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PREFACE

1. Mathematics reached a crisis at the end of the last century when a nuimer
of paradoxes came to light. Mathematicians surmounted the di culties by
revealing the origin of the troubles: the obscure notions, the inexactle nitions;
then the modern mathematical exactness was created and all the earlierotions
and results were reappraised. After this great work nowadays mathemats is
rmly based upon its exactness.

Theoretical physics|in quantum eld theory|reached its own crisis  in the
last decades. The reason of the troubles is the same. Earlier physicseated
common, visible and palpable phenomena, everything used to be obviousOn
the other hand, modern physics deals with phenomena of the microwést where
nothing is common, nothing is visible, nothing is obvious. Most of the rotions
applied to the description of phenomena of the microworld are the old oas and
in the new framework they are necessarily confused.

It is quite evident that we have to follow a way similar to that follo wed by
mathematicians to create a rm theory based on mathematical exactness; &aving
mathematical exactness as a guiding principle, we must reappraisehgsics, its
most common, most visible and most palpable notions as well. Doing so we can
hope we shall be able to overcome the di culties.

2. According to a new concept,mathematical physicsshould be amathemat-
ical theory of the whole physics,a mathematical theory based on mathematical
exactness, a mathematical theory in which onlymathematically de ned notions
appear and in whichall the notions used in physicsare de ned in a mathemati-
cally exact way.

What does the term “mathematically exact' cover? Since physics i® nat-
ural science, its criterion of truth is experiment. As a straightforward conse-
quence, theoretical physics has become a mixture of mathematical naths and
mathematically not formulated “tacit agreements'. These agreements arerganic
parts of theoretical physics; they originate from the period when phyics used to
treat palpable phenomena like those in classical mechanics and eleottynam-
ics. Today's physics deals with phenomena on very small or very largscales.
Unfortunately, since the education of physicists starts with the clssical theories
which are left more or less as they were at the beginning of this centyr the
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acquired style of thinking is the mixture mentioned above and thisis applied
further on to describe phenomena in regions where nothing is obvioysesulting
in confusion and unclear thinking.

Mathematical exactness means that we formulate all the “tacit agreements
in the language of mathematics starting at the very beginning, with the mog
natural, most palpable notions. Following this method, we have a good lzance
of making an important step forward in modern theoretical physics.

At rst sight this seems to a physicist like creating unnecessary aafusion
around obvious things. Such a feeling is quite natural; if one has neveriven a
car before, the rst few occasions are terrible. But after a while it ecomes easy
and comfortable and much faster than walking on foot; it is worth gending a
part of our valuable time on learning to drive.

3. To build up such a form of mathematical physics, we must start with the
simplest, most common notions of physics; we cannot start with quantum eld
theory but we hope that we can end up with it.

The fundamental notion of mathematical physics is that of models. Our aim
is to construct mathematical models for physical phenomena. The modkng
procedure has two sides of equal importance: the mathematical model dnthe
modelled part of physical reality. We shall sharply distinguish betveen these two
sides. Physical reality isindependentof our mind, it is as it is. A mathematical
model dependson our mind, it is as it is constructed by us. The confusion of
physical reality and its models has led to grave misunderstandingsi connection
with quantum mechanics.

A mathematical model is constructed as a result of experiments and thoreti-
cal considerations; conclusions based on the model are controlled by expments.
The mathematical model is amathematical structure which is expected to re ect
some properties of the modelled part of reality. It lies outside the nodel to an-
swer what and how it re ects and to decide in what sense it is good or badTo
answer these questions, we have to deeyond the exact frameworlof the model.

4. The whole world is an indivisible unity. However, to treat physics, we are
forced by our limited biological, mental etc. capacity to divide it int o parts in
theory.

Today's physics suggests the arrangement of physical phenomena imree
groups; the corresponding three entities can be called Spacetime, ater and
Field.

The phenomena of these three entities interact and determine eaclother
mutually. At present it is impossible to give a good description of the complex
situation in which everything interacts with everything, which can be illustrated
as follows:
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Spacetime

/TN

5. Fortunately, a great number of phenomena allows us to neglect some
aspects of the interactions. More precisely, we can construct a goochéory if
we canreplace interaction by action, i.e. we can work as if the phenomena of
two of the entities above were given, xed, “sti' and only the phenomena of
the third one were " exible’, unknown and looked for. The sti phe nomena of
the two entities are supposed to act upon and even determine the pmmena of
the third one which do not react. We obtain di erent theories according to the
entities considered to be xed.

Mechanics (classical and quantal), if spacetime and eld phenomena are given
to determine phenomena of matter, can be depicted as:

Spacetime

/

- Field

In some senseontinuum physics and thermodynamics, too, are such theories.

Field theory (classical, i.e. electrodynamics), if spacetime and matter phe-
nomena are given to determine phenomena of eld, is:
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Spacetime

Gravitation theory, if matter and eld are given to determine spacetime, is:

Spacetime

N

Matter Field

These theories in usual formulation are relatively simple and well apficable
to describe a number of phenomena: it is clear, however, that they w roughly
simpli ed pictures of the actually existing physical world.

6. Di culties arise when we want to describe complicated situations in which
only one of the three entities can be regarded as known and interactionscour
among the phenomena of the other two entities. The following graphicay
delineated possibilities exist:

Spacetime

N
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Spacetime

>
5L
E

Spacetime

N

Matter —_——

The third one is of no physical interest, so far. However, the other wo are
very important and we are forced to deal with them. They represent qualitatively
new problems and they cannot be reduced to the previous well-knowtheories,
except some special cases treated in the next item.

Electromagnetic radiation of microparticles is, for instance, a phenomeon,
which needs such a theory. Usual quantum electrodynamics serves astheory
for its description, and in general usual quantum eld theory is destined to
describe the interaction of eld and matter in a given spacetime.

As it is well known, usual quantum eld theory has failed to be completely
correct and satisfactory. One might suspect the reason of the failure ithat usual
quantum eld theory was created in such a way that the notions and formulae of
mechanicswere mixed with those of eld theory. This way leads to nowhere: in
mechanics the eld phenomena are xed, in eld theory the matter phenomena
are xed; the corresponding notions “sti ' on one side cannot be fused arrectly
to produce notions " exible' on both sides.

The complicated mathematics of quantum eld theory does not allow us to
present a simple example to illustrate what has been said, whereadassical
electrodynamics o ers an excellent example. The electromagnetic eld of a
point charge moving on aprescribed path is obtained by the Lenard{Wiechert
potential which allows us to calculate the force due to electromagnet radiation
acting upon the charge. Then the Newtonian equation is supplemented wh
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this radiation reacting force|which is deduced for a point charge moving on a
given pathlto get the so-called Lorentz{Dirac equation for giving the motion of
a point charge in an electromagnetic eld. No wonder, the result is the mnsense
of “runaway solutions'.

Electromagnetic radiation is an irreversible process; in fact everyprocess in
Nature is irreversible. The description of interactions must re ect irreversibility.
Mechanics (Newtonian equation, Schmdinger equation) and electrodyamics
(Maxwell equations) i.e. the theories dealing with action instead of nteraction
do not know irreversibility. Evidently, no amalgamation of these theories can
describe interaction and irreversibility.

7. There is a special case in which interaction can be reduced to some
combination of actions yielding a good approximation. Assume that matter
phenomena can be divided into two parts, a "big' one and a “small' one. fie
big one and eld (or spacetime) are considered to be given and supposea t
produce spacetime (or eld) which in turn acts on the small matter phenomena
to determine them. The situations can be illustrated graphically asfollows:

Spacetime

SN

Matter \ Field

Spacetime

N\

O

Matter

An example for the application of this trick is the description of planetary
motion in general relativity, more closely, the advance of the perihelbn of Mer-
cury. The eld is supposed to be absent, the big Sun produces spatime and
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this spacetime determines the motion of the small Mercury. Doing save neglect
that spacetime is in uenced by Mercury and the motion of the Sun is inuenced
by spacetime as well, i.e. we neglect interaction.

The second example is similar. Suppose we want to determine how aglit
charged particle moves in the eld generated by a heavy charged partie. We
assume that spacetime and the heavy point charge are given and that they
produce an electromagnetic eld and that this electromagnetic eld determines
the motion of a light point charge. Doing so we neglect that the electromagntc
eld is in uenced by the light point charge and the motion of the heavy p oint
charge is in uenced by the electromagnetic eld, i.e. we neglect iteraction.






PART ONE

SPACETIME MODELS






INTRODUCTION

1. The principles of covariance and of relativity

1.1. Today the guiding principle for nding appropriate laws of Nature is t he
principle of general relativity: any kind of reference frame should nally conclude
the same laws of Nature; the laws are independent of the way we look at #m.
The usual mathematical method of applying this principle is the following: in
a certain reference frame we have an equation that, as we suspect, erpses
some law independent of the reference frame. The way to check hiis referred
to as the principle of covariance: transfer the equation into another eference
frame with an appropriate transformation (Galilean, Lorentzian, or a general
coordinate transformation), and if the form of the equation remains the sane
after this procedure, then it can be a law of some phenomenon. This ntieod
can be illustrated in the following way:

ref. fr. 1 ~— - ref.fr.2

It seems quite natural to organize the procedure in such a way; thiss how
Galileo and Newton started it and this is how Einstein nally concluded the
principle of general relativity. What could be the next step? Very smple:
since the laws of Nature are the same for all reference frames, the thesical
description does not need the reference frame any longer; there sHduexist a
way of describing Nature without reference frames. In fact, at that time Einstein
said this in another way: \the description of Nature should be coordinatefree".

This was some 100 years ago but if we take a glance at some books on theo-
retical physics today, we stumble upon an enormous amount of indiceghinking
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starts from reference frames and remains there; the program of coordinatfree
description has not yet been accomplished.

The key step (but not the only step) towards being able to describeNature
without reference frames is the mathematical formulation of the “tacit agree-
ment' behind the nonmathematical notion of reference frames. This fomulation
nally lifts the notion of the reference frame from the mist and starts reorga-
nizing the method of description in a way Einstein suggested. Ths reorganizing
results in describing Nature independently of reference framedf we wish to test
our theory by experiments, we have to convert absolute quantitiesto relative
ones corresponding to reference frames and then to turn them intoumbers by
choosing units of time, distance etc. arriving in this way to indices and trans-
formation rules. Compared with the previous situation, this can be illustrated
as follows:

Nature

- -y

ref.fr.2 i

-y

1.2. The most important result of the present book is this reorganizing of
the whole method of theoretical description. In this framework the grinciple of
covariance and the principle of relativity sound very simple (encouwaging us that
this might be the right way).

Principle of covariance: according to our present knowledge, the descrip-
tion of Nature should be done by rst choosing one of the nonrelatistic , special
relativistic or general relativistic spacetime models and then usinghe tools of the
chosen model.

Principle of relativity: there must be a rule in the spacetime models that
says how an arbitrary reference frame derives its own quantities fromhie absolute
quantities describing the phenomena.

2. Measure lines

2.1. In practice, the magnitudes of a physical quantity (observable) are
usually related to some unit of measurement, i.e., to a chosen and & value.

also called Galilean
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We decide, for instance, which distance is calledneter and then we express all
distances as non-negative multiples of meter.

In general the following can be said. Let A be the set of the magnitudes of an
observable. Taking an arbitrary elementa of A and a non-negative real number
; we can establish which element of A is times a; denoted by a: In other

words, we give a mapping, calledmultiplication by non-negative numbers,

Ry, A! A; (;a)! a

with the following properties: for all a2 A
(i) Oa is the same element, called theero of A and is denoted by 0 as well;
(i) 1a=a
(i) (a)=( )aforal ; 2R} and a2 A;
(iv)if a60 then J,:R; ! A; 7! a is bijective.
In customary language we can say that A is a one-dimensional cone.
An addition can be de ned on this one-dimensional cone. It is easy to see
that the mapping, called addition,

A Al A (b;97'Ja Ja Y+ Ja o) =:b+c

is independent of a:
Let us introduce the notations

A=1f( 1;,a)j 06 a2 Ag; A=( A A:
Then we can give a multiplication by real numbers
R A! A; (;a7 a
and an addition
A Al A (b;e) 7' b+ c
that are trivial extensions of the operations given on A so that A becomes a
one-dimensional real vector space. For instance,
a:=j ja for < 0 az2A;
(a:= a for > 0, a2A,;
(a:=jja for < 0, az2A:

Furthermore, the two "halves' of this vector space have di erent mportance:
the original cone contains the physically meaningful elements. We exgss this
fact mathematically by orienting A with the elements of A (see IV.5).

The preceding construction works e.g. for distance, mass, force magnide,

etc. In some cases|e.g. for electric charge|we are given originally a one-
dimensional real vector space of observable values.
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Thus we accept that the magnitudes of observables are represented byee
ments of oriented one-dimensional real vector spaces calledeasure lines. Choos-
ing a unit of measurement means that we pick a positive element of theneasure
line.

2.2. In practice some units of measurement are deduced from other ones by
multiplication and division; for instance, if kg; m and s are units of mass,
distance and time period, respectively, then kgsgﬂ is the unit of force. The
question arises immediately: how can we give a mathematically exact naming
to such a symbol? According to what has been saidkg; m and s are elements
of one-dimensional vector spaces; how can we take their product and quent?
To give an answer let us list the rules associated usually with theseperations;

for instance,

( kg)( m)=( )kgm) (: 2Rg);
m — m + . +).
s s ( 2Ry; 2RY):

Extending these rules to negative numbers, too, we see that the usl mul-
tiplication is a bilinear map on the measure lines and the usual divisin is a
linear-quotient map, with the additional property that the product an d quotient
of nonzero elements are not zero.

Consequently, we can state that the product and quotient of units of mesure-
ments are to be de ned by their tensor product and tensor quotient, respectively
(see IV.3 and IV.4).

Thus if L; T and M denote the measure line of distance, time period and

mass, respectively,m 2 L; s2 T; kg 2 M; then ¢ := k¢ M o M L.

3. Spacetime heuristics
3.1. Space

3.1.1. Sitting in a room, we conceive that a corner of the room, a spot on
the carpet are points and the table is a part of our space. Looking through the
window we see trees, chimneys, hills that form other parts of our spaez A car
travelling on the road is not a part of this space.

On the other hand, the seats, the dashboard, etc. constitute a space for
someone sitting in the car. Looking out he sees that the trees, the hoes, the
hills are running, they are not parts of the space corresponding to the ar.

Consequently, the space for us in the room and the space for the one in ¢h
car are di erent. We have ascertained that space itself does not exisi.e. there
is no absolute spacethere are only spaces relative to material objects A space
is constituted by material objects
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3.1.2. Let us call the room (more widely, the Earth) and the car observers
Then we can say that every observer has its own space, di erent obseers have
di erent spaces. The space points of observers are material points.

We warn the reader that the term observer appears in the literature indif-
ferent senses. Frequently one considers a single point as an observélaking
experiments, however, a single point is not su cient; for instance, a cloud cham-
ber, showing the path of an elementary particle in no manner can be caidered
as a single point. So we emphasize that in our treatment an observer is aliec-
tion of material points.

We nd the following properties of our space:

(S1) There are straight lines in it and an oriented straight line segment, a
vector can be drawn between any two of our space points; the vectors obey the
well known rules of addition and multiplication by real numbers.

(S2) Our space isthree-dimensionat there are three essentially dierent
directions { right-left, forward-backward, up-down { from which ev ery other
direction can be “‘combined'.

(S3) It is not trivial { but experiments show (the asymmetry of K mezon
decay) { that our space is oriented: the order right-forward-up and the order
left-backward-down are not equivalent.

(S4) The distance between two space points { in other words, the magni-
tude of a vector { is meaningful and the distances obey the triangle inegality;
moreover, we experience amngle between two vectors.

The listed properties can be summarized by stating thatour space is a three
dimensional oriented Euclidean a ne space. Of course, this is valid for the space
of a "good observer', e.g. for annertial observer whose space points are inertial
i.e. free of any action and do not move with respect to each other (the spce of
a room having rubber walls and shaken by an earthquake is not such).

