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DEcomposlT_oN of PRODUCTS OF SYMPlECTIC
GROUP R EPR ESENTAT lONS

T. MATO_CSl

Group representations play an important ro'_e in modern physics.
Recent developments require to consider gro4p representations in a wider
sense than 4sual.

A general definition of group representation is based on the notion
of catego_es. A c_tegory consists of objects and Fnorphis_s satisfying
some axioms. We are concerned, in our applications, with so called
concrete catego_es whose objects are sets with a certain structure and the
mo_hisms are mappings related to the structure (''preservin�'  it in some
sense). An isornorphis_ is a bijective map whose inverse is also a mo_hism;
an _uto_orphis_ of an object is an isomo_hism of the obJect onto itself. _,
The a4tomorphisms of an obJ ect X fo_ a group under the composition
of maps; we denote this group by Aut (X). One generally defines the
notion of subobiects in concrete categories in a natural way and it has an
int_nsic meaning that a subobJect is invariant for an automo_hism; hence
we do not give here the precise and convenient definition of s4bobJects
and invariant subobJects in categoN theoN; it is done in _ l J. For fu_her
details on category theory we refer to _3I_
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Def_ni_on. Let _ be a concrete categoN. A represent_tion of a
_oup G on an obJect X of _ is a group homomo_hism

A: G_A4t(X), g_Ag.

The representation is __ith_ul if it is inJective.
The representation is irreducible if there is no non-trivial subobJect
inva_ant for the representation, i.e., if a subobJect is invariant under all
Ag then it is invariant under all automo_hisms as well.
Two representations of the s_e group G, A on X and B on Y, X
and Y being obJects of _, are egu_v_lent if there is an isomo_hism
i:X_ Y s4chthat ioAg=Bgo i forall g_G,
If G is a topological group and the structure of X contains a
topology, too, and the map G X X _ X, (g, x) _ Ag(x) is continuo4s,
we c_l the representation continuous.

If G is a _ie group and the st_ct4re of X contains a differentiable
st4rcture too, and the map G X X _ X, (g, x) _ Ag(x) is differentiable,
we call the representation di__eren ti_ble.

Taking different c_tegories we get different types of representations.
_or example:
l. _ine_r represent_tions.' the obJects are the complex linear vector
spaces and the morphisms are the linear maps.

2. Unit_ry represent_rions.' the obJects are the Hilbert spaces and
the moqhisms are the contractions.
3. Topologic_l trans_or__rion group.' the obJ ects are the topological
spaces _d the mo_hisms are the continuous maps, and we consider
continuous representations of topological gro4ps.
4. Lie trans_orrn_ti_n groups.' the obJects are differentiable mani-
folds and the morphisms are differentiable maps, and we consider differ-
entiable representations of Lie groups; we shall call them _ie represent_-
tions. Let us see more closely this last type of representations. Tn customary
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literature one speaks abo4t ''action�'  of Lie groups _d one uses the
notions ''effective'' and ''transitive''. Now we can see that an action in t_s
_nse is a representation, effective actions are precisely the f_thful
representations and transitive actions _e irreducible representations; an
i_educible representation is a transitive action if the group of diffeomor-
p_sms of the manifold in question fo_ a transitive transfo_ation group;
such differentiable manifolds can be called horr2ogeneous.

Let G be a Lie group and let H be a closed subgroup of G. Then
the canonic_ left action of G on G / H is called the c_nonic_l _ie
fepfesen t_fion or ç ind4ced by H and is denoted by _ G /H. The
following are well-known:

l. A tr_sitive Lie representation of a Lie group is equivalent to a
canonical one.

2. Let Yl and H2 be closed s4bgroups of the Lie group G; then
G /H _ G /Y2 . . .
_ afe eq4lVa en l an On y l _ an 2 afe
conJ ugate subgro4ps.

