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Abstract. How can we derive the evolution equations of dissipative systems?

What is the relation between the different approaches? How much do we
understand the fundamental aspects of a second law based framework? Is

there a hierarchy of dissipative and ideal theories at all? How far can we reach

with the new methods of nonequilibrium thermodynamics?

1. Non-equilibrium or nonequilibrium

Non-equilibrium thermodynamics is a theory where the powerful methods of
equilibrium are missing. Non-equilibrium thermodynamics is considered as an
emergent theory; its fundamental principles, like the second law, are due to mi-
croscopic or mesoscopic properties of matter. On the other hand, nonequilibrium
thermodynamics is a general framework; universal principles impose strict limits
on macroscopic material properties. This way the possible micro- or mesodynamics
is restricted, too. Recent developments show that the latter approach (nonequi-
librium thermodynamics without the hyphen) may unify dissipative and nondissi-
pative evolution. The applied principles are universal because the related methods
do not require any details of the structure of the material and also in the sense
that most of them are considered valid also at the more microscopic levels. Univer-
sal principles lead to universal consequences. This topical volume introduces and
overviews the efforts toward a uniform framework.

2. What are the fundamental principles of dissipative evolution?

Fundamental principles require mathematical formulations. The various ap-
proaches differ in this respect, and also the weights of the various aspects are
different. The papers of the volume are instructive from this point of view. One
can identify the following leading ideas:

• Stability of thermodynamic equilibrium. Dissipative processes tend to equi-
librium; entropy is a kind of Lyapunov functional. This aspect is crucial in
[1, 2, 3], important but less apparent in [4, 5].

• Symmetric hyperbolic evolution. A solution of evolution equations must
exist when describing existing phenomena. A system of symmetric hyper-
bolic partial differential equations warrants that, and much more, therefore,
one may consider this requirement unavoidable. This property is some-
how connected to ideal systems, without dissipation, but a thermodynamic
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framework provides the natural variables and the necessary potential for-
mulation. Symmetric hyperbolicity is a basic requirement in [2, 4, 6] but
plays an important role in [7, 8], too.

• Spacetime embedding. Fast and gravitating phenomena can be dissipa-
tive. Therefore, any general framework of nonequilibrium thermodynamics
must have relativistic and, more importantly, covariant formulations. In
nonrelativistic spacetime, this requirement, the independence of reference
frames, is strongly related to material frame indifference. Dissipation does
not depend on the observer. This requirement is evident in the relativistic
treatment of [4], and present also in [2, 5, 9].

Also, the preferred application areas influence modeling methods. For example,
for discrete systems, that is homogeneous or point-like material models, the space-
time aspects are less important. These systems are treated in [1, 10, 11] and also
partially in [3, 5]. Quantum systems are discrete, too [1, 11].

Another fundamental aspect is universality, the approach toward the emergent
nature of thermodynamic principles. In nonequilibrium thermodynamics, the devi-
ation from equilibrium can be formulated without considering the detailed structure
of the material. Additional fields, frequently called internal variables, is a conve-
nient tool [5, 9]. This approach proved to be very powerful in continuum theories,
in particular when combined with weak nonlocality. Extended Thermodynamics
introduces extra fields, too, and identifies them with dissipative fluxes [8, 6, 7, 3].

3. The necessary benchmarks

Nonequilibrium thermodynamics is a metatheory, a theory of theories. More
appropriately, it is a theoretical framework for describing dissipative evolution with
the help of general principles. Thermodynamic ideas and concepts are applicable in
various areas; they are present in very different disciplines, like quantum mechan-
ics, continuum mechanics, electrodynamics, economics, etc. However, it is not easy
to distinguish and compare the performance of the different branches. There are
at least three possible benchmarks that can be applied: experimental predictivity,
mathematical clarity, and backward compatibility. They help classify the differ-
ent frameworks of nonequilibrium thermodynamics, like any theories of physics in
general.