3.2. Time

3.2.1. Time is much more sophisticated than space. Processes indicate that
time progresses: the Sun proceeds in the sky, someone is speaking¢lack is
ticking etc. Time, too, is constituted by material objects

In everyday conversations and in the usual terminology of physics, tooun-
fortunately, the word time can refer to

{ a time period: “long time ago’, "it will take time";

{ a time point (instant) : "what is the time?' “at the same time'.

It is extremely important to distinguish between these two essatially di erent
notions. Note that a clock measures time periodsby the number of its tickings
and does not measure buindicates time points.
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3.2.2. What is a time period exactly? | experience the time period betveen
my breakfast and my dinner, an elementary particle experiences itewn life time
period between its birth and decay etc. We can accept as a fundameat fact
that time progresses for every material point. Visualizing this, we imagine that
a tiny chronometer (a quartz crystal) is tied to any material point and the ticks
(oscillations) measure the time period between arbitrary two occurences of the
material point. Time progresses for every material point individually i.e. every
material point has its proper time.

It may happen { why not? { that dierent proper time periods pass for
two material points between two of their meetings. Indeed, expements with
elementary particles prove that this is the situation.

We nd that time progresses in one direction only and the notion earlierlater
is meaningful for the occurrences of a material point: past (my breakfa3 and
future (my dinner) cannot be interchanged. Summarizing, we nd:

(T) Proper time of any material point is a physical reality, its progress hasa
one-dimensional character and it is oriented.

3.2.3. Now let us examine what a time point is. It can be best grasped
by considering the notion “at the same time', i.e. simultaneity. How can we
determine that an explosion in London and an other one in Paris occurred at te
same time, i.e. simultaneously? Saying that both occurred at two o'mck puts
o the answer because the question remains: how is two o'clock is esblished in
London and in Paris?

Of course, there are some conventions to establish simultaneity inicrent
space points on the Earth (using the position of the Sun or using radio ginals). A
synchronization settles simultaneity again and again continuously and it creates
time points as simultaneous occurrences. A synchronization must have the
fundamental property that di erent occurrences of any material points cannot
be simultaneous.

It is evident that a synchronization is a human invention, not a physical fact

Let us consider two space pointsL and P of an observer (e.g. London and
Paris) and a time point t of a synchronization. Then an occurrencel; in L and
an occurrencep; in P are simultaneous with respect to the synchronization in
question. Take another time point s of the synchronization, too.

As said, time progresses for every material point, in particular, for evey space
point of an observer. It may happen { why not? { that the time passed in L
between |; and Is is not equal to the time passed inP between p; and ps.
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3.3. Motions

3.3.1. We experience material objects moving; in general, a material point
can move with respect to observers. The same material object moves drently
with respect to di erent observers.

Velocity is an everyday notion connected with a motion. It makes sens,
however, only with the use of a synchronization. Indeed, a motion is dscribed
by a function that assigns space points to time points and velocity is @rived
from this function.

Now we shall state some fundamental facts concerning motions without usg
synchronizations.

The path of a motion in the space of an observers the collection of space
points that the material point meets with.

Our rst experience is:

(M1) Every straight line in an observer space can be the path of a motion.

As said, a synchronization is necessary to determine how fast a motiorsi
However, we can declare the following important statement: it makes sense
without synchronization which one is faster of two motions havig the same path
relative to an observer, and meeting in some space point

Indeed, let us consider a foot race between a valley and a hill. Theacers
leave the start together (their departure is the same occurrence athe start) but
they arrive at the goal separately (their arrivals are di erent occurrences at the
goal). The notion earlier-later is a physical fact at a space point, in partcular
at the goal. The racer who arrives earlier is faster, who arrives later islower.
Thus, we know which of the racers is faster or slower without knowig how fast
or slow they are (what their speeds are) according to a synchronization

We emphasize that such a faster-slower relation is independent ofyachro-
nizations but does depend on observers. A (long-long) car travelling ahg the
racing track observes that the winner runs backward slower than the dbers.

Then we can formulate our experience:

(M2 ) For every motion there is a faster motion on the same path.
(M3) For every motion all the possible slower ones can be realized on the
same path.

The rst assertion is evident. The second means that given an arbitrary(long)
time interval t, then there is a racer (e.g. a snail) which arrives at the goalt
time later than the winner.

3.3.2. Newton's rst law concerns uniform motions on straight lines. It can
be well formulated as follows: every inertial observer can choose atdst one
synchronization in such a way that the motion of an arbitrary inertial mate rial
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point has constant velocity (which implies that the path of the motion is a
straight line).

Note that this formulation does not involve the explicit use of a synchroniza-
tion; it merely declares the possibility of some synchronizations. Neertheless,
we look for another statement.

Namely, let the running time be measured by the material point and the
covered distance by the observer. This can be done as follows: afteaeh
determined amount of ticks of its chronometer, the material point marks the
space point where it is and the observer measures the distance betar these
marked space points. Then we can state that \an inertial material point moves
(if does not stand) in the space of any inertial observer in such a wayHMtat its
path is a straight line and it covers equal distances during equal propr time
periods".

From that we conclude:

(U) Inertial proper times and inertial space distances are uniformly rdated
to each other.

3.3.3. There is a further, extremely important notion in connection with
motions.

Let us consider a race where the start and the goal coincide. Then the
time period between the starting and the arrival of a racer is measurd by the
chronometer of the start-goal, hence we can say without any synchronizadin
how fast a racer is.

In general, the round-way speeds meaningful, without any synchronization,
for a material point moving on a closed path in an observer's space.

3.4. Spacetime

3.4.1. We will construct models for spacetime on the base of our experience
concerning physical facts. Observers, space points, space vectaswell as proper
time periods are physical entities but synchronizations and time pints are not.
Therefore synchronizations and the usual notion of velocity have no ce in our
following arguments.

The model must be formulated in terms ofabsolute objects The physical facts
listed above, in general, are not absolute, they are related to material ofects,
di erently to di erent material objects.

Of course, all of our experience is relative, too. We have to nd the abolute
objects behind them.

A child claps in the car; this occurs sometime in some space point of #hcar
as well as sometime in some space point of the Earth. The clapping is a pkigal
fact characterized by "here and now' or “there and then' according to derent
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points of view. Similarly, an explosion, a ash of a lamp, a collision of two
vehicles happen in reality; such possible (pointlike)occurrencesare conceived to
be spacetime points.

One often says event instead of occurrence which causes a numberrofsun-
derstandings. Namely, the notion of an event is well de ned in probabilty theory
and in physics as well. An event always happens to the object in quein: the
clap is an event of the child, the explosion is an event of the bomb etc.hey are
not events of spacetime. That is why we adhere to say occurrence.

Properties (S1)-(S3), (T) and (U) suggest us rst of all that spacetime is a
four-dimensional oriented a ne space.

3.4.2. Of course, we have to pose the uneasy questions: have we reasoned
properly? have we not made some mistakes? have we not left anything ouf
consideration?

There is a serious objection to our reasoningwe have extrapolated our expe-
rience gained in human size to much larger and much smaller size, too.

The a ne structure includes a concept of continuity. According to ou r com-
mon experience, i.e. from human point of view, water is a continuous marial.
However, we already know that water is in fact rather coarse: a microbe des
not perceive it to be continuous at all. Are perhaps space and time coarse as
well? At present no experimental fact supports the coarse nature ofgace and
time but we cannot exclude it in good faith.

Let us accept the continuity of space and time. Our conviction that a vedor
can be associated with two space points is based on the fact that e.g. we can
span a thread between the corner of the room and a spot on the carpet, or we
can produce a light beam between them. But how can we determine thgector
between two points whose distance is much smaller than the diameteof the
thread or the light beam? If we can de ne vectors for such near points, to, do
they obey the customary rules of addition and multiplication by real numbers?

We meet a similar problem if we want to give sense of vectors correspoird)
to points very far from each other. A thread cannot but a light beam can draw
a straight line between Earth and Moon; however, it is not evident at al that
addition and multiplication by real numbers of such huge vectors make sese
with the customary properties.

Indeed, some experiments show that in astronomical size the vectai opera-
tions cannot be de ned for segments de ned by light beams. At presentwe have
no similar knowledge regarding minute size.

Evidently, the same problems arise for small and large time periods.

3.4.3. The objections above do not matter much. By accepting our experience
regarding human size agjlobal, i.e. extrapolating it to very small and large size,
too, we have made some abstractions to create mathematical models. Sueh
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model is not reality itself; it is an image|a necessarily simpli ed an d distorted
one|of reality. Reality and model should not be confused!

If we admit that our experience is onlylocal, i.e. considering it approximately
true even in human size, we have to give up the a ne structure and wemake
models in which spacetime is a four-dimensional manifold.

This book deals with models in which spacetime is accepted to has an ae
structure: the nonrelativistic model and the special relativistic model.

General relativistic spacetime models are based on di erential mariolds.

The nonrelativistic spacetime model is suitable for the descripion of “sluggish'
mechanical phenomenajwhen bodies move relative to each other with véocities
much smaller than light speed|and of static electromagnetic phenomena.

The special relativistic spacetime model is suitable for the desiption of all
mechanical and electromagnetic phenomena, but it has a more complicatedrac-
ture than the nonrelativistic one, therefore it is suitable for “brisk' mechanical
phenomena and nonstatic electromagnetic phenomena.

To describe cosmic phenomena we have to adopt general relativistipacetime
models.

3.4.4. Up to now we employed statments §1)-(S3), (T) and (U) to accept
the a ne structure of spacetime. It is noteworthy that ( U) indicates also that
the proper time progress and the Euclidean structure of inertial obervers are
connected somehow. Further properties of spacetime models will be obtained
later from (M1 )-(M3) and from further special assumptions.

3.4.5. Of course, having a spacetime model as a mathematical structure, lal
the intuitive notions appeared in our heuristics such as observetrsproper times
etc. must be exactly de ned in that mathematical framework. This holds for
synchronizations, too, which are important from a technical (not fundamental)
point of view.

A synchronization and an observer together will be called aeference frame
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1. Fundamentals
1.1. Absolute time progress

1.1.1. As mentioned earlier, experiments show that di erent proper time
periods can pass for elementary particles between their two meetgs. On the
other hand, according to our (super cial) everyday experience, boh the clock at
home and my watch have ticked just as many times between my departurand
return. Now we construct a spacetime model based on this assumption:

(A1) Proper time progress is absolute, i.e. the same time period elapsésr
any two material points between two meetings.

According to another (super cial) everyday experience there is o upper limit
for the velocity of material objects; this can be rightly formulated as follows:

(A2) In the space of any inertial observer arbitrary round-way speed is ps-
sible.

1.1.2 According to what has been said in the Introduction, spacetime will ke
modelled by an a ne space.

Then it can be shown { the proof lies outside the purpose of this book {that
(M1){(M3) and (A1 ){(A2) imply that the absolute proper time progress is
described by a nonzero linear map de ned on the underlying vector space of
spacetime.

Moreover, (U) and (S4) result in that there is a Euclidean structure h on
the kernel of

1.2. The spacetime model

1.2.1. Now we are ready to formulate a correct de nition.

De nition. A nonrelativistic spacetime modelis (M;T;L; ;h) where
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| M is spacetime, an oriented four-dimensional real a ne space (over th e
vector spaceM );
T is the measure line of time periods,
L is the measure line of distances,

:M I T describes the absolute proper time progress, a linear surjection,
h:S S! L L isthe absolute Euclidean structure, a positive de nite
symmetric bilinear map where S:=Ker =fx 2 M| x=0g. &

The elements of M and of M are called world points and world vectors,
respectively.

For occurrencesx and y (elements of M) (y x) is the absolute time
elapsed betweerx and y. x isearlier than y andlaterthan y if (y x)> 0
and (y x) < 0, respectively. (Recall that T is oriented, thus it makes sense
to speak about its positive and negative elements, see 1V.5.3.)

X and y are absolutely simultaneousf (y x)=0.

Elements of S are calledabsolutely spacelike

World vectors outside S are called timelike. The set of timelike elements
consists of two disjoint open subsets:

T' ==fx2Mj x> 0g; T =fx2Mj x<O0g
Vectors in T' andin T  are calledfuture directed and past directed, respec-

tively.
We often illustrate the world vectors in the plane of the page:

1.2.2. In this spacetime model there is a single synchronization (see late
in 3.3.), given by absolute simultaneity. x and y are simultaneous if and only
if y x2S whichis equivalenttoy 2 x+ S or x 2 y+ S. Thus, a set of
simultaneous world points is an a ne hyperplane of M, directed by S.

To be simultaneous is an equivalence relation on M. An equivalence clasa
hyperplane directed by S is conceived to be anabsolute time pointor instant;
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the set of equivalence classes is T := MS, the absolute time We de ne the
subtracton T T! T by

t s:= y x) (y2t x25s);

in another form,
(y+S) (x+9):= y x):

It is not hard to see that this subtraction is well-de ned and turns T into an
a ne space over T. Then the time evaluation

M T; X7'x+ S

becomes an a ne map over

We say that t 2 T is later than s2 T (or s is earlier than t) and we write
s<t if t s is a positive element of T:

Spacetime, too, will be illustrated in the plane of the page. Then vetical
lines stand for the instants (hyperplanes of simultaneous world poing). A line
standing to the right of another is taken to be later.

s t

If x is a world point, x+ T' and x+ T  are called the futurelike and
pastlike part of M; with respect to x:

X+S

x x fr
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1.3. Structure of world vectors and covectors

1.3.1. There are spacetime and time in our nonrelativistic spacetime model
and there is no space. However, there is something spacelike: thadar subspace
S of M: Later we see what the spacelike feature oS consists in. We nd an
important “complementary' connection betweenS and T: Let

i:S!' M

denote the canonical injection (embedding; ifg 2 S; then i q equalsq regarded
as an element ofM ; evidently, i is linear). Then we can draw the diagram

S M T

i is injective, s surjective, and Rani =Ker ; thus i =0:

M ; the dual of M will play an important role. Though it is also a four-
dimensional oriented vector space, there is no canonical isomorphismebween
M and M ; these vector spaces are di erent.

A diagram similar to the previous one is drawn for the transposed maps:

T! M!' S
is injective, i is surjective (see IV.1.4) and Ran =Keri ; thus i =
0:
It is worth mentioning that for k2 M ; i k= k i is the restriction of k

onto S: k i = Kjs.

1.3.2. Since is injective, its range is a one-dimensional linear subspace of
M which will play an important role:

Ran =f eje2Tg=fe je2Tg=T
Observe thatk 2 M isin T ifandonly if i k =k i = 0; thus
T =fk2M jk g=0 forall g2 Sg:

We say that T is the annihilator of S:
lllustrating M on the plane of the page, we draw a horizontal line for the
one-dimensional linear subspacer

M
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As usual, the elements ofM are calledcovectors. The covectors in the linear
subspaceT are timelike, and the other ones arespacelike.

1.3.3. It will be often convenient to use tensorial forms of the above linear
maps. According to IV.3.4 and 1V.1.2 we have
2T M ; i 2M S ;
2 M T; i 2SS M:

1.3.4. With the aid of ; the orientations of M and T determine a unique
orientation of S:

Proposition. If (e1;e2;e3) is an ordered basis ofS; then (x;e;;e;;es)
and (y;e;;e.;es) are equally oriented for all x;y 2 T' :

Proof. Evidently, (x;e1;ez;e3) and ( Xx;e;;ez;e3) are equally oriented
if 2 R™; hence we can suppose that y = X;ie. gq:=y x28S: Then

yreiteNeg=(x+g)het et ez=x"e " ex” es;
hence the statement is true by IV.5.1. =
De nition.  An ordered basis €;;e2;e3) of S is called positively oriented

if (x;ey;es;e3) is a positively oriented ordered basis ofM for some (hence for
al) x2T' . m

1.3.5. (S;L;h) is a three-dimensional Euclidean vector spaceS and L are
oriented. An important relation is the identi cation

We shall use the notation

and all the results of section V.3.
In particular, we use a dot product notation instead of h :

g q®:=h(g;q92L L (@4;9°2 S):

The lengthof q2 S is o

jgi:="9 q2Lg;
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and the angle betweerthe nonzero elementsq and q° of S is
q q°
arg(q; q°) := arccos ———:
9(@: ¢ jqijag
The dot product can be de ned between spacelike vectors of di erehtypes
(see later, Section 1.4) as well; e.g. ifA and B are measure lines, forw 2 %
and z 2  we have

w zzi' ar (W'z)'—arccosW z.
RN TR

1.3.6. Do not forget that timelike vectors (elements of M outside S) have
no length, no angles between them.

T is an oriented one-dimensional vector space, hence the absolute value
of its elements makes sense; thus a length (absolute value) can be a@gsd to a
timelike covector. However, the length of spacelike covectors (ements of M
outside T ) and the angle between two covectors are not meaningful.