3. An orbit of a Lie transfo_ation gro4p can be equipped with a
differentiable st_cture such that the action of the gro4p on the orbit is
a transitive Lie transfo_ation group, in other words, a Lie representation
of a Lie group can be decomposed into disJ oint union of transitive Lie
representations.

l and A 2 be two L__e fe fesentat__ons of the L_.
_folds M and M fes ect_'ve_. then the Foducf A l x A 2
l 2' _
of the two representations are the one given on M_ X M2 by
l x A2) (x x) ._ (Al(x) A2
g l' 2' g l' g 2 .
Proposition 1. Let G be _ _ie group, let Hl _nd Y2 be closed
subgroups o_ G. T_ere _re c_nonic_l biiections __ong the sets

. . G /H _ G /Y2
Ofb1 S O ln

_ . G /H _
Ofb1 S O 2 ln
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. . G /Y2
OfbltS O _ 1n ).

. . G/H_ G/H2 . G/Y_.
fOOf. Let _ be an Ofbl O 1n , lnCe IS
transitive, we can flnd an element x of G / H2 s4ch that (H_, X) _ P_
The Stabili2atOf Of Y_ _ G / H_ iS Y_ , thUS if (Y_, Y) iS a_Other
. heH h th t G/Y2
element Of P then there lS an l SUC a h X ^- Y_ AS a
consequence, the map

. . G /H _ G /H_
Ofbl S O 1n

. . G /H_
_(OfblSO l ln

G /H2 .

is well-deflned and we easily check that it is bijective,

.. . . G/Y_ G/H2
rO_OSl lOn . et e _n Of lt O lM . en
there exists _ closed subgroup H o_ G such th_t the Lie represen_'_tion
o_ G on p is equi__lenf fo L G /H __d H c H H conf_i_s _ subgfou
l, 2
conjug_te to Y.

Proof. The stabilizator of a point (Y,, x) _ P is clearly a subgroup
of H,, and the stabilizator of a point (z, Y2) is a s4bgroup of H2.

Now we shall consider a special type of representations; they can be
used in classical mechanics,

A closed two-fo_ with constant rank on a differentiable manifold
is called presy_plectic ; it is sy_plectic if it has maximal rank. A syrnplectic
__ni_ol_ is a pair (M, _) where M is a differentiable manifold _d _
is a symplectic fo_ on M. We introd4ce a c_tegory whose objects are
symplectic manifolds and morphisms from (M, _) into (M; _ _ are
differentiablemaps F:M_M' such that FX_' isapresymplecticfo_,
_d _ - F"_ ' is a presymplectic form as well, whose rank is the difference
of the rank of _ and F^_; As a consequence, the isomo_hisms from
(M, _) into (MX, __ are the sy_plectic di__eornorphis_s i.e., diffeo-
momhisms F:M_MX forwhich FX_'=_ holds.

Differentiable representations oi Lie groups on obJects of the above
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catego_ are called sy_plectic representations. Thus if G is a Lie gro4p
and A is a symplectic representation of G on (M, _) then Ag is a
symplectic diffeomo_hism of (M, _). An other representation A ' of
G on (M ', _ _ is equivalent to A if there is a symplectic diffeomo_hism
F: M _ M' s4ch that F o Ag = A�  o F for all g _ G. Products o_
sy_plectic representations _e def1ned as prod4cts of Lie representations.

Symplectic representations _e similar to unitary representations in
many aspects (see _2J).

A symplectic representation is a Lie representation if we forget the
symplectic form (as a unitary representation is a linear representation if we
forget the scalar product), hence we can apply some results conceming the
differentiable representations. The most important is that a transitive
symplectic representation can be given on a coset space as well ; however,
on the same coset space we can give a number of inequivalent repre-
sentations.

We can give a characte_zation of transitive symplectic representations
using left actions on coset spaces; another characte_zation can be found
in _4J.

Proposition 3. Let G be , Lie group _nd let Y be _ connected
closed subgroup o_ G. Suppose _ is , le_t inv_ri_nr presy_plecric _or_
on G_, i. e. , Lg^_ _ _ _ _ G) ,nd Ker _ is the Lie ,lgebr_ o_ H
(considered as le_t inv,ri,nt vector _eldsJ. T_en one c,n give , sy_plecric
_o_ _ on G / H such rh_t _ is the pull-b,ch o_ _ by th e canonic_l
suriection _nd the canonic_l le_t action o_ G on G /H preserves _, i,e.,
ir js_ sy_plectic represent_tion on G / H which will be denoted by
LG/H,M.