The first, the comparison of experimental predictivity of the different branches
of nonequilibrium thermodynamics does not appear in this topical issue. Also,
because in this case, nonequilibrium thermodynamics is competing with other,
non-thermodynamical approaches. The second, mathematical clarity is an evident
heavy requirement for the approaches emphasizing symmetric hyperbolicity. It is
also a general device, a magnifying glass, to identify and clean any unnecessary
assumptions. However, we know well that it is hard to preserve experimental pre-
dictivity with a clean mathematical structure. Lazy intuitive concepts are useful
for flexible experimental research. Ockham’s razor is a dangerous device (Figure
1). The third benchmark, backward compatibility, should precede the mathemat-
ical structure. The compatibility with a statistical treatment, based on a given
microscopic or mesoscopic material composition, is a clear benchmark of any gen-
eral phenomenology and appears here in the papers [1, 10, 12]. In particular, the
compatibility with the kinetic theory is important in [8, 6, 7, 3]. However, nonequi-
librium thermodynamics is not necessarily emergent, from the fundamental point
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Figure 1. Be careful with Ockham’s razor. C: V.Gy.J.

of view the compatibility with any nondissipative, ideal theory is expected. Ideal
evolution must be a part of a general framework in the nondissipative limit. This
kind of compatibility of dissipative and nondissipative frameworks is where the var-
ious branches of nonequilibrium thermodynamics most differ and where probably
the best is to test the predictive power. This requirement involves the compatibility
with the most fundamental and simplest equations and theories, like mechanics of
point masses, gravity, and electrodynamics. Normally they are deduced from Hamil-
tonian variational principles. The usual approach attempts to extend the validity
of variational principles to dissipative evolution [13]. In [12], we see a promising
new method. On the other hand, GENERIC (General Equation for the Nonequi-
librium Reversible-Irreversible Coupling) treats the dissipative-nondissipative parts
on equal footing [7, 3]. A novel approach is given in [5], where the dissipative part
is the primary, and functional derivatives, Hamiltonian dynamics is obtained from
pure thermodynamic principles.

In Table 1. Stab., SymH., SpaceTime denotes the stability, symmetric hyperbol-
icity, and spacetime arguments in the particular paper. Disc., Q, and VarPr refer
to the treatment of discrete systems, quantum thermodynamics, and the role of
variational principles, respectively. EF means internal variables or Extended Ther-
modynamics, that is extra fields, while Stat., IdDiss abbreviates close relation to
statistical mechanics or kinetic theory, and the aspects of dissipative-nondissipative
unification.

4. The papers

The papers of this topical issue are approaching the above mentioned particular
benchmarks, aiming a unified understanding in their own, sometimes orthogonal
looking strategies. A goal of this collection is to incite, formulate and elaborate
questions that can be answered with nonequilibrium thermodynamics. I have for-
mulated some of the possible ones below.
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Table 1. Fundamental aspects of nonequilibrium thermodynam-
ics, paper by paper in this topical issue (O – represented, + – minor
representation, - – does not appear)

Paper Stab. SymH. SpaceTime Discr. Q VarPr EF Stat. IdDiss
Beretta O - - O O - - + -
Jizba-Hanel - - - O - - - + -
Muschik - - - O O - - - +
Abe - - - - - O - + -
Ván-Kovács + - + + - O O - O
Forest - - ? - - O O - -
Jou - + - - - - O + -
Arima et al. - O - - - - O + -

Öttinger et al. - + - - - - O + O
Grmela et al. O - - + - - + + O
Romensky et al. + O O - - O - - O
Wen-An Yong O O ? - - - - - +

(1) G. P. Beretta: The fourth law of thermodynamics: steepest entropy ascent.
One of the ”great laws” of nature is the second law of thermodynamics.
Greatness comes from generality, according to Feynman. It is a common
understanding that both equilibrium and nonequilibrium thermodynam-
ics, and in particular the second law, is related to the stability of equi-
librium. The question is exactly how? The method of steepest entropy
ascent requires the existence of a metric in the state space in order to get
an effective theoretical tool with a well-defined equilibrium. A metric is a
strong requirement with strong consequences, applicable in stochastic and,
in quantum systems. Shall we call it the fourth law of thermodynamics?