1.3.7. The Euclidean structure of our space is deeply xed in our mind,
therefore we must be careful when dealing withM which has no Euclidean
structure; especially when illustrating it in the Euclidean plane of the page.
Keep in mind that vectors out of S have no length, do not form angles. The
following considerations help us to take in the situation.

Recall that the linear map :M ! T can be applied to element of'\"? and
then it has values in T R (see V.2.1). Put

M
V(@)= u?2 T u=1

According to VI.2.2, V (1) is an a ne subspace of M? over %: It is illustrated

as follows:

M s
T T V(1)

-

o ——= U,
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Three elements ofV (1) appear in the gure. Observe that it makes no sense
to say that

| uy is orthogonal to % (there are no vectors orthogonal to %);

| the angle between u; and us is less than the angle betweeru; and u,
(there is no angle between the elements o¥/ (1)),

| u» islonger than u; (the elements of V (1) have no length).

We shall see in 2.1.2 that the elements ol (1) can be interpreted asvelocity
values.

1.3.8. Since there is no vector orthogonal toS; the orthogonal projection
of vectors onto S makes no sense. Of course, we can project ont8 in many
equivalent ways; the following projections will play an important role.

Let u be an element of V(1): Then u T := futjt2 Tg is a one-
dimensional linear subspace oM ; u T and S are complementary subspaces,
thus every vector x can be uniquely decomposed into the sum of components
in u T andin S; respectively:

x=u( x)+(x u( x)):

The linear map
M1 S x! x u( x)

is the projection onto S along u: It is illustrated as follows:

[M] s V(1)
,,iu
0'/’/ |
T, -x :

V (1) is represented by a dashed line expressing thaV (1) is in fact a subset
of ¥
Observe that

and in a tensorial form ,2S M

1.3.9. Proposition. Let u 2 V(1): Then
vi=(C; M1 T S X7 ( X; o X)
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is an orientation preserving linear bijection, and

Nt g) = ut + g (t2T;q29):

1.4. The arithmetic spacetime model

1.4.1. Let us number the coordinates of elements ofR* from 0 to 3 :
( 9% 1; 2; 3) 2 R* The canonical projection onto the zeroth coordinate,

pro: R4 R; (% L %37 0
is a linear map whose kernel isfOg R3® which we identify with R3: Let H

R
denote the usual inner product onR3: H (x;y) =  x'y': Endow R and R*
i=1
with the standard orientation.
It is quite evident that R*:R;R;pr% H is a nonrelativistic spacetime model
which we call the arithmetic nonrelativistic spacetime model.

In the arithmetic spacetime model we have:

M=M=RY% T=R; L=R;

= pr%
S=fog R® R% h=H:
T Rf(©00g =pr

Then
i:S!I' M equals R®! R* (x*;x%:x3) 71 (0;x}; x%; x3):

The usual identi cation yields M = (R?) R*; the covectors are indexed
in subscripts: (Ko; ki;ko;k3) 2 (RY) (see IV.1.4).

In the same way, T = R R; but here we cannot make distinction with
the aid of indices.

Then

i M 7I'S equals RY ! (R®: (ko;ki;ka;ks) 7! (Ki:ko;ks)
and

:T ! M equals R! (RY): e7! (e0;0;0):

1.4.2. ltis an unpleasant feature of the arithmetic spacetime model that the
same object, R*; represents the a ne space of world points and the vector space
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of world vectors and even the vector space of covectors. For a clear distition
we shall write Greek letters indicating world points (a ne space elements) and
Latin letters indicating world vectors or covectors.

Another shortcoming of this spacetime model is that spacetime seem®tbe
the Cartesian product of time and space. Then consideringR* R RS3, we
write (; ) or ( 9 ) and (t;q) for its elements; similarly, (e;p) denotes an
elementof R R% R (R® : Then

‘R R¥!' R, (; )7 ;

‘R R¥!' R, (t;q) 7't;

i:R*!' R R%® q7'(0;q);

i (R R I (R (eip) 7! p;
R! (R RY); eT7 (e0):

The last formula means that T now equalsR f 0g:

Of course, and are equal though we have written the same formula with
di erent symbols. This is a trick similar to that of subscripts and superscripts:
we wish to distinguish between di erent objects that appear in the same form.

1.4.3. Now we have ¥ = % R*: and

V()= (v%v)2R R® V=1 =f1g R%:
Here, too, we nd a misleading feature of this spacetime model:V (1) seems
to have a distinguished, simplest element, namely (10).
For (1;v) 2 V(1) we easily derive that

av):R R¥! R% (tq) 7' q vt

In particular, 1.0y is the canonical projection from R R3 onto R®.

1.5. Classi cation of physical quantities

1.5.1. In physics one usually says e.g. that (relative) velocity and accelation
are three-dimensional vectors and are considered as triplets of real mbers.
Although both are taken as elements ofR®; they cannot be added because they
have “di erent physical dimensions'. The framework of our spacetine model
assures a precise meaning of these notions.
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A physical dimension is represented by a measure line. LeA be a measure
line. Then the elements of

A are called scalars of type A;

A M are called vectors of type A;
% are called vectors of cotype A;

A (M M) arecalled tensors of type A;
M A M are called tensors of cotype A:

Covectors of type A; etc. are de ned similarly with M instead of M :

In the case A = R we omit the term “of type R% In particular, the elements
of M M and M M are calledtensors and cotensors, respectively; the
elements of M M and M M are mixed tensors.

Recall the identications A° M M A etc. (see IV.3.6).

Because of the identi cation % M A the vectors of cotype A coincide

with the vectors of type A :

1.5.2. The vectors and tensors of type A in the subspacesA S and
A (S S); respectively, are calledspacelike.

The covectors of type A in the subspaceA (T ) are calledtimelike.

According to our convention (V.2.1 and V.2.2), the dot product of covectors
and vectors of di erent types makes sense; e.g.

for k2B M and z2A M M A wehave k z2B A:
In particular,
for 2T M and z2A M we have z2T A
similarly,

M T
for w2 — we have w2 —;
A A

for T2A (M M) we have T2T A M:

Evidently, z2 A M s spacelike if and only if z = O:
In the same way,i : M ! S is lifted to covectors of type A; etc. i.e.

for i 2S M and k2A M wehave i k2 A S etc.

Evidently, k2 A M istimelike ifand onlyif i k = O:
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1.5.3. In nonrelativistic physics one usually introduces the notion of scars,
three-dimensional vectors, three-dimensional pseudovectors armseudoscalars as
guantities having some prescribed transformation properties. Onds forced to
adapt such a de nition because only coordinates are considered, only mbers
and triplets of numbers are used, and one must know whether a tripleof numbers
is the set of coordinates of a vector, or not. Of course, vectors can have drent
“physical dimensions'.

Now we formulate the corresponding notion in the framework of our nonrela-
tivistic spacetime model. The elements of

R are the scalars
S are the spacelike vectors
S~ S are the spacelike pseudovectors of typelL;

3
S~ SN S  are the pseudoscalars of type L:

The rst and the second names do not require an explanation. The third
and fourth names are based on the fact that we have canonical linear bijeains
SAS! S Land S*S”~S! L L L (see V.3.17); pseudovectors are
“similar' to spacelike vectors of typeL; and pseudoscalars are “similar' to scalars

of type : L:

Having the notion of vectors of type A; it is evident how we shall de ne
spacelike pseudovectors and pseudoscalars of diverse types. For teake of
simplicity, we consider now “physically dimensionless' quanties: R; N; N~ N;
N~ N~ N: Then we have the linear bijectionsj : N N ! N and jo: N*N~?
N! R:

Let R:S! S be an orthogonal map which is considered to be an orthogonal
map N ! N aswell. We say that R is a rotation if it has positive determinant.
The determinant of the inversion P := 1g is negative.

By de nition, ° R = P := 1gr; the scalars are invariant.

Vectors are transformed underR and P according to the de nition of these
operations.

Pseudovectors are transformed byR * R and P A P (IV.3.21.); formulae in
V.3.16 say that

i R*R)=R j; j (P*"P)= P j=]j
which means that the pseudovectors are transformed by rotations like @ctors
but they are invariant under the inversion.

Similarly we have that

jo R*"R"M"R)=jo; jo (P*PAP)=Jjo;
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the pseudoscalars are invariant under rotations and they change sign by the
inversion.

1.6. Comparison of spacetime models

1.6.1. A spacetime model is de ned as a mathematical structure. It is an
interesting question both from mathematical and from physical points of view:
how many “di erent' nonrelativistic spacetime models exist?

To answer, rst we must de ne what the “dierence' and the “simil arity'
between two spacetime models mean. We proceed as it is usual in matmatics;
for instance, one de nes the linear structure (vector space) and the the linear
maps as the tool of comparison between linear structures; two vectorpaces are
of the same kind if there is a linear bijection between them, in othe words, if
they are isomorphic.

De nition. The nonrelativistic spacetime model (M;T;L; ;h) is isomor-
phic to the nonrelativistic spacetime model (M®%T%L% %h9 if there are
(i) an orientation preserving ane bijection F:M ! M% over the linear
bijecion F:
(i) an orientation preserving linear bijection B : T! T
(ii ) an orientation preserving linear bijection Z : L ! L% such that
n °F=B ;
(any h® (F F)=(zZ Z) h:
The triplet ( F; B ;Z) is an isomorphism between the two spacetime mod-
els.
If the two models coincide, isomorphism is calledautomorphism. An auto-
morphism (F;B;Z) of (M;T;L; ;h) isstrict if B =1y and Z = 1_.: =

Two commutative diagrams illustrate the isomorphism:

M T s s 1" L L
2 2 2 2
? ? 2 2
Fy yB F Fy yZ Z
MO 1 TO S0 g0 ! LO Lo
0 ho

The de nition is quite natural and simple. It is worth mentioning th at (I)
implies that for g2 S we have ° F q=B g = 0 which means that F
maps S into (and even onto) S% hence the requirement in (I1) is meaningful.

It is evident that (F ;B 1;Z 1); the inverse of F;B;Z); is an iso-
morphism as well. Moreover, if F%B%Z9 is an isomorphism between non-
relativistic spacetime models (M’ T%L% ®%h9 and (M T 00KH0y. then
(F® F;B? B;Z° Z) is an isomorphism, too.
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1.6.2. Proposition.  The nonrelativistic spacetime model (M;T;L; ;h) is
isomorphic to the arithmetic spacetime model.

Proof. Take
(i) a positive element s of T;
(ii) a positive elementm of L;
(iii ) an element eg of T' such that €y = S;
(iv) a positively oriented orthogonal basis €;;e;es); normed to m; of S;
(v) an element o of M:
Then u := 2 isin V(1) and it is not hard to see that

F . M | R4. X 7| (X 0) € u (X O)
. : y : s y m2

=1:;2;3
B:T! R; t7! E;
S

Z:L! R; d7!i
m

is an isomorphism. =

Observe that (eg; e1;ey;e3) is a positively oriented basis in M; and F is
the a ne coordinatization of M corresponding to o and that basis.
The isomorphism above has the inverse

RYD M, (%5 %5 )7 o+ e

R! T; 7! s;
R! L; 7" m:

1.6.3. An important consequence of the previous result is thattwo arbitrary
nonrelativistic spacetime models are isomorphicj.e. are of the same kind. The
nonrelativistic spacetime model as a mathematical structure is unjue. This
means that there is a unique “nonrelativistic physics'.

Please, note: the nonrelativistic spacetime models are of the samerid,
but, in general, are not identical. They are isomorphic, but, in genera) there
is no “canonical' isomorphism between them, we cannot identify the by a
distinguished isomorphism. It is a situation similar to that well kn own in the
theory of vector spaces: allN -dimensional vector spaces are isomorphic t&N
but, in general, there is no canonical isomorphism between them.

Since all nonrelativistic spacetime models are isomorphic, we can asan
arbitrary one for investigation and application. However, an actual model can
have additional structures. For instance, in the arithmetic model, spacetime and
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time are vector spaces, time is canonically embedded into spacetimres R f 0g;

V (1) has a distinguished element, (10). This model tempts us to multiply

world points by real numbers (although this has no physical meaning and hat
is why it is not meaningful in the abstract spacetime structure), to consider
spacetime to be the Cartesian product of time and space (but space deenot
exist!), to say that the distinguished element of V (1) is orthogonal to the space
(such an orthogonality makes no sense in the abstract spacetime structa), etc.

To avoid such confusions, we should keep away from similar speciallgon-
structed models for theoretical investigation and application of the nomrelativis-
tic spacetime model. However, for solving special problems, for ecuting some
particular calculations, we can choose a convenient concrete modeln kthe same
way as in the theory of vector spaces where a coordinatization|i.e. the use of
KN |may help us to perform our task.

1.6.4. In present day physics one uses tacitly the arithmetic spacetime
model. One represents time points by real numbers, space pointsyhtriplets
of real numbers. To arrive at such representations, one chooses tagitla unit
of measurement for time and an initial time point, a unit of measurement for
distance and an initial space point (origin) and an orthogonal spatial basis whose
elements have unit length.

However, all the previous notions have merely a heuristic sense. ake a
glance at the isomorphism established in 1.6.2 to recognize that the nonla
tivistic spacetime model will give these notions a mathematically pecise mean-
ing. Evidently, s and m are the units of time period and distance, respectively,
fe1;es; e3q is the orthogonal spatial basis whose elements have unit length; (0)
is the initial time point and o includes somehow the origin of space as well. At
present only the sense ofey is not clear; later we shall see that it determines
the space in question, because we know that absolute space does notsxieg
characterizes an observer which realizes a space.

1.7. The split spacetime model

1.7.1. As we have said, the arithmetic spacetime model is useful for solvip
particular problems, for executing practical calculations. Moreover at present,
one usually expounds theories, too, in the frame of the arithmetic spagtime
model, so we ought to “translate' every notion in the arithmetic language How-
ever, the arithmetic spacetime model is a little ponderous; that § why we intro-
duce an ‘intermediate’ spacetime model between the abstract and #harithmetic
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ones, a more terse model which has all the essential features of the thrnetic
spacetime model.

1.7.2. Let (M;T;L; ;h) be a nonrelativistic spacetime model, and use the
notations introduced in this chapter. Let pry: T S ! T be the canonical
projection (t;q) 7! t:

Then (T S;T;L;pry;h) is a nonrelativistic spacetime model, called thesplit
nonrelativistic spacetime modelcorresponding to (M;T;L; ;h):

It is quite obvious that forall 02 M and u 2 V (1);

Ml T S x7' 4y (x 0
T! T; t! ot
L! L; d! d

is an isomorphism of the two nonrelativistic spacetime models where , is
de ned in 1.3.9.

