
approximation. Thus, the Hamiltonian of the atom-photon
interaction reads

HI ¼ −~d ~E → dEðσ†ce þ σceÞða† þ aÞ ð7aÞ

¼ ðσ†cea† þ σ†cea þ σcea† þ σceaÞ. ð7bÞ

Here ~d denotes the atomic dipole moment operator and ~E the
electric-field operator of a photon in the cavity mode, σij ¼
jiihjj and σ†ij ¼ jjihij are the atomic lowering and raising
operators, and a† and a are the creation and annihilation
operators of a photon in the cavity mode, respectively. The
term dE=ℏ can be identified as the atom-cavity coupling
strength g.
In the interaction picture with time dependent operators, the

terms σ†cea† and σcea exhibit a very fast time dependence
∝ eiðωaþ ωcÞt. As long as g ≪ ðωa;ωcÞ, these off-resonant
terms can be neglected in comparison with the resonant terms
σcea† and σ

†
cea which evolve ∝ eiðωa−ωcÞt. This approximation

is called the rotating wave or the secular approximation. In the
following, we chose the energy origin such that the combined
atom-cavity ground state jc; n ¼ 0i has zero energy. In this
state, the photon number in the cavity n is zero and the atom is
in the resonantly coupled state jci. Assuming that the atom
exchanges energy with the cavity field at a frequency 2g then
gives the Jaynes-Cummings Hamiltonian HJC:

HJC ¼ ℏωaσ
†
ceσce|fflfflfflfflfflffl{zfflfflfflfflfflffl}

bare atom

þ ℏωca†a|fflfflfflffl{zfflfflfflffl}
empty cavity

þ ℏgðσeca þ σcea†Þ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
dipole coupling

. ð8Þ

Note that σ†ceσce þ a†a commutes with the Hamiltonian,
which means that the total number of energy quanta in the
system is conserved. Thus, for the diagonalization of the full
Hamiltonian it is sufficient to consider separate two-level
systems [see, e.g., Agarwal (2013) and Haroche and Raimond
(2013)]. This leads to the following energy eigenstates:

E0 ¼ 0; ð9aÞ

EN;% ¼ Nℏωc þ ℏ
Δac

2
% ℏ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

N þ Δ2
ac

q
. ð9bÞ

Here N is a positive integer denoting the total number of
excitation quanta in the system, and ΩN ¼ 2g

ffiffiffiffi
N

p
is the

corresponding N-quanta Rabi frequency. The term Δac ¼
ωa − ωc denotes the detuning of the cavity frequency from the
atomic transition. The resulting spectrum of energy eigen-
states, often called the Jaynes-Cummings ladder, is depicted in
Fig. 2 as a function of the atomic detuning. The ground state of
the coupled system jc; 0i remains unaffected. Similarly, when
the detuning is large the coupled energy eigenstates almost
coincide with those of an uncoupled system with n photons in
the cavity, jc; ni and je; ni. For Δac ≫ g, the coupled states
are shifted by

Δe;n ¼ ðn þ 1Þ g2

Δac
ð10Þ

and

Δc;n ¼ −n
g2

Δac
ð11Þ

(Haroche and Raimond, 2013). Opposite shifts of equal
magnitude occur for −Δac ≫ g. Thus, in this regime the
presence of the atom slightly shifts the cavity frequency.
The consequences of the coupling are much more pro-

nounced on resonance. Here the energies of the excited states
EN;þ and EN;− differ by 2ℏg

ffiffiffiffi
N

p
. Note that the splitting

increases nonlinearly with N. This single-photon nonlinearity
can be exploited to engineer interactions between photons,
which will be further discussed in Sec. IV.D.3.
The eigenstates of the coupled system jN; % i are linear

combinations of je; N − 1i and jc; Ni. On resonance,
Δac ¼ 0, these states are

jN; % i ¼ 1ffiffiffi
2

p ðje; N − 1i % jc; NiÞ. ð12Þ

In order to explore the consequences of this superposition
state, assume, for example, that a resonant atom is prepared in
the excited state jei inside a cavity containing N − 1 photons.
The initial state is thus je; n ¼ N − 1i ¼ ð1Þ=

ffiffiffi
2

p
ðjN; þ iþ

jN;−iÞ=
ffiffiffi
2

p
. Calculating the probability of the atom being

in jei as a function of time gives P jeiðtÞ ¼ cos2ðΩNt=2Þ, which
means that the system undergoes aRabi oscillation between the
states jc; Ni and je; N − 1i at a frequency ΩN ¼ 2g

ffiffiffiffi
N

p
. The

valueΩ1 ¼ 2g that is obtained when the cavity is initially in the
vacuum state N − 1 ¼ 0 is therefore called the vacuum-Rabi
frequency.
The prerequisite for an experimental observation of these

vacuum-Rabi oscillations is that their rate is faster than all
dissipative processes in the system as explained in more detail
in the following.

ac / g

c

0
0-5

a
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c,1 >
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c,2 
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a
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>

>
FIG. 2 (color online). The Jaynes-Cummings ladder of the
dressed energy eigenstates jN; % i of a strongly coupled atom-
cavity system, where the cavity frequency is kept fixed and the
emitter frequency is scanned over the resonance. Compared to the
uncoupled situation (gray), the coupled states (black) exhibit
pronounced avoided level crossings. At zero detuning, the levels
are separated by 2g

ffiffiffiffi
N

p
.
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