Proof. The Lie algebra of H is a foliation on G, its folia are the
elements of G / Y; hence there exists a symplectic form _ on G / H
with the listed properties (see _4_).

.. G/H_t__ G/H2t_2 . .
rO_OSl lOn . _n ,fe eqU__v, eMt l aM OM Y
i_ H ,,d H ,fe ,o,J_ug,fe subgfoups s,y H - h - l y h ,,d R _ ._, _ __
l 2 ' 2 l '
= __ where R de,otes the rjght _ction o_ G on itseli
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Proof. It is trivial that if the listed conditions are satisfied then the
two representations are eq4ivalent.

Now, if the two representations are equivalent, then by the above
mentioned relation between symplectic representations and Lie repre-
sentation_ we know that H, and H2 _e conJ4gate subgroups and we
easily ded4ce the equality concerning _2 and __ from the fact that the
eq4ivalence of the two representations is established by a symplectic
diffeomomhism.

Proposition S. I_ A is a tr_nsiti_e sy_plecric representation o_ G
_nd an A-isotropy subgroup H o_ G is connected then there is _ le_t
in__riant presyJnplecric _or_ _ on G such th_r A is equi__lent to
LG/H,_.

Proposition 6. Let P be _n orbit o_ a sy_plectic represent_tion o_
G on (M, _). Then the pull-back o_ _ to P is _ presyrnplectic _or_
in__ri_nt under the _ction o_ G on P.

Proof. The pull-back of _ to P is clearly a two-form invaTiant
4nder the action of G on P. Since this action is transitive, the two-form
is necessarily of constant rank,

Remark. It is very important that the pull-back of _ need not be
a symplectic form; hence, in general, a symplectic representation c_nnot
be deco_posed into a disJoint union of transitive symplectic represen-
tations. This is _ essenti_ difference between symplectic representations
and unita_ representations: 4nita_ representations can be decomposed
into a direct integr_ (direct sum) of irreducible ones,

Examples. In physic_al applications one enco4nters the problem to
decompose the ''product'' of irreducible representations into a ''sum'' of
irreducible ones. The most co1nmon and well-known example is the reduc-
tion of the tensor prod4cts of irreducible representations of SO(3_). On
the contrary, the prod4ct of transitive symplectic representations of SO(3)
cannot be decomposed into tr_' nsitive symplectic representations. The
transitive symplectic representations of SO(3 j can be labelled by non-
negative n4mbers in such a way that the represe_ntation corresponding to
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AtfT(tReohhp BetsELwee_n)tt_abAt Bwly_ (__belt((hoe)))c___hanxo+nl_chaahl sympl(ectl_c fofm(g onpR) 2t _l__e_tl_sg)__hvenobynd

.s __ven on s2 w) whefe s2 _.s the s hefe of fadl.4s , l.n R 3
_d w, for _ > O is the Lebesgue volume form multiplied by -,. The

elementS Of the 1nte_al (I __ - _2 It _l + _2 )_ The OfbltS COffeSpOndln_
tO l _1 - _2 l and __ t _2 _lVe SympleCtlC fepfeSentatlOnS Of SO(3)
. . l __- _2 l __+ _2 .
W lC are eQUlVa en O an , feSpeC lVe y. e Ot ef
orbits are diffeomorphic to SO(3), hence they are of three dimensions
and cannot be symplectic manifolds: the pull-back of the symplectic fo_
_, X w to these orbits is only a presymplectic fo_.
1 _2
The following simple examples exhibit different situations.

O l
e matfIX .

Let h be a positive real number. Define the transitive symplectic
.ons A h and B h of the addl.t_.ve fo4 R 4 _ R 2 x R 2
2

h x .
(____2) ' ' l
h x ._x+ h_ x_R2 _ _ eR2 xR2
(__,_2') ' 2 , l, 2 '

en for dlfferent hl and h2 the symplectic representations A _ an
h2 h _ h
as well as B and B 2 are ineq4ivalent and only A O is equivalent
O

ach orblt of A I X A 2 establishes a transitive symple__tic repre-
. 2 2 . . . h_+h2
Sen a lOn O X W lC lS eQUlVa ent tO .
h_ h
e SympleCtlc repreSentat_on A X B _s tr_s1t_ve.
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