1.7.3. In the split spacetime model
T S!U T,  (t;q) 7't;
i:S!I' T S, q7 (0;0):
With the usual identi cation (see IV.1.3) we have that in the split sp acetime
model the covectors are elements of S ; correspondingly,
T ! T S; e7! (e;0);
i T S 1 S; (ep)7 p:

As a consequence =T f Og
In this model

V(1) = fig

=l w»w

and we easily derive for (1v) 2 V (1):

avy: T S!S (t;q) 7' q  vt:

1.8. Exercises

1. Let fep;e;;ez;e3g be a basis in M such that fe;;e;;e3g is an or-
thogonal basis in S; normed to m 2 L*: Put s := €y, U = %0: Then

_ u S

5 is the dual of the basis in question.

i=1;2;3
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2. (i) Let (ep;e1;ez;e3) be a positively oriented basis in M such that
(e1;eo;€3) is a positively oriented orthogonal basis in S; normed to m 2 L*:
Put s:= ep: Take another “primed' basis with the same properties. Then

3 3
A A a0 4
e (Shet
i=0 ! i=0 : "M

2 .
sm3  sm® " T L ¥

which is called the Levi-Civita tensor of the nonrelativistic spacetime model.

In other words, if u 2 V(1) and (n1;n2;n3) is a positively oriented or-
thonormal basis in N = 2; then

(i) Let (k9 k';k?:k®)) and (k®;k%;k®?;k®) be the dual of the bases in
question (see the previous exercise). Then

_ 3 . 3 4
= sm3_’\ok'=s°m°3_"0k°2T L3 AM;
i= i=

which is called the Levi-Civita cotensor of the nonrelativistic spacetime model.
In other words, if the elements 2L M aresuchthati ( =1;2,3)
form a positively oriented orthonormal basis in N = %; then

— 4
3. and  can be regarded as linear mapg fromT L %into ~M and

4 4 4 — .
from A~ M into T L 3 (recallthat ~ M A'M ): Prove that — is the
inverse of

4. Take the arithmetic spacetime model and the usual matrix form of liner
maps RM | RN: Then

=(1000);

09 0 ot 0o 1
10 0 vi 1. 0 O
I:%)0102’ av =@ vZ 0 1 0A:
00 1 vi 0 0 1
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2. World lines
2.1. History of a masspoint: world line

2.1.1. Let us consider a pointlike material body. As mentioned in the
Introduction, and is well-known, its motion makes sense only relatve to other
material objects, i.e., motion is a relative notion. The motion is descibed
usually by a function assigning space points (of an observer) to time pois
(of a synchronization), i.e. in a reference frame.

Our spacetime model allows us an absolute description (independenf refer-
ence frames, to de de ned later). We have to recognize only that theexistence
or the history) of the body is an absolute notion and this history seems to be a
motion to another material object.

The history of a material point can be described in the spacetime modeby
a function that assigns world points to instants; the world point assignel to an
instant gives the instantaneous spacetime position of the existence tiie material
point. Of course, the instant of the assigned world point must coincidewith the
instant itself.

De nition. A function r: T M is called aworld line function if
(i) Domr is an interval,
(ii) r is piecewise twice continuously di erentiable,
(iii) r() =t forall t2 Domr:
A subset C of M is aworld line if it is the range of a world line function.
The world line function r and the world line Ranr are global if Domr =T :
[ |

It can be shown easily that a world line C uniquely determines the world line
function r such that C=Ranr:

2.1.2. Let the world line function r be twice dierentiable at t: Then
r(t) 2 ¥ and s(t) 2 M- (see VI.3.9); moreover,

r(s) r() — lim r(s) rit) _ im s t_
s t T st s t sits t

(0 = im,
and similarly we deduce  ¥(t) = O; in other words,

S
r(t) 2 v(Q); k() 2 T
The same is true for the right and left derivatives at instants t where r is
not twice di erentiable.
The functions r: T V() and s: T % can be interpreted as the
absolute velocityand the absolute accelerationof the material point whose history
is described by r:
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That is why we call the elements of V (1) absolute velocity valuesand the

elements of -~ absolute acceleration values.

2.1.3. Recall that V(1) is a three-dimensional a ne space over %: The
elements of % will be called relative velocity values; later we shall see the
motivation of this name.

We know that the Euclidean structure of S induces Euclidean structures on%
and on % (see 1.2.5). The magnitude of a relative velocity value is a positive

element of %; the magnitude of an acceleration value is a positive element of
L

T T°

L and T are the measure lines of distances and time periods, respectively
Choosing a positive element inL and in T we x the unit of distances and
the unit of time periods; for instance, (meter=) m 2 L and (second=)s 2 T:
Then the units of measurements of the relative velocity and the acderation are
m2Land 5= M2 L respectively.

We emphasize the following important facts.

(i) The absolute velocity values are timelike vectors of cotypeT; in particular
they are future directed. They form a three-dimensional a ne space which is
not a vector space; in particular, there is no zero absolute velocitwalue. An
absolute velocity value has no magnitude, absolute velocity values he no angles
between themselves.

(i) The relative velocity values are spacelike vectors of cotypel; they form a
three-dimensional Euclidean vector space; there is a zero relagvvelocity value.
Magnitudes and angles make sense for relative velocity values.

(ii ) The absolute acceleration values are spacelike vectors of cotype T, they
form a three-dimensional Euclidean vector space; the acceleration vaés have
magnitudes and angles between themselves.

The absence of magnitudes of absolute velocity values means that “quinkss'
makes no absolute sense; it is not meaningful that a material object exis more
quickly than another. An absolute velocity value characterizes someho the
tendency of the history of a material point. Mass points can move slowly or
quickly relative to each other.

2.1.4. A world line function in the arithmetic spacetime model is r =
(r%r): R R RS such that r(t) = t for all t 2 Domr: In other words, a
world line function is given by a function r : R~ R® inthe form t 7! t;r(t) :

The rst and the second derivative of the world line function (i.e. velocity
and acceleration) aret 7! 1;r(t) and t7! O;e(t) ; respectively.
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2.2. A characterization of world lines

World lines are specialcurvesin M (for the notion of curves see VI.4.3).

It is evident that if C is a world line then C \ t has at most one element for
all t2 T (where T is identi ed with the a ne subspaces in M ; directed by S;
see 1.1.4). We shall use the symbol

C?t

for the unique element of C\ t if this latter is not void. Then we have that the
world line function r corresponding to C is given by

Domr =ft2Tj C\ t6 ;g9;
r(t)=C 2t (t 2 Domr):

It is evident as well that a twice di erentiable curve C for which C \ t has at
most one element for allt 2 T need not be a world line: it can have a spacelike
tangent vector.

Every nonzero tangent vector of a world line is timelike. The convers is true
as well.

Proposition. Let C be a connected twice di erentiable curve in M whose
nonzero tangent vectors are timelike; then C is a world line.

Proof. Let p: R M be a parametrization of C: Then p( ) 6 0 for
all 2 Dom p: The function p:R T is dened in an interval, is twice
continuously di erentiable, its derivative p_is nowhere zero; hence it is strictly
monotonous, its inversez :=( p) L is twice continuously di erentiable as well
and z(t)=1= p z(t) ; asitiswell known. Itis obvious thenthat r ;= p z
is a world line function and Ranr =C:

2.3. Classi cation of world lines

De nition.  The twice continuously di erentiable world line function r and
the corresponding world line are called

(i) inertial if ¥ = O;

(ii) uniformly accelerated if ¢ is constant,
(i ) twist-free if #(s) is parallel to #(t) for all t;s 2 Domr:

Proposition. The twice continuously di erentiable world line function r is
(i) inertial if and only if there are X, 2 M and u, 2 V (1) such that

r(t)= Xo+ Ug t (Xo0) (t 2 Domr);
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(ii ) uniformly accelerated if and only if there are x, 2 M; u, 2 V(1) and
ao 2 2+ such that

M) = Xo+ Ut (Xo) + %ao t o (xo) ° (t 2 Domr):;

(iii ) twist-free if and only if there exist x, 2 M; U, 2 V(1); 06 a, 2 >+ and
a twice continuously di erentiable function h: T T T for which h(0) = 0;
h(0)= 0 and

r(t)= Xo+ uUg t (Xo) + apgh t (Xo) (t 2 Domr):

Proof. The validity of the assertions comes from the theory of di erential
equations; () and (ii ) are quite trivial. For ( iii ) observe that r is twist-free if
and only if there is a nonzero acceleration valuea, and a continuous function

' T R (which can be zero) such thatr{t) = a, (t): If X, is a point in the
range of r; we dene T R by (t):= (Xo) + t  which means that

t (Xo) = (1): Then h will be the function whose second derivative is
and that satis es the initial condition given above. =

Observe that a twice continuously di erentiable world line function r is twist-
free if and only if ¥=jsj is constant on each interval where the second derivative
is not zero.

An inertial world line is uniformly accelerated (with zero acceleration) and a
uniformly accelerated world line is twist-free (with constant accderation).

A world line is inertial if and only if it is a straight line segment.

2.4. Newtonian equation

2.4.1. We shall say some words about the Newtonian equation though it does
not belong to the subject of this volume; the Newtonian equation motivates
the notion of force elds and potentials which will make us understand the
importance of splitting of vectors and covectors (see Section 6).

First of all we have to say something about mass. One usually introdues
the unit of mass, kg; as a unit independent of the unit of distances,m; and
of the unit of time periods, s: This means in our language that we introduce
the measure lineM of mass as a measure line ‘independent' df and T: We
shall do so in another book where we wish to treat physical theories ira form
suitable for applications, so in a form which applies the Sl physical dnensions.
However, for the present purposes we choose another possibility.

The results of quantum mechanics showed that Nature establishes a laion
among the measure linesL; T and M. Namely, it is discovered, that the
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values of angular momentum are integer multiples of a given quantum denot
by h=4 where h is known as the Planck constant. Hence we can choosR for
the measure line of angular momentum; a real number (more precisely amteger)
n represents the angular momentum valuenh=4: As it is known, angular
momentum is the product of mass, position and velocity; thus its meagre line
is M L L whichis identied with R; consequently, M T
In this book, for easier theoretical considerations, we tak(% as the measure
line of masses. Ifm is the unit distance and s is the unit time period then >

is the unit mass. One nds the experimental data

2
h=4 =1:05::: 10 34w;

hence if we take it equal to the real number one we arrive at the de niton

—0- 3 S |
kg :=9:4813::: 10° =

2.4.2. Since acceleration values are elements q@T and “the product of mass

and acceleration equals the force', the force values are elements pf—- -
T f T %; moreover, "a force can depend on time, on space and on velocity'.

Thus we accept that aforce eld is a di erentiable mapping

S

f:M V(Q) T

and the history of the material point with mass m under the action of the force
eld f is given by the Newtonian equation

mx = f (x; x);
i.e. the world line modelling the history is a solution of this di e rential equation.

2.4.3. The most important force elds can be derived from potentials; e.qg.
the gravitational eld and the electromagnetic eld. Usually the gravit ational
eld is the gradient of a scalar potential and the electromagnetic eld is given
by the gradient of a scalar potential and the curl of a vector potential. The
gravitational force acting on a material point depends only on the spacetine
position of the masspoint, the electromagnetic force depends on the \a&tity of
the masspoint as well. To introduce the notion of potential in the spacéme
model, we have to rely on these facts. Now we give the convenient deition and
we shall show in Section 6 that it is suitable indeed.
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A potential is a twice di erentiable mapping
K:M M

(in other words, a potential is a twice di erentiable covector eld ).

The eld strength corresponding to K is D" K : M M ~M (the
antisymmetric or exterior derivative of K ; see VI.3.6).

The force eld f has a potential (is derived from a potential) if

| there is an open subset O M such that Domf =0 V (1);

| there is a potential K de ned on O such that

f(;x)=i FXXx X2 0;x2V(1);

where F =D "K andi:S! M is the embedding. Checking this formula,
the reader can seize the opportunity to practice using the dot produat.

2.5. Exercises

1. Let r; and r, be world line functions. Characterize the functionr, ry:

2. Another formulation of the preceding exercise: give necessary and €ient
conditions for a function z that r + z be a world line for all world lines r:

3. Describe the world line function s in the split spacetime modelcf. 2.1.4).

3. Observers
3.1. The notions of an observer and its space

3.1.1. Observers played an important role in our heuristics treated in the
Introduction; an observer in the real word is a material object or a set ofmaterial
objects, e.g the earth, the houses on it form an observer, the car is anoth
observer.

Now we are in position to give an exact de nition in the spacetime model.

We can imagine that an observer is a collection of material points existing
“in close proximity' to each other. The existence of a masspoint ingacetime is
described by a world line. Thus an observer would be modelled by aodlection
of world lines that Il “continuously' a domain of spacetime. How can a conwe-
nient notion of such continuity be de ned? To all points of every world line of
the observer we assign the corresponding absolute velocity value; this way we
de ne an absolute velocity eld: a function de ned for some world points and
having values in V (1). Conversely, given an absolute velocity eld (with conve-
nient mathematical properties), we can recover the world lines of tle observers:
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world lines having everywhere the velocity value prescribed ¥ the velocity eld.
We shall see that the velocity eld is extremely suitable for our purposes, hence
we prefer it to the collection of world lines.

De nition.  An observeris a smooth map U : M V (1) whose domain is
connected.
If DomU = M ; the observer is calledglobal. =

We emphasize that we are dealing with mathematical models; an observexs
it is de ned is a mathematical model for a physical object. To underine this
fact we might use the term “observer model' instead of “observer' luve wish to
avoid ponderousness. If necessary, we shall say physical obserarthe material
objects in question.

3.1.2. Let U be an observer. The integral curves of the di erential equation
(x: T M)? x = U(x)

have exclusively timelike tangent vectors, thus they are world Ines (see 2.2).
The maximal integral curves of this di erential equation will be called U -
lines.
If the world line function r is a solution of the above di erential equation|
i.e. Ranr is an integral curve of U [then _r(t) = U(r(t)) and so »(t) =
DU(r(t)) r(t)=D U(r(t)) U(r(t)) forall t2 Domr: This motivates that

. . I
Ay:M T x 7' DU(X) U(x)

is called the acceleration eld corresponding to the observerU:

3.1.3. De nition. An observer U is called t if all the world line functions
giving the U -lines have the same domain; this uniquely determined intervabf
T is the lifetime of the observer. m

It may happen that the maximal integral curves of a global observer are not
global world lines (see Exercise 3.4). A global observed is tif and only if all
U -lines are global.

3.1.4. In the arithmetic spacetime model an observer is given by a function
V:R R® R® in the form (1;V) = (1; V%, V?; V3): If we denote the
partial derivatives corresponding to R and R® by @ and r = (@; @; @);
respectively, then the acceleration eld of the observeris 0@V +V r V)=

) R )
0, (@V'+ VE@V1)iz1.2:3
k=1
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3.1.5. As it is stated in the Introduction, a physical observer|ja material
object|establishes space for itself. The points of its space are just the material
points that it consists of. In our model these points correspond to themaximal
integral curves of the observer. Thus the space of an observed is just the
collection of U -lines:

De nition. Let U be an observer and let § denote the set of maximal
integral curves of U: Sy is calledthe space of the observelJ; or the U -space.
[ |

The elements of the U -space are world lines. We have to get accustomed to
this situation, which is strange at rst sight but common in mathematics : the
elements of a set are sets themselves.

A maximal integral curve of U will be called a U -line if considered to be a
subset of M and will be called a U -space pointif considered to be an element
of Sy:

We measure distances in our physical space, we know what is near, what i
far. We de ne limit procedures regarding our space. These notions st appear
in the model, too.

It can be shown (see [1]) that, in general, theU -space can be endowed with
a smooth structure in a natural way, thus limits, di erentiabili ty etc. will make
sense. However, in this book we avoid the general theory of smooth manlfis,
that is why, in general, we do not deal with the structure of observer paces.
Later the spaces of some special observers, important from the point of we of
applications, will be treated in detail.

3.1.6. Recall from the theory of di erential equations that di erent integral
curves of U do not intersect (VI.6.2). Let us introduce the map Cy : DomU !
Su in such a way that Cy (x) is the (unique) U -line passing through x:

We shall say as well that Cy (x) is the U -space point that the world point
X is incident with.