(2) P. Jizba and R. Hanel: Time-Energy Uncertainty Principle for Irreversible
Heat Engines. Discrete thermodynamic bodies are usually treated inde-
pendently of time. When time becomes the part of the game, e.g., we are
in finite-time thermodynamics [14], then foundations are shaking, and new
problems and possibilities appear. The fourth law is connected to dissi-
pative quantum dynamics by uncertainty principles [15]. However, most
of the conceptual questions can be avoided, and substantial consequences
can be deduced investigating Carnot like processes of the ideal gas. The
analogy of thermodynamics and quantum is natural, but are these results
universal? Could it be valid beyond ideal gases and with the many various
approximations?

(3) W. Muschik: Phenomenological Quantum Thermodynamics of Closed Bi-
partite Schottky Systems. A natural approach to consider thermodynamics
in a quantum framework is shown, where the weights of the density oper-
ator depend on time in the von Neumann equation. It is investigated in a
discrete body-environment compound system where the second law is taken
into consideration. Then the treatment leads to a natural thermodynamic
foundation of Lindblad dynamics, among others. The underlying concepts
are different because in nonequilibrium thermodynamics of discrete systems
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the concept of contact temperature helps to avoid the confusion of different
concepts of equilibrium.

(4) S. Abe: Weak invariants in dissipative systems: Action principle and Noether
charge for kinetic theory. Auxiliary fields are introduced in order to obtain
a variational principle for the Fokker-Planck equation, where a Hamiltonian
variational treatment does not work. Then it is shown that the auxiliary
field is a weak invariant of the dynamics; therefore, its expectation value is
conserved, while the field itself is not conserved. Then it is also shown that
weak invariants are Noether charges of the particular transformations that
leave the related action invariant. The proof requires Dirac’s formalism of
degenerate constraints.

(5) P. Ván and R. Kovács: Variational Principles and Thermodynamics. Here
it is shown that Hamiltonian structure and Euler-Lagrange form evolution
equations do not require variational principles. Both can be easily obtained
from the second law applying the classical method of separation of diver-
gences. This way, dissipative and nondissipative evolution equations are
derived together with a uniform approach. Three particular examples are
treated: point masses, Cahn–Hilliard dynamics and gravity with inertia.
Gravity turns out to be weakly nonlocal continuum theory. How can a
weakly nonlocal theory lead to long-range interaction?

(6) S. Forest: Continuum thermomechanics of nonlinear micromorphic, strain
and stress gradient media. One of the most potent approaches of contin-
uum thermodynamics, the method of virtual power with internal variables,
is applied to obtain a unified view of micromorphic, stress, and strain gradi-
ent theories in a finite deformation elastoviscoplastic framework including
strain gradient plasticity. This is the first formulation of stress gradient
plasticity in this framework. Relation to heat conduction is considered,
too.

The method of virtual power is a version of the exploitation of the sec-
ond law with weakly nonlocal internal variables and closely related to the
method of separation of divergences [16]. Are these methods truly compat-
ible?

(7) D. Jou: Relations between Rational Extended Thermodynamics and Ex-
tended Irreversible Thermodynamics. Extended Thermodynamics (ET) in-
troduces the dissipative fluxes as parts of the thermodynamic state space.
This is a conceptual step regarding the relation of microscopic and meso-
scopic theories. However, there are two different version of ET, the Irre-
versible and the Rational one. In this paper, a fair comparison and the
explanation of the differences and their reasons are given. Is there a uni-
fied approach to keep the rigor of rational and the flexibility of irreversible
extended thermodynamics?