3.2. Classi cation of observers

3.2.1. We have considered the room and the car as examples of physical
observers. However, much ‘worse' material objects can be observers asll.
For instance, the stormy sea: the distance of its space points (which arthe
molecules of the water) and even the direction of their mutual positiors are not
constant. A ship on the stormy sea is a little better because it doesot change
its shape, it is rigid. However, it rotates, i.e. the directions of rdative positions
of its space points vary with time. The slightly waving water is better than the
stormy one because it does not whirl. These examples show from what piof
view we should classify observers in our spacetime model.
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We mention that physical observers, in reality, are never rigid and roftion-
free; at least molecular motion contradicts these properties. Besidg a physical
observer is never global, it cannot Il all the spacetime. All these notions,
as all models, are idealizations, extrapolations for a convenient mathematal
description.

Recall the notation introduced in 2.2.

De nition. A t observer U is called

(i) rigid if for all q;p 2 Sy the distance betweeng, ?t and @ ?t, in other
words jogp ?t ¢ ?tj, is the same for all t in the lifetime of U;

(ii ) rotation-free if for all qu;p 2 Sy the direction of the vector g ?t @ ?t
is the same for all t in the lifetime of U;
(i ) twist-free if all U -space points are twist-free;

(iv) inertial if U is a constant function; in other words, if the U -lines are
parallel straight line segments in spacetime. ®

Except the inertial observers, it is di cult to give a good illust ration of these
types of observers. The following gure tries to show a rigid or rotation-free
observer.

Supposeq runs in the plane of the sheet. Letting g bend below the plane
of the sheet in such a way that its points have the same distances fronthe
corresponding points of ¢p; we can draw a picture of a rigid observer which is
not rotation-free.

Letting o bend in the plane of the sheet we can draw a picture of a rotation-
free observer which is not rigid.

3.2.2. We call attention to the fact that a t observer whose space points are
all inertial (i.e. straight line segments) is not necessarily inertal: it may occur
that its integral curves are not parallel (see Exercise 5.4.1).

Evidently, an inertial observer is rigid, rotation-free and twist-free. The
converse is not true: see 5.2.

A tobserver U is rigid and rotation-free if and only if for all q; @ 2 Sy;
g ?t @ ?t is the same for allt in the lifetime of U:
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3.3. Reference frames, splitting of spacetime

3.3.1. Synchronization means de ning simultaneity 'continuously’. Evi-
dently, if we want to give somehow a synchronization, then we must adare
to the following rules:

1. every world point x must be simultaneous with itself,

2. if x is simultaneous with y then y is simultaneous with x,

3. if x is simultaneous with y and y is simultaneous with z then x is
simultaneous with z.

Thus, a synchronization is an equivalence relation. Moreover, a futier evident
requirement is that

4. di erent occurrences of any world line cannot be simultaneous.

Thus, x and y cannot be simultaneous ify  x is timelike.

Further, we expect that the equivalence classes be 'good' sets;lahese lead
us to the following de nition,

De nition. A synchronization is an equivalence relation de ned in a con-
nected open subset of spacetime, such that every equivalence classa three-
dimensional submanifold whose every tangent space is transversal to dimelike
vectors. ®

In other words, the tangent spaces must be spacelike. It is trivial ttat there
is only one global (i.e. everywhere de ned) synchronization in the norelativistic
spacetime model:the equivalence class ofk is x + S.

3.3.2. The following de nition seems super uous but it is necessary for tetter
comprehending the relativistic case.

De nition. An observer and a synchronization together form areference
frame. m

Evidently, an observer now uniquely determines a reference &me. Thus, in
the nonrelativistic spacetime model, but only here, we can say observer instead
of reference frame

3.3.3. Given an observer U , then the map
u:DomU! T Sy; X7 (x); Cy(x)
is clearly injective, its inverse is
(g 7' g?t tg2Rany T Sy

where the notation introduced in 2.2 is used.
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In this way spacetime points in the domain of U are represented by pairs of
time points and U -space points. We say that the observerU splits spacetime
into time and U -space with the aid of y:

De nition. u Iis the splitting of spacetimeaccordingto U: m

If Sy is endowed with the smooth structure mentioned previously then
will be smooth. Its properties will be clari ed in special cases.

3.4. Exercise

The observer )
(%5 5 97@ (9500
in the arithmetic spacetime model is global, its maximal integral curve passing
through ( % 1; 2; ¥ is

t 0 2% 3% t2R if t=0;
¢ o511 011—1; 203 t> 0 1=t if 1> o
f(t; T os o1 011— o 4 it 0 1=tg  if <o

Consequently, most of the maximal integral curves of the observer are naglobal.

4. Rigid observers
4.1. Inertial observers
4.1.1. Let us consider a global inertial observer with constant absolute

velocity value u ; we shall refer to this observer byu and we omit the epithet
global.
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Recall the linear map  |the projection onto S along u T |de ned in
1.3.8.

The observer space $ is the set of straight lines directed by u; more closely,
Co(X)=x+u T:=fx+utjt2Tg

Note that
(x+u T)?2t=x+u(t (x)):

As a consequence, the inertial observer is rigid and rotation-free:

(Xza+u T)?t (Xg+u T)?2t=

= Xp+tUut  (x2) Xp+u(t  (x1) =
=X2 X1 U (x2 x1) =
= 4 (X2 xg):

4.1.2. According to the previous formula, if ¢ and g, are u -space points
then qp ?t q ?t is the same vector inS for all t 2 T: more closely, it equals
u (X2 X1) where x; and x, are arbitrary elements of ¢ and ¢; respectively.
Regarding this vector as the di erence of the u -space points, we de ne an a ne
structure on S, in a natural way.

Proposition. S,; endowed with the subtraction

® = u (X2 Xxi1) (; 2 Sy X212 015 X22 @)

is an ane space over S: m

Observe that if X3 2 qu; Xx22 @ and (X1) = (X2); then @ & = X2 Xi:
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It is worth remarking that
(x+q)+u T=(x+u T)+q (x2M;q25S);

which is not trivial because here the same sign + denotes di erent opeations:
the rst one refers to the addition between elements of M and M ; the second
and the third ones denote a set addition between elements of M andM ; the
fourth one indicates the addition between elements of $ and S: This formula
has the generalization

(x+x)+u T=(x+u T)+ , X (x2M;x2M):

4.1.3. The space of any inertial observer is a three-dimensional oriented
Euclidean a ne space (over S): In this way we regain our experience regarding
our physical space from the spacetime model (see the Introduction)

Keep in mind that the space of every inertial observer is an a ne space wer
the same vector spaceS: Now we see why the vectors inS are called spacelike.

The following assertion is proved without any di culty.

Proposition.  The splitting of spacetime according to an inertial observer
with velocity value u,

M!I' T S; X7V v(X)i= (X);Cu(x) =(x+S;x+u T

is an orientation preserving a ne bijection having  =( ; ) asits underlying
linear map. =m

4.1.4. We have to get accustomed to the fact that a physical notion which
seems “structureless’, “as simple as possible’ (e.g. a space pahtan observer)
is modelled by a less simple, structured mathematical object (bya line). In
mathematics it is customary that the elements of a set are themselvesets or
functions.

However, we have a tool to reduce some of our mathematical objects to spler
ones. Thistool is the vectorization of a ne spaces: choosing an arbitraryelement
(‘reference origin') in an a ne space, we can represent every elenme of the a ne
space by a vector.

An inertial observer with velocity value u; takinga t,2 T anda ¢, 2 S, ,
can establish the vectorization of time and u -space:

Vo:T S T S ta)! (t to;g )

by which, in particular, we represent u -space points by vectors inS that are
simpler objects than straight lines in M:
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Notice that choosing t, and ¢, is equivalent to choosing aspacetime reference
origin 02 M: 0:= @ ?t; to = (0); G = Cy(0):

De nition.  An inertial observer with origin is a pair (u;0) where u is a
the constant velocity value of an inertial observer and o is a world point.
The vectorized splitting of spacetime corresponding to (; o) is the map

uo:=Vo y:M! T S x! (X) (0); Cu(x) Cu(o) =
= x 0); y (x 0): [ |

Note that

uio= u Oo;

where = ( ; y) and O, is the vectorization of M with origin o:, i.e.
Og:M! M; x7'x o:

4.1.5. Let us consider the arithmetic spacetime model and the inertial ob-
server with constant value (1;v): The space point of the observer that (; ) is
incident with is the straight line ( ; )+ (@ ;v)R=f( +t +vt)jt2Rg

As concerns the a ne structure of the set of such lines we have

[(; )+@+ VR [(; )+(@;v)R]= v( )2 R%:

Let the observer in question choose (M) as reference origin. Then the observer
space will be represented byR®; the space point (; )+(1;v)R will correspond
to the dierence of this straight line and that passing through (0;0)which is
(1;v)R; this di erence is exactly v

Consequently, the vectorized splitting of spacetime due to thisobserver is

R R®!' R R% ;)7 (; v )

In particular, the splitting of spacetime according to the 'basic observer'|the
one whose value is the basic velocity value (D) |with reference origin (0 ;0)is
the identity of R R3: the arithmetic spacetime model is the Cartesian product
of vectorized time and vectorized space relative to the basic observe

In other words, the observer with reference origin makes the corresmdence
that previously has been accepted as a natural identi cation. The vecbrized
splitting of spacetime is described by the formula above.

4.2. Characterization of rigid observers
4.2.1. Now we derive some mathematical results to characterize some prop-

erties of observers. Simple but important relations for deducing ouresults are
the following.
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Recall that Cy(x) denotes the U -line passing through x: Then t 7!
Cu (x) ?t is the corresponding world line function. So we have

Cu(x)? (x)=x
and q
a Cu(x)?t = U Cy(x)?t:

Proposition. Let U be a t global observer.
(i) U isrigid if and only if

Ux+qg) UKX) g=0 x2M;q259):
(i) U is rigid and rotation-free if and only if

U(x+qg) U(X=0 (x2M;q25);
which is equivalent to the existence of a smooth mapV : T V(1) such that

u=yVv

Proof. Let qu;p 2 Sy:
(i) The function
t7 ju?t o 2t

is constant if and only if its derivative

t712U(@?t) U(@?t) (w?t g?t)

is zero.

Putting x := @ ?t; g:= @ ?t @ ?t in the derivative we infer that the
derivative is zero if and only if the equality in the assertion holds gevery x 2 M
is of the form @, ?t for someq, and t and every g 2 S is of the form qu?t @ ?t
for some qy):

(ii) The function
t7' u?2t @ ?t

is constant if and only if its derivative
t7' U(qp?t) U(p?t)

is zero.
Reasoning as previously we get the desired result.



62 I. Nonrelativistic spacetime model
4.2.2. Let U be a global rigid observer. Forts;t 2 T let us de ne
Ru(tity) : St S; g7' Cu(Xo+t q)?t Cyu(Xo)?t;

where X, is an arbitrary elementof t, (ie. Xo2 M and (Xo) = to):

Proposition. If U is a global rigid observer then Ry (t;t,) is a rotation
in S (a linear orthogonal map with determinant 1) for all t,;t 2 T: Moreover,
Ry (t;t,) is independent of X, appearing in its de nition.

The global rigid observer U is rotation-free if and only if Ry (t;t,) = 1s for
al to;t2 T:

Proof. Evidently,
Ru(tto)(0) = O:

Moreover, since U s rigid, for all g;;02 2 S we have
JRu(tto)(a) Ru(tito)(az) =

= CuXxo*+a1))?t Cu(Xo)?t  Cu(Xo+g2)?t Cy(Xe)?t =
CulXo+ 1) ?t Cu(Xo+ g2)?t = (Xo+ 1) (Xo+ Q2) =
jar G2

As a consequenceR y (t;t,) is a linear orthogonal map (see V.3.7).

For xed t, and xed g 2 S; the function T ! S; t 7! Ry(t;te) ¢
is smooth since it is the dierence of two solutions of the smooth dierential
equation x = U(x): Consequently, t 7! detRy(t;t,) is a smooth function.
Since the determinants in question can be 1 or 1 only and

Ru(to;to) = 1s;

all the determinants in question equal 1.
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If yo is another element oft,; then with the notation g, := Yo Xo2 S we
deduce

Cuot @)?t Cu(Yo)?t=Cu(Xo+ o+ ) ?t Cuy(Xo+ o) ?t=

= Cu(Xo+ Qo+ q)?t Cy(xo)?t CuXo*+ Qo) ?t Cu(Xo?t) =

= Ru(tito) (@+a) Ru(tte) Go= Ru(tto) a;

which means that the de nition of R (t;t,) is independent of x,:

4.2.3. Proposition. For all to;t;s 2 T we have
(i) Ru(tosto) = 1s;
(i) Ru(tito) "= Ru(tost);
(i) Ru(tto) = Ru(tis) Ru(s;to):
Proof. (i) is trivial.
The de ning formula of Ry (t;ty) can be rewritten in the following form: if
g;@ are U -space points then

9?7t G?t=Ruy(tite) (9?6 G ?to) (t;t2T): ()
Interchanging t and t, we get

g?t G ?t=Ruy(test) (9?2t o ?1)

from which we infer (ii ).
In a similar way we obtain (iii.) =

Observe that () implies that if Ry (t;t,) is known for a t, and for all t
then every U -space point g can be deduced from an arbitrarily choseng,:

4.2.4. Let U be a global rigid observer. For xed t, 2 T; the function
T! S S; t7!' Ry(tty) is smooth (because forallg2 S; t 7! Ry (t;ty) g
is smooth); we introduce

dRy(tity) ., S S

Ry (tto) = dt 2 T (tto 2 T);

which can be regarded as a linear map

Ry (tito): S! T q7! %Ru(t;to) q

(VI.3.11). We deduce from the de ning formula of Ry (t;t,) that
Ru(tito) a=U Cu(xot q)?t U Cy(xo)?t =

U Cu(Xo)?t+ Ry(tity) 9 U Cy(Xe)?t =

Uqg?t+ Ry(tite) g U(gq?9);
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where X, is an arbitrary element of t, and g is an arbitrary element of S;:
Substituting Ry (t;t,) ! g for g and introducing the linear map

S

u(t):= Ry(tte) Ru(tite) *:S! T

for t 2 T; we obtain
u( g=U(q?t+q) U(@Q?Y (t2T;q29):

We know that y (t) is antisymmetric (see 11.1.10). Sinceq ?t can be an
arbitrary world point, we have proved:

Proposition. If U is a global rigid observer then  (t) is an antisymmetric
linear map for all t 2 T; it is independent of t, appearing in its de nition.
Moreover,

Ux+ag UX= uv (X)) ¢ (x2M;q28): ()

The global rigid observer U is rotation-free if and only if  (t) = O for all
t2T: =

Notice that the restriction of U to an arbitrary simultaneous hyperplane t
is an a ne map whose underlying linear map is  (t):
u(t) can be interpreted as the angular velocity of the observer at the
instant t (see 11.1.10).

4.2.5. For arbitrarily xed ty, 2 T; the function t 7! Ry (t;t,) de nes the
function t 7!y (t) according to the preceding paragraph. Conversely, if the
function t 7!y (t) is known, then t 7! Ry (t;t,) is determined as the unique
solution of the di erential equation

X:T!' s S)? X= y X
with the initial condition

X (to) = 1ls:

4.2.6. We see from the formula ( ) of 4.2.4 that the rigid observer U is
completely determined by an arbitrarily chosen U -space point ¢, and by the
angular velocity of the observer, i.e. by the functiont 7! (t): Indeed, putting
g:= ¢ ? (X) x inthat formula we obtain

UX)=U @? xX) + v (X)) Xx G? (X (x 2 M)

and we know that the values of U on ¢, coincide with the derivative of the
world line function t 7! g, ? t:
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4.3. About the spaces of rigid observers

4.3.1. Proposition. Let U bea tglobal observer. U is rigid and rotation-
free if and only if Sy ; equipped with the subtraction

G G:=q?t ?t (h;2Sy;t2T)
is an a ne space over S:

Proof. If U isrigid and rotation-free then, forall ou; 2 Sy, B ?t ¢ ?t
is the same element ofS for all t 2 T: It is not hard to see that the subtraction
in the assertion satis es the requirements listed in the de nition of a ne spaces.

Conversely, if §; is an a ne space over S with the given subtraction then,
in particular, ¢ ?t @ ?t is independent oft for all g;;0 2 Sy; hence U is
rigid and rotation-free.

4.3.2. If U is a global rigid and rotation-free observer, then g is an ane
space, thus the di erentiability of the splitting of spacetime according to U
makes sense.

Proposition. Let U be a global rigid and rotation-free observer. Then the
splitting
u:M! T Sy, X7 (X); Cy(x)

is a smooth bijection,
DuX)=  uw (x 2 M);

and the inverse of ( is smooth as well.
Proof. For x 2 M and t 2 T we have Cy(x) ?t= x+ U(x) t x) +
ordo t (x) (VI1.3.3). Thus for all y;x 2 M (see Exercise 4.5.1),
Culy) Cu(¥)=y Cu(x)? (y)=
=y x+U(X) (y) (x) +tordo (y) (x)

and so
uy) u(¥)= () (x); Cul(y) Cu(x) =
= (y X35 uw (y x) +ordo (y x):

Hence  is dierentiable, its derivative is the one given in the proposition.
As a consequence, we see thaty is smooth; its inverse is smooth by the inverse
mapping theorem.

4.3.3. The space of a rigid and rotation-free global observer, endowed with a
natural subtraction, is an a ne space over S: The space of another observer is
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not a ne space with that subtraction (in fact that subtraction makes no sense for
other observers). This does not mean that the space of other observeramnot
be endowed with an a ne structure in some other way.

Let us consider a t global observer U: For every instant t we can de ne the
instantaneousa ne structure on S by the subtraction o @ ;= @ ?t 2t In
general, di erent instants determine di erent instantaneous a ne structures and
all instants have the same ‘right' for establishing an a ne structure on the U -
space. There is no natural way to select an instant and to use the corsponding
instantaneous a ne structure as the a ne structure of S y:

Nevertheless, we can de ne a natural a ne structure on the spaces ofigid
global observers.

4.3.4. Though the Earth rotates, we experience on it an ane structure
independent of time. A stick on the earth represents a vector. Euently, the stick
rotates together with the earth. The stick will be represented in the following
reasoning by two points (the extremities of the stick) in the obsever space. Now
we wish to de ne that two points in the space of a rigid observer detemine a
vector (rotating together with the observer).

Let U be a rigid global observer. If ¢ and @ are points in the observer
space & thenforall ;t°2 T

@?t p?t=RyttY) (@?2t® 2t:
Let us introduce
Sy :=fs:T! Sjsissmooth, s(t)= Ry (t;t9) st9 forall t;t°2 Tg:

It is a routine to check that Sy ; endowed with the usual pointwise addition
and pointwise multiplication by real numbers, is a vector space; it & three-
dimensional, becauseSy ! S; s 7! s(t) is a linear bijection for arbitrary t2 T
(which means in particular, that the function s is completely determined by
a single one of its values). Moreover, ifs; and s, are elements ofSy; then
s1(t) sa(t) is the same for all instants t; thus

Sy Syu! L L; (s1;82) 7! s1 s2: = s1(t) sa(t)

is a positive de nite symmetric bilinear map which turns Sy into a Euclidean
vector space.
Now it is quite evident that S ; endowed with the subtraction

G = T! S;t7(w?t @g?t)

will be an a ne space over Sy : In other words, the di erence of two U -space
points is exactly the di erence of the corresponding world line furctions, as the
di erence of functions is de ned.



4. Rigid observers 67

If U is rotation-free, then Sy consists of the constant functions from T into
S which can be identi ed with S: So we get back our previous result that the
space of a global rigid and rotation-free observer is an a ne space ovelS in a
natural way.

If U is not rotation-free then Sy is a three-dimensional Euclidean ane
space in a natural way, but the underlying vector space is notS; in fact the
underlying vector space Sy depends on the observer itself.

4.3.5. The space of a global rigid observer is an ane space, thus the
di erentiability of the splitting of spacetime according to the obs erver makes
sense. This question, reduced to a simpler a ne structure, wil be studied in the
next section.

4.4, Observers with origin

4.4.1. The vectorization of observer spaces simplies some formulae for
inertial observers and it will be a powerful tool for noninertial rigi d observers.
Let U be a global rigid and rotation-free observer. Choosing an instantt,
and a U -space point ¢,; we give the correspondingvectorization of time and
U -space:
VorT Sy!' T S (w7 (t to; 4 )

We see that in this way U -space points (curves in M) are represented by
spacelike vectors (points in S):

Notice that choosing t, and g, is equivalent to choosing a “spacetime reference
origin' 02 M: 0:= g ?ty; to = (0); g = Cy(0): That is why we have used
the symbol V, for the vectorization which can be written in the following form,
too:

Vo:T Sy! T S (ta) 7't (9; g? (o) o0);

sinceq g =97t @ ?tforall t2 T; in particular for t:= (0):
If U is not rotation-free, the result of a similar vectorization

Vo:T Sy! T Su; (L) 7' (t to; a )

is not simple enough because the elements &y are functions. That is why we
make a further step by the linear bijection

Lo:Sy! S; s 7! s(to):

Sincel, (4 %) =(9 %)(to) = d?t @ ?ty; we get thedouble vectorization
of time and U -space:

Wo:=(1r Lo) Vo:T Sy! T S  (ka)7'(t (9 q? (9 o0);
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which coincides formally with the vectorization of time and space of a rgid and
rotation-free observer.

4.4.2. De nition. A rigid observer with reference origin is a pair (U;0)
where U is a global rigid observer ando is a world point.
If U is rotation-free, the vectorized splitting of spacetime corresponding to
(U;0) is the map
uo:=Vo u:M!I T S X7 (X) (0); Cu(x) Cuy(o)
= (X)) (0; Cux)? (o) o;

and if U is not rotation-free then the double vectorized splittingof spacetime is
the map

Uo =W yy:M!I T S X7 (x) (0); Cu(x)? (o) o:

4.4.3. Proposition. Let (U;0) be an observer with reference origin.
If U is rotation-free then the vectorized splitting is a smooth bijection whose
inverse is smooth as well and

D uo)=( ; U(x)) (x 2 M):

If U is not rotation-free, the double vectorized splitting is a smooth bjection
whose inverse is smooth as well and

Duo®= ;Ru( (Xite) ¥ U (x 2 M)

where t, :=  (0):

Proof. For rotation-free observers the assertion is trivial because of 4.3.2 and
because the derivative ofV, is the identity of T S:

For the double vectorization we argue as follows: the map M!  S; x 7!
Cu(X)?t, 0= Ry( (X);to) box Cu(0)? (x) (seeformula () in4.2.3))
is clearly di erentiable, its derivative is the linear map (see Exercise 11.2.2)

M!S x7l Ru( (X)ite)  u (X)) x Cu(@? (x) x+
+RU( (¥)it)) © x UCu(@? (x) x =
= Ru( (X);to) ! ux) X: u

Since W, is an a ne bijection, it follows that the splitting u:M!I' T Sy
is smooth and has a smooth inverse as well (cf. 4.3.5.).
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4.4.4. Dealing with observers in the arithmetic spacetime model it is ex
tremely convenient to consider observers with reference origin kere the refer-
ence origin coincides with the origin (Q0) of R R3: Namely, in this case the
(double) vectorized observer spaces ardR® and the (double) vectorized split-
ting is a linear map R R®*! R R3? whose zeroth component is the zeroth
projection.

4.5. Exercises

1. If Sy is the a ne space over S with the subtraction given in 4.3.1, then

Cu(x+qg)=Cu(x)+ q;
Cuy) Cu(x)=Cu(y)? (x) x=
=y Cu(x)? (y):

forall x;y 2 M;q2S.
2. Prove that

u(t)= Ru(tit) (tz2T)

(see 4.2.4).

3. We know that the derivative at a point of a double vectorization is of the
fom ( ;R ):M! T S whereu 2 V(1) and R is an orthogonal
map S! S; iie. R> = R ! (see 4.4.3). Recall that the adjoint R> is
identi ed with the transpose R due to the identi cation % S : Thus we
hae R R> =R 'andso ( R) =R ! i : Prove that

(:RY 4) "=(uR i)

4. Let U be a global rigid observer. Using Proposition 4.2.1. prove that
DU (x)js is antisymmetric for all x 2 M (which is proved in 4.2.4 in another
way).

5. Let U be a t global observer. Demonstrate that U is rotation-free if
and only if there isa smoothmap : T M S! R such that

(i) Cu(x+a)?t Cyu(x)?t= (tx 0a)q (t2T;x2M;q259);
(i) ((x)xxaq=1 (x2M;q259),
(i) (tx0=1 t2T;x2M):

6. Using the previous result prove that if U is a global rigid and rotation-free
observer then there is a smooth map : M ! $ such that DU (X)js = (X)1s
forall x 2 M:
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5. Some special observers
5.1. Why inertial observers are better than others

5.1.1. We know that the space of a rigid and rotation-free global observer,
even if it is not inertial, is an a ne space over S: However, the splitting of
spacetime according to noninertial observers is not a ne.

Proposition. Let U be a rigid and rotation-free global observer. The
splitting of spacetime according to U;

u:M! T Sy; X7 (x);Cu(x)

is an ane map if and only if U is inertial.

Proof. We have seen that if U is inertial then  is ane.

We know that y is dierentiable, D y(X) =( ; u)) (see 4.3.2). If y
is ane, then D y(x) is the same for all x 2 M: This means that () does
not depend on x which implies that U is a constant map as well.

5.1.2. We can say that if Sy isane but U is not inertial then the a ne
structures of M and T Sy |though they are mathematically isomorphic|are
not related from a physical point of view.

If Sy isane, then (T Sy;T;L; ;h) is a nonrelativistic spacetime model
and so it is isomorphic to the spacetime model (MT;L; ;h); however, the
physically meaningful triplet ( y;17;1.) is an isomorphism between them if
and only if U is inertial.

This shows that global inertial observers play an important role in applica-
tions. Let U be a global inertial observer and suppose an assertion is formulated
for some objects related to T Sy ; then the assertion concerns an absolute fact
if it uses only the a ne structure of T Su: The assertion has not necessar-
ily an absolute content if it uses other properties of T Sy ; for instance, the
Cartesian product structure or the a ne structure of S |y alone.

5.2. Uniformly accelerated observer
5.2.1. The rigid global observer U is called uniformly accelerated if its

acceleration eld is a nonzero constant, i.e. there is a0 6 a 2 % such
that

Ay(x):=DU((X) UX)= a: (x2 M):

Equivalently, for all U -space pointsq; %(q ?)=a (t2T):
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We have forall x 2 M and t 2 T that

Cu(x)?2t=x+ U(x) t (x)+%at (x)
and

UCyx)?t = % Cu(x)?t =UX)+ a't x) : ()

Now it follows that forall x2 M; g2S andt2 T
Cu(x+q)?t Cy(x)?t=qg+ U(x+qg) UX t (x):

Since U s rigid, the length of this vector is independent of t; so it equals
the length of q: Then assertion () in Proposition 4.2.1 implies that

Ux+q) UX)=0 x2M;9259)

which means, according to the quoted proposition, that U is rotation-free.

5.2.2. U is constant on the simultaneous hyperplanes. ThusU Cy (x)?
(y) = U(y) forall x;y 2 M and we infer from () that

Uly)=ux+a (y x) (xy 2 M):

As a corollary, the uniformly accelerated observerU is uniquely determined
by a single value of U at an arbitrary world point and by the constant value of
the acceleration eld of U:

We see as well that the uniformly accelerated observer is an a ne map from
M into V(1) whose underlying linear map isa
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5.2.3. Let the previous observer choose a reference origia: Then
Cu(x) Cu(@=x Cy(9? (x)=
2,

=x 0 U@ (0 () za (0 (

As a consequence, the vectorized splitting of spacetime is

M!I' T S x7! (x 0; u@ (x o %a( (x 0)?

5.2.4. For > O; the observer
0. 1. 2. 3 7! 1 0. o0
in the arithmetic spacetime model is uniformly accelerated. Its maximal integral
curve passing through ©%; 1; 2. 3 s
L1 0 0 1 0y2. 2. 3 -
L (O A T U A t2R =

EIZ }

= ot t+ 0% 2. 3 2R
> > ()

Accordingly, if the observer chooses () as a reference origin then the
vectorized splitting becomes

1
R R R R3; o; 1; 2;37! 0;1 5(0)2; 2;3

5.3. Uniformly rotating observer

5.3.1. The global observerU is calleduniformly rotating if there is a nonzero

antisymmetric linear map  :S! £ (in other words, 2 NN N = 2);
called the angular velocity, such that
Ux+ag UX= ¢ (x2M;q259):

Proposition 4.2.1 (i) implies that U is rigid. Moreover, we easily obtain that

Ru(tto) = €t ') (to;t 2 T);
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because this is the (necessarily unique) solution of the initial vale problem given
in 4.2.5.
Consequently, 4.2.2. yields thatifo;x2 M; (0)=t, and t 2 T then

Cu(x)?2t=Cy(0o)?t+ el ) (Cy(x)?t, 0): ()

Every U -line is obtained from a given one and from : This formula becomes
simpler if we considerx 2 to:

Cu(x)?2t=Cy(o)2t+ €t ©)  (x o):
U itself is determined by its values on a givenU -line ¢, and by  (4.2.6):

UX)=U g? (X) + X G? (X) (x2 M):

5.3.2. Reformulating the previous result we can say that a uniformly rotating
observer can be given by the history of a point of the observer (by a spageoint
of the observer) and by its angular velocity. If we deal with a uniformly rotating
observer then we are to look for its “best' space points to have a sinigdescription
of the observer. Even if the observer is given by one of its space poinend by
its angular velocity, it may happen that we nd a “better' space point than the
given one.

Now we shall examine a uniformly rotating observer U that has an inertial
spacepoint. Then thereisano2 M anda c2 V(1) suchthat go:=0o+c T
isa U -line. U equalsc on ¢; thus

Ux)=rc+ ¢ (x 0 (x 2 M):
We see that U is an a ne map, the underlying linear map is ¢ whose
range coincides with the range of which is a two- dimensional linear subspace
in S.
in =

VTVe know that the kernel of  is one-dimensional and orthogonal to Ran
(see V.3.9). Ife 2 Ker ; then U(o+ e+ ct)=c forall t 2 T; i.e. U is
constant on the inertial world line o+ e+ ¢ T as well. Thus it is a maximal
integral curve of U; parallel to g,: It is an easy task to show that

fx2MjU(X)=cg=o0+Ker +c T:
The observer has the acceleration eld

Au(x)=DU(x) U(x)= ¢ UX)= U(x) ¢ =
= c (x 0 (x 2 M):
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Since Ker( 2)=Ker (Exercise V.3.21.2), the set of acceleration-free world
pointsis fx2 Mj . (x 0)2 Ker g whichequalso+Ker +c T:

Thus for all e 2 Ker ; o+e+c T isan inertial U -space point and there
are no other inertial U -space points. The inertial U -space points corresponding
to di erent elements of Ker are di erent. The set

fote+c Tje2Ker g

in Sy is called the axis of rotation.

5.3.3. The axis of rotation makes sense for arbitrary uniformly rotating
observers (see Exercise 5.4.4).

The Earth can be modelled by a uniformly rotating observer. Note that
the angle between the axis of rotation and the direction of progression makes
no absolute sense. The direction of progression is the direction of theelative
velocity with respect to the Sun. The axis of rotation (Ker ; an oriented one-
dimensional linear subspace inS) and a relative velocity value (an element of%
as we shall see in Section 6.2) make an angle; however, Kerand an absolute
velocity value (c in the former treatment) form no angle.