(8) T. Arima, T. Ruggeri, and M. Sugiyama: Rational Extended Thermody-
namics of Dense Polyatomic Gases Incorporating Molecular Rotation and
Vibration. Rational Extended Thermodynamics is originally a theory of
rarefied gases. Motivated by the kinetic theory of polyatomic gases, a dou-
bled hierarchy of evolution equations was introduced. Then the validity
of the approach is extended for dense fluids and preserving the spacetime
structure and the symmetric hyperbolicity of the equations. All what we
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need is a duality principle. Here a 7 field system is analysed convincingly
and a particular nonequilibrium Gibbs relation is the key.

(9) H. C. Öttinger, H. Struchtrup, and M. Torrilhon: Formulation of mo-
ment equations for rarefied gases within two frameworks of nonequilib-
rium thermodynamics: RET and GENERIC. The moment hierarchy of
kinetic theory, the heart of Extended Thermodynamics (ET), has the struc-
ture of GENERIC (General Equation for the Nonequilibrium Reversible-
Irreversible Coupling). However, in the latter framework, the closure of the
hierarchy is problematic. Now a new idea is suggested, a particular realiza-
tion of thermodynamic related Casimir symmetry. Then the compatibility
of the two approaches may become complete.

(10) M. Grmela, V. Klika, and M. Pavelka: Gradient and GENERIC time evo-
lution towards reduced dynamics. In this work, thermodynamics is a general
reduction tool between the various nondissipative dynamics. The informa-
tion that is the number of degrees of freedom is decreasing between the
nondissipative levels of physics [17, 18]. This particular form of stability
is, according to the authors, pure geometry. Several particular cases are
treated. Standard pattern recognition is the part of the game, but the pri-
mary is a dynamic one. One may wonder whether there is a path toward
renormalization with nonequilibrium thermodynamics?

(11) E. Romenski, I. Peshkov, M. Dumbser, and F. Fambri: A new continuum
model for general relativistic viscous heat-conducting media. Symmetric
Hyperbolic Thermodynamic Compatible (SHTC) equations are based on
Lagrangians. The dissipative, relaxational part is added to the ideal, re-
versible core. In a relativistic treatment, the challenge is to deal with the
fundamental instability of the thermal interaction. The authors propose a
very general framework with stability analysis and numerical examples. Is
this approach compatible with Rational Extended Thermodynamics?

(12) Wen-An Yong, Intrinsic Properties of Conservation-dissipation Formalism
of Irreversible Thermodynamics. The conservation-dissipation formalism
(CDF) uses the Lax-Friedrich condition as a frame to get evolution equa-
tions with symmetric hyperbolic structure. This is an attractive structure,
where the stability of equilibrium, the formulation of the second law, is nat-
ural and does not require a time-reversible Hamiltonian. The compatibility
with other theories is considered.

What is the exact relation between RET, CDF, SHTC equations, and
GENERIC? Could we require all the conditions?

5. Conclusions

A topical issue is not a consistent presentation of a field. There are at least
seven named strategies in this issue: method of steepest entropy ascent (SEA),
Thermodynamics with Internal Variables (TIV), Extended Irreversible Thermo-
dynamics (EIT), Rational Extended Thermodynamics (RET), General Equation
for the Nonequilibrium Reversible-Irreversible Coupling (GENERIC), Symmetric
Hyperbolic and Thermodynamically Compatible (SHTC) equations, Conservation-
Dissipation Formalism (CDF) of Irreversible Thermodynamics are all branches of
nonequilibrium thermodynamics. Only branches are visible yet. The purpose of
this topical issue is to help to understand the connections between the branches.
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It is not yet clear which branch is the strongest, which is the closest to the trunk,
and if a trunk exists at all. The distorting perspective of our sitting position and
the fresh green leaves of applications do not help.

What are the most important among the fundamentals aspect? What is their
best formulation? Is there a clarified methodology, a great blend that may lead
to a uniform view of dissipative evolution? Is there a TREE behind the branches
and leaves? These are the questions that push forward the various approaches of
nonequilibrium thermodynamics.
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