5.3.4. Let the previous observer choos® as a reference origin. Then formula
() in 5.3.1 yields that

Cu() 2t 0=e () O x otc((x) (I ;
thus the double vectorized splitting of spacetime becomes

M!I T S, x7 (x oze X9 (x o

5.3.5. For ! > 0O; the observer

in the arithmetic spacetime model is uniformly rotating. Its maximal integral
curve passing through ©%; %, 2, 3 s

t lcosl(t 9 Zsint(t 9
Ysintt 9+ 2cost(t 9:;°% t2R:

If the observer chooses (0) as a reference origin, the double vectorized
splitting will be

R R®!' R R%
0. 1. 2. 3 7! 0

;L2 . lcos! %+ Z2sint 9 lsin! %+ 2cosl 0 3
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5.4. Exercises

1. Let U be a global observer. Demonstrate that the following assertions are
equivalent:
(i) the acceleration eld of U is zero,
(i) all the integral curves of U are straight lines.
Such an observer need not be inertial. Consider the observer

0 1z 37110 Lo

in the arithmetic spacetime model. Give its maximal integral curves. Show that
the observer is not rigid.
2. Let U be a global observer. Demonstrate that the following assertions are
equivalent:
(i) the acceleration eld of U is a nonzero constant,
(ii) all the integral curves of U are uniformly accelerated with the same nonzero
acceleration.
Such an observer need not be uniformly accelerated. Consider the obiger

R (A L

in the arithmetic spacetime model.

3. Prove that a global rigid observer whose integral curves are straight lies
is inertial.

4. De ne the axis of rotation for an arbitrary uniformly rotating observer.

5. Find the axis of rotation of the observer given in 5.3.5.

6. Since M andV (1) are a ne spaces, it makes sense that a global observer
U:M! V(@) isane;let D U:M! % be the underlying linear map (the
derivative of U at every point equals the linear map under U): The restriction
of DU onto S will be denoted by ; itis a linear map from S into %: Prove
that for all x 2 M the world line function

TI M t7!'x+U(X)t  (x) + %DU Ux) t  (x) 2+
b3 1 n 2 2
+ -~ x) u DU U(x)t (%)
n=3 n!

gives the maximal integral curve passing throughx.
7. Let U be an ane observer. Then y =D Ujg:S! % is a linear
map. Prove that
(i) Cu(x+qg=Cu(x)+ g (x2M;q259S)
if and only if g2 Ker y;
(i) U isrigidif and only if  is antisymmetric.
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8. Let U be arigid a ne observer. Then, according to the previous exercise,
u IS antisymmetric.
We distinguish four cases:

(i) u60, DU u60 foral u2V(1);
(i) u60;, DU c=0 forsome c2V(1);
@ii)y y=0, DU us6 0 forall u2 V()
(iv) ¢y=0; DU c=0 forsome c2 V(1) (i.e. DU = 0):
Demonstrate that
(iv) is an inertial observer,
(iii ) is a uniformly accelerated observer,
(ii) is a uniformly rotating observer having an inertial space point,
(i) is a uniformly rotating observer having a uniformly accelerated sgace point.
(Hint: the kernel of 6 0 is one-dimensional,U and DU are surjections.

Hence there is ac 2 V(1) such that a := DU c is in the kernel of :
Consequently, there is a world point o such that for all world points x

UXx)=U(o)+DU (x 0o=c+ y X o+a (x o0
and so the observer has the acceleration eld
Ay(x)=a+ y u ¢ (x 0))

9. Take an 02 M and de ne the observer

X 0] |
= +T )
U (x) x 9 (x20+T")
Prove that
(i) every U -space point is inertial, more closely,
C (x)7t—o+it (0) x 2 DomU; t> (o) ;
] . - (X o) ) I

(ii) the acceleration eld corresponding to U is zero which follows from

U (x)

x o

(iii ) U is not rigid; the distance between two U -space points increases as time
passes.

DU(x) =
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10. Take ano2 M; au 2 V(1); an s2 T* and de ne the observer
(x_ 0

UX):=u+ —-
(x):=u S

(x2 M):

Demonstrate that
(i) U is an ane observer, more closely

DU (x) = ?” forall  x2 M;

(ii) the acceleration eld corresponding to U is

(x 0 _ U(x) u,

s? - s

(i) Cy(o+g)?t=o0+ut (o) +et g (q29):

(iv) U is rotation-free and is not rigid: the distance between two U -space
points increases with time.

x 71 -4

6. Kinematics
6.1. The history of a masspoint is observed as a motion

6.1.1. The motion of a material point relative to an observer is described by
a function assigning to an instant the space point where the material pait is at
that instant.

Now we are able to give how an observer determines the motion from the
history of a material point.

De nition. Let U be a t observer and let r be a world line function,
Ranr DomU: Then

ro:. T Sy ; t7! Cy r(t)

is called the motion relative to U; or the U -motion, corresponding to the world
line function rr m
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6.1.2. If U is a global rigid observer, then g is an ane space thus the
di erentiability of ry makes sense andy is piecewise twice di erentiable.

Given a rigid and rotation-free global observer U and a motion relative to U;;
i.e. a piecewise twice di erentiable function m: T Su; we can regain the
history, i.e. the world line function r for which ry = m holds. Indeed, for
every t; m(t) is a U -space point, i.e. a maximal integral curve ofU; then r(t)
will be the unique element in t\ m(t): In other words, using the splitting ¢
we have

r)= v *tm@) = m@)?t

Similar considerations can be made for a general global rigid observer.

6.1.3. Let us consider the arithmetic spacetime model. As we know (see
2.1.4), a world line function r in it is given by a function r: R R3 in the
form r(t) = t;r(t) : Paragraph 4.1.5 shows thatr is the corresponding motion
relative to the basic observer. We see that the history is regained vg simply
from the motion (in view of the previous considerations it is a consequece of
the fact that, for the basic observer (L 0); (1.0) is the identity the fact that for
the basic observer (10); the splitting (1.0 is the identity of R R3):

Thusif r: R R® describes the motion relative to the basic observer then

r(t) =t r(t) (t 2 Domr)

is the corresponding world line function.

6.2. Relative velocities

6.2.1. Proposition. Let U be a global rigid and rotation-free observer; if
the world line function r is twice di erentiable then ry is twice di erentiable
as well and

ryM=r) Ur@®); ru®)=a0) Ay r):

Proof. Taking into account the relations

Cur(s) Cyr(t) =Cyr(s) ?s Cy r(t) ?s=
=r(s) r(t) Cyr() ?s Cy r(t) ?t

we deduce

r(s) Cu r()
s t

[

=r(t) U r@);

L =1,
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from which ¥y (t) = «(t) DU r(t) r(t) follows immediately. Since now
u=yV (see4.2.1()),wehave DU=(DV ) andAy =DV ; thus
the equality regarding the relative acceleration is veried. =

The rst and the second derivative of ry is accepted as therelative velocity
and the relative acceleration of r with respect to the global rigid and rotation-
free observerU; respectively.

6.2.2. The preceding result motivates the following de nition.

De nition.  Let u and u® be elements ofV (1). Then

0

Vyoy :=u” U

is called the relative velocity of u® with respect to u:

Proposition. Supposeu; u® and u® are elements ofV (1): Then
(.i) Vyoy isin 2;

(i) vyou = Vo

(iii) Vyooy = Vyoouo+ Vyo,: M

These relations are very simple and they are in accordance with our evgday
experience:
(i) the relative velocity values form a three-dimensional Euclidan vector space,
the length of a relative velocity is in % ;
(ii ) if a body moves with a given relative velocity with respect to another body
then the second body moves relative to the rst one with the opposie velocity.
(iii ) the sum of relative velocity values in a given order yields the reslting

relative velocity value.

6.2.3. Let us imagine that a car is going on a straight road and it is raining.
The raindrops hit the road and the car at di erent angles. What is the relation
between the two angles?

Let u and u® be two di erent elements of V (1) (the absolute velocity values
of the road and of the car, respectively). If w is an element of V (1), too,
w 6 u; w 6 u® (the absolute velocity value of the raindrops),

wu © ( Vuu 0)

\ Vyo \
LR %w) := arccos Voo el Vou o
wu )fVuu ©

(w) :=arccos ——— ;
JVwu JIVuou )

are the angle formed by the relative velocity valuesv,,, and vyo, and the angle
formed by the relative velocity values vy, 0 and  vyo, = vy, o; respectively (the
angles at which the raindrops hit the road and the car, respectively).

A simple calculation yields that

JVwu o

cos (w)= ‘"2 cos qw)+ Wuul,
Vwu J

Vwu
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We call attention to an interesting limit case. Supposeu and u® are xed
and w tends to in nity, i.e. it varies in such a way that jvy, j tends to in nity;
then jvyy of tends to in nity as well and the quotient of these quantities tends
to the number 1:

lim cos (w)= lim cos w);
wll wll

which implies WIlilrn (w) = JJT Aw):

Roughly speaking, the raindrops arriving with an “in nitely big' relat ive ve-
locity hit the road and the car at the same angle. Replacing “raindrops wih
in nitely big relative velocity' by a light beam' we get that nonre lativistically
there is no aberration of light: a light beam forms the same angle with the road
and the car moving on the road.

We have spoken intuitively; of course the question arises at once: ve
is the model of a light beam in the nonrelativistic spacetime model? What
mathematical object in the nonrelativistic spacetime model will corespond to a
light beam? We shall see that none. A light beam cannot be modelled in the
present spacetime model.

6.2.4. We can obtain the results of 6.2.1 by choosing a reference origin in
M; too, for the global rigid and rotation-free observer U: Let us put t, := (0);
O := Cy(0): Evidently, the derivative of the vectorized motion

ro:T S; t7hry(t) o
equals the derivative of ry: Since

rg(t) g =Cy r(t) G=Cy r(t) 2t g?t=
=r(t) o?t

we get immediately
ry(M=r) U(@?h=r(t) Ur(); (t2T);

becauseU is constant on the simultaneous hyperplanes.
We mention, that in practice it is more convenient to use the vectorzed motion
in such a form that time is vectorized, too:

T S; t7hry(to+t) Q=r(to+t) o?(to+t):
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6.3. Motions relative to a rigid observer

6.3.1. Recall that the space § of arigid global observerU is an a ne space
over Sy consisting of functions T! S whose values “rotate together with the
observer'. Thus, in general, it is somewhat complicated to control thea ne
structure based on these vectors; we can simplify the calculationsybperforming
a double vectorization of the observer space, corresponding to a chosegference
origin oin M: Let to:= (0); G := Cy(0) andlet Ly: Sy ! S be the linear
bijection introduced in 4.4.1.

Let us take the motion ry corresponding to the world line function r and
let us consider thedouble vectorized motion

Cy r(t) ?t, o=
Ru(tto) ' r(t) g?t:

rg: T S; t7" Loy ryu(t)

For the sake of simplicity, we shall use the notationsr (t) := ry(t); R(t) :=
Ru(tite); ()= u(t); uoe(t):= U(g ?t); ao(t):= Ay(g ?1):
Then the previous formula can be written in the form

R() r)=r() a&?t
di erentiating with respectto t and then omitting t from the notation we obtain
Rr+R r=r ug

yielding
R r-= R r+r ug ()

A second di erentiation gives
Rr+Res= _RTT R r R r+« a,
from which we infer

Re= 2 R Rr _Rr+«¢ ag

6.3.2. Let us introduce the notation

L) :=Rt) " (1) RE®)=R() ' R(t) (t27T):
From R | = R we derivethat R ! +R | = _ R+ R; which implies
R!+R ! =_R+ R; then we can state that

=R ! _ R
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Consequently, the last formula in the preceding paragraph can be wrien in the
form
p= 20 L r L r+R Y ay):

2l r_and ! ! r are called theCoriolis acceleration and the centrifugal
acceleration with respect to the observer.

6.3.3. Recallthat r: T S denotes the double vectorized motion: #(t) =
Lo (ru(t) @); consequently, the relative velocity value at the instant t;
ry (1) = Lyt r(t) isin Sy; ie. itis a function from T into S which is
uniquely determined by an arbitrary one of its values:

ry (1(s) = Ru(sito) r(t) (s2T):
Since (t) (r(t) g ?t)= U(r(t)) U(g ?t); formula ( ) in 6.3.1 gives
ry () =r() U r):

The expression on the right-hand side coincides with that for the rehtive
velocity with respect to a rotation-free observer. However, keegn mind that
now this expression is only a convenient representative (a valjeof the relative
velocity and not the relative velocity itself.

6.4. Some motions relative to an inertial observer

6.4.1. In this paragraph u denotes a global inertial observer.
Supposer is an inertial world line function, use the notations of 2.3.1(ii )
and put to :=  (Xo):
r(t)= Xo+ Uo(t to): ()

Applying one of the formulae in 4.1.1, we get the corresponding motion relatie
to u:
re()= Xo+ Uo(t to) +Uu T=(Xo+u T)+(u up)(t to)=
= O, + Vuou(t  to)
where ¢k, := Xo+ U T is the u -space point that X, is incident with.
This is a uniform motion along a straight line.

Conversely, suppose that we are given a uniform motion relative to theriertial
observeru; i.e. thereisaq, 2 S,; at, 2T anda v, 2 % such that

ra(t)= g+ vol(t to) (t2T):
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Then the corresponding history is inertial; putting Xo := 0o ?ty; Ug := U + Vo,
we get the world line function ( ) which gives rise to the given motion.

6.4.2. Let r be a twist-free world line function (see 2.3.1ii )):
r(t)= Xo+ Uo(t to)+ agh(t to):

Then
ro(t) = Ok, + Vuou(t  to)+ agh(t to);

where ¢, := Xo+ u T:

If the world line function is not inertial, i.e. h 6 0, then the motion is not
uniform. The motion is rectilinear relative to the observer if and only if v, , is
parallel to a,:

6.4.3. Now we see that the property ‘rectilinear' of a motion is not absolute,
in general. The same history can appear as a rectilinear motion to an observe
and as a nonrectilinear one to another observer; exceptions are the upifmly
rectilinear motions, i.e. the inertial histories.

Recall that assertion involving the inertial observer u is absolute if and only
if it can be formulated exclusively with the aid of the a ne structur eof T S;:

Let ry : T! S, be a motion. Saying that the motion is rectilinear we state
that the range of r, is a straight line in the observer space, i.e. we involve the
a ne structure of S, only. This is not an absolute property.

Saying the motion is rectilinear and uniform we state that  t;r (t) t2 T
is a straight line in T S, ; this is an absolute property.

6.4.4. Suppose that the inertial observer u chooses a reference origiro:
Then, g, := o+ u T is the u-space point that o is incident with; hence the
vectorized motion corresponding to the world line function r becomes

T S t 7! r(t) o+ u(t to);

or
T S t7' r(to+t) (o+ ut);

where t, :=  (0):
In particular, if r is the twist-free world line function treated in 6.4.2. and
(Xo) = to (which can be assumed without loss of generality) then the vectorized
motion is

T! S t 7! go+ Vy,ut + aoh(t);

where g, := X, O:
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Since go = &k, O holds as well, comparing our present result with that of
6.4.2, evidently we have|as it must be by de nition|that the vectorize  d motion
equalstot 7! ry(to +t) o The advantage of the vectorized motion is that it
is easier to calculate.

6.5. Some motions relative to a uniformly accelerated observer

6.5.1. Let r be the previous twist-free world line function and let us examine
the corresponding motion relative to a uniformly accelerated observe U with
constant acceleration a: We easily obtain by 5.2.1 that

Cu r(t) ?2s=Xo+ Ug(t to)+ ach(t to)+ U r(t) (s t)+ %a(s t)Z:
Then 5.2.2 helps us to transform this expression:
Ur() = U+ a(t to)
and so

Cu r(t) ?2s= Xo+ U(Xo)(S to)+ %a(s to) 2+

+ Uo U(Xo) (t to)+ aoh(t to) %a(t to)2

Denoting by o, the U -space point that X, is incident with and putting
Vo = U U(Xp); we can write:

1
ru()= G + Volt to)+ @h(t to) at to)’

In particular, it is a uniformly accelerated motion, if h = const:; i.e. if r is
inertial or uniformly accelerated.

6.5.2. Let the previous uniformly accelerated observerU choose a reference
origin o: Then the U -space point that o is incident with is given by the world
line function t 7! g, ?t:= o+ U(o)(t to)+ %a(t to)z; hence the vectorized
motion corresponding to the world line function r becomes

T S; t7hr(t) o ?t

or
T S t7'r(to+t) Qo ?(to + t):
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In particular, the vectorized motion corresponding to the twist-fr ee world line
function r treated above is

1
T! S; t 7! go+ Vot + aoh(t) 5at2 :

where gp := X, O and v, := U, U(0) = uys U(X,) (recall that U is
constant on simultaneous hyperplanes).

We see in this case, too, that the vectorized motion ist 7! ry(to +t)  Qp;
as it must be, but it is more complicated to determine the motion ry and then
the vectorized motion than to calculate the vectorized motion directly.

6.6. Some motions relative to a uniformly rotating observer

6.6.1. Let the uniformly rotating observer U choose a reference origiro: If
0o is the U -space point that o is incident with and is the constant angular
velocity of the observer, then the double vectorized motion is

T! S t70e O rt) g?t:

In particular, if ¢, is an inertial world line, g, = o+ ¢ T; and r is an inertial
world line function, r(t) = X, + Uo(t to); where we supposed without loss of
generality that (Xx,) = (0) = to; then the double vectorized motion becomes

T! S t7le ) go+ vy et to)
where o := X, 0 again it is more convenient to use vectorized time:
TI'S,  t7'e ' (Qo+ Vu,et):

If vy,c = O; i.e. the relative velocity of the material point with respect to
the axis of rotation is zero, then the motion relative to the observer is asimple
rotation around the axis. If v, , 6 O; then the motion is the “rotation of a
uniform motion'. Anyway, the observed rotation of the inertial masspoint is
opposite to the rotation of the observer (take into account the negative gjn in
the exponent).

6.6.2. In the case of inertial observers and uniformly accelerated observers
the vectorized motion can be deduced a little easier than motion. On tle
other hand, for uniformly rotated observers, it is signi cantly simpler to get
the double vectorized motion than motion itself, as it will be seen fromthe
following calculation.
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Let U and r be as in the preceding paragraph. Theng, := Cy(0)= o+c T
and so

Cu r(t) ?s=qg?s+ e Cyr@) ?t, o =
=g?s+es ) e ) Cyr@) 2t g?t =

=g?s+e () et xo o+ vyt to):
The functions

T! S S 7! go(S) :

e(s to) (XO O)

T!

S
= ST7! Vo(s):= € )y,

arein Sy andin S?U (they are a vector and a vector of cotypeT in the observer
space), respectively. Thus we have got for the motion that

ra)=g+e (t to) (do + Vo(t  t5)) (t21):

Originally, the exponent of is a linear map from S into S: Here it is
regarded as a linear map fromSy into Sy de ned by

et g (s):i=e W g (s2Sy;s2T):

6.7. Exercise

Let U be a uniformly rotating observer that has an inertial space point. Use
the notations of Section 5.3. Forg, 2 S and v, 2 % de ne the world line
function

t70 o+ c(t to)+ €' ) (go+ Vo(t to)):

Prove that the corresponding motion relative to the observer U is a uniform
straight line motion.

7. Some kinds of observation
7.1. Vectors observed by inertial observers
7.1.1. Let C; and C, be two world lines de ned over the same time

interval J: The vector between G and C, attheinstant t2 Jis C,?t C;?t:
The distance at t between the two world lines isjC, ?t C; ?tj:
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The two world lines represent the history of two material points. An inertial
observer u observes the two material points describing their history by the
corresponding motionsry., and r,.,: Hence, thevector observedby the inertial
observer between the material points at the instantt is evidently

Fog(t) rog()=(C2?2t+u T) (Ci1?t+u T)=C,?t Ci?t

The observed vector coincides with the (absolute) vector; consequédy, the
observed distance, too, coincides with the (absolute) distance.

7.1.2. The question arises how a straight line segment in the space of an
inertial observer is observed by another observer. The question anche answer
are formulated correctly as follows.

Let us consider two inertial observersu, and u. Let H, be a subset (a
geometrical gure) in the u,-space. The corresponding gure observed byu at
the instant t |called the trace of H 5, at t in S, |is the set of u -space points
that coincide at t with the points of H,:

fg?t+u Tj g2 Heg:
Introducing the mapping
Pi:S,! S q7!q?t+u T;

we see that the trace of H at t equals P;[H,]: It is quite easy to see (recall the
de nition of subtraction in observer spaces) that

Pu(t) Pi(a)= ?t qa?t=q «

forall qi;p 2 §,: Thus P; is an ane map whose underlying linear map is
the identity of S:

We can say that the observed gure and the original gure are congruent.
Evidently, every gure in the u,-space is of the formqg, + Ho; where g, 2 S,
and H, S; then Py[g + Ho] = Py(p) + Ho:

In particular, a straight line segment in the u,-space observed at an arbitrary
instant by the observer u is a straight line segment parallel to the original one.
Moreover, the original and the observed segments have the same lengtlthe
original and the observed angle between two segments are equal as well.

7.1.3. It is an important fact that the spaces of di erent global inertial
observers aredi erent a ne spaces over the samevector spaceS: Thus, though
the observer spaces are di erent, it makes sense that a vector in thepace of an
inertial observer coincides with a vector in the space of another ingial observer.
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Evidently, the coincidence of vectors in di erent observer space is a symmetric
and transitive relation (if “your' vector coincides with “my' vector then “mine'
coincides with “yours'; if, moreover, "his' vector coincides wi “yours' then it
coincides with “mine' as well.)

This is a trivial fact here that does not hold in the relativistic spacetime
model.

7.2. Measuring rods

7.2.1. A physical observer makes measurements in his space: measures
the distance between two points, the length of a line, etc. In pracice such
measurements are based on measuring rods: one takes a rod, carries @ t
the gure to be measured, puts it consecutively at convenient place ::: One
supposes that during all this procedure the rod isabsolutely rigid: it remains a
straight line segment and its length does not change.

We are interested in whether the nonrelativistic spacetime modkallows such
measuring rods, i.e. whether we can permit in it the existence ofkuch an
absolutely rigid rod.

As we shall see, the answer is positive (in contradistinction to the elativistic
case).

7.2.2. The existence of an absolutely rigid rodl|if it is meaningful|can be
determined uniquely by the history of its extremities. Two world lines C, and
C; correspond to the two extremities of a measuring rod if and only if they are
de ned on the same interval J and their distance at every instant is the same:
jC1?t Cp?tj=d forall t2J:

Then for all 2 [0;1] we can de ne the world line C as follows:

C ?2t:=Co?t+ (C1?t Cp?t) (t2J):
It is quite evident that the set of world lines, fC j 2 [0;1]g gives an

existence of a rigid rod: at every instantt 2 J, fC ?tj 2 [0;1]g is a straight
line segment in S; having the length d:

8. Vector splittings
8.1. What is a splitting?
Recall what has been said in 3.1.1: in the experience of a physical observ

relative to a phenomenon, and in the notions deduced from experien¢c@roperties
of the phenomenon are mixed with properties of the observer. Our aim ido
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nd the absolute notionsthat model some properties or aspects of phenomena
independently of observers and then to give how the observers deg relative
notions from the absolute ones (how the absolute objects are observed).

We know already how spacetime is observed as space and time and how the
history of a mass point is observed as a motion. In the following, the sptiing
of force elds, potentials etc. will be treated: such splittings describe somehow
the observed form of force elds, potentials, etc. We begin with the plitting
of vectors and covectors according to velocity values and then we dea the
splitting of vector elds and covector elds according to observers

8.2. Splitting of vectors
8.2.1. For u 2 V(1) we have already de ned
u:M 1S x7'x ( x)u
and the linear bijection
vi=(C; )M T S X7 ( x; o X)

having the inverse

(t;q) 7' ut + q
(1.2.8). Thus
u=1v u ; 0= 1m u
Moreover,
u=0; u 1= 1g; u u=0:
8.2.2. De nition. x and  x are called thetimelike component and

the u -spacelike componentof the vector x: ( x;  X) is the u -split form
of x: y:=( ; yu) isthe splitting of M corresponding tou; or the u -splitting
of M: m

Notethat , gq=(0;q) forall g2 S: In other words, S is splitinto fOg S
trivially. In applications it is convenient to identify fOg S with S and to
assume that the split form of a spacelike vectorq is itself.

8.2.3. If A is a measure line thenA M issplitinto (A T) (A S) by
o ; similarly, - is splitinto £ 2. Correspondingly, the timelike component
and the u -spacelike component of a vector of typeA arein A T and A S;

respectively, and the timelike component and the u -spacelike component of a

vector of cotype A are in } and % respectively.
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In particular,  splits 'V'? into R % and for all u®2 v (1)
w uf=(@u® u)= (v

the u -spacelike component of the velocity valueu® is the relative velocity of u®
with respect to u:

Thus V(1) is splitinto flg %; in applications it is often convenient to omit
the trivial component f1g; and to regard only  instead of , as the splitting
of V(1):

V(1) ! ;; ul7t u® U= vy

8.2.4. The timelike component of a vector is independent of the velocity alue
u producing the splitting but the u -spacelike components vary withu; except
when the vector is spacelike (an element ofS); then the timelike component is
zero and the u -spacelike component is the vector itself for allu 2 V (1):

The transformation rule that shows how the u -spacelike components of a
vector vary with u can be well seen from the following formula giving theu°-
spacelike component of the vector having the timelike componentt and the
u -spacelike componentq:

De nition.  Let u;u®2 Vv (1): Then
Wy = g0 o :T ST S

is called the vector transformation law from u -splitting into u%-splitting.

Proposition.
wou (850) =(t; Vyout + Q) (t2T;q29): =

Using the matrix form of the linearmaps T S! T S (see IV.3.7), we can

write
_ 1t 0
0y =
u Vyou 1s

According to the identi cation Lin( T) R we have 1 1. Moreover,
applying the usual convention that the identity of a vector space is d@oted by
1 (the identity is the operation of multiplication by 1), we obtain

_ 1 0
ufu = Vyoy 1

In the lower left position of the matrix a linear map T ! S must appear;
recall that vyo, 2 2 Lin(T;S):
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8.2.5. Let us give the transformation rule in a form which is more usual in
the literature.

Let (t;q) and (t%q% be the u -split form and the u®-split form of the same
vector, respectively. Let v denote the relative velocity of u® with respect to u:
Then

t9=t; q°=q vt:

Usually one calls this formulajor, rather, a similar formula in the arithm etic
spacetime model|the Galilean transformation rule and one even de nes Galilean
transformations by it.

The transformation rule is a mapping from T S into T S: A (special)
Galilean transformation is to be de ned on spacetime vectors, i.e. as a apping
from M into M: Thus the transformation rule and a Galilean transformation
cannot be equal. In the split spacetime modelT S stands for both spacetime
vectors and spacetime. Thus, using the split model (or, similarlythe arithmetic
spacetime model) one can confuse the transformation rule with a mappup de-

ned on spacetime vectors or on spacetime. This indicates very wellltat we
must not use the split model or the arithmetic model for the composiion of
general ideas.

Of course, there is some connection between transformation rules andaBlean
transformations. We shall see (11.3.7) that there is a special Galilean trasfor-
mation L(u;u%: M ! M such that

wou = o L@u;u9

8.3. Splitting of covectors
8.3.1. For u2V(1l); M is split by the transpose of the inverse of  :

W= ML (TS T S
where we used the identi cation described in 1IV.1.3. Then forallk 2 M ;
(t;0) 2 T S we have

(v k) (tGa)=k ' (a)=k (u+a)=(k ut+k a

Of course, in the last term k can be replaced bykjg = i k; wherei:S! M

is the canonical embedding. Furthermore, recall thatk u 2 $ T and (k u)t
stand for the tensor product of kK u and t: Then, in view of our convention
regarding the duals of one-dimensional vector spaces (IV.3.8), we can stathat
v k=(k u;i k): Recallthat i k = k i; moreover, our dot notation
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convention allows us to interchange the order ofk and u to have the more
suitable forms

uw k=(k u;k )=(u k;i k) (k2 M ):
De nition. u k and i k are called the u -timelike component and the
spacelike componentof the covector k: (u k; i k) is the u -split form of the

covector k:  is the splitting of M  corresponding to u; or the u -splitting
of M : m

Notethat , (e )=(e;0) forall e2 T : In other words, T is split into
T f Og trivially. In applications it is convenient to identify T f 0g with T
and consider that the split form of e is simply e:

8.3.2. The spacelike component of a covector is independent of the velogit
value u establishing the splitting, but the u -timelike components vary with u;
except when the covector is timelike (an element off  ; then the spacelike com-
ponent is zero and the u -timelike component coincides with the corresponding
element of T ): The transformation rule that shows how the u -timelike com-
ponents of a covector vary with u can be well seen from the following formula
giving the uC-timelike component of the covector having the u -timelike compo-
nent e and the spacelike componentp:

De nition.  Let u;u®2 V(1): Then
Wy = g0 45T ST S

is called the covector transformation law from u -splitting into  u®-splitting.

Proposition.
v (&p)=(e+p Vyou;p) (e2T;p2sS):
Proof. It is not hard to see that
Jep)=e + , p

from which we easily obtain the desired formula. m

Using the matrix form of the linearmaps T S ! T S ; we can write

_ 1r Vyoy 1 vyg
uti T 9 1g 0 1
In the upper right position a linear map S ! T must appear. The

identi cations Lin( S ;T ) T S % justify that vyo, stands in that
position.
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The de nitions imply that o, = ;5 ; which is re ected in the matrix
form as well.

8.3.3. In 1.2.8 we have drawn a good picture how vectors are split. Now we
give an illustration for splitting of covectors.
Recall that for all u 2 V (1); the surjection :M ! S is the left inverse

of the canonical embeddingi : S! M; i.e. | i = 1lg: As a consequence, the
injection ,:S ! M s the right inverse of the surjectioni :M ! S :
i u - 1s :
Since T =Keri (see 1.2.1),

S =Ran |

is a three-dimensional linear subspace i ; complementarytoT  : Evidently,
the restriction of i is a linear bijection from S u onto S :
Moreover, we easily nd that

S v=fk2M jk u=0g;

in other words, S u is the annihilator of u T:
Then the splitting of covectors according to u is illustrated as follows:

k (u k) isin S ; itsimage by i is the spacelike component ofk:

8.4. Vectors and covectors are split in a di erent way

The splitting of vectors and the splitting of covectors according to u 2 V (1)
are essentially di erent. The timelike component of vectors is incependent of
u; whereas the spacelike component of covectors is independent of: The
transformation laws for vectors and covectors are essentially di erehas well.
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The reason of these di erences lies in the fact that there is no oneithensional
vector spaceA in such a way that M could be canonically identi ed with M-:
in contradistinction to the relativistic case.

8.5. Splitting of vector elds and covector elds according to inerti al
observers

8.5.1. In applications, vectors and covectors appear in two ways: rst, as
values of functions de ned in time; secondly, as values of functions e ned in
spacetime. The rst case can be reduced to the second one: a functiate ned
in time can be considered a function de ned in spacetime that is cornsint on the
simultaneous hyperplanes. Thus we shall studyector elds and covector elds,
i.e. functions X : M M and K : M M ; respectively.

An inertial observer u splits vector elds and covector elds in two steps by
splitting the range and then the domain of these functions.

First, at every world point x the values of the elds, X (x) and K (x); are
split according to the velocity value u of the observer; thus the half u -split
form of the elds will be

u XM T S X 7! X(X); v XX ;
u K:M T S, X7 u KX);i K(Xx):

Secondly, the observer splits spacetime as well (the observer reglrspacetime
as time and space); accordingly, instead of world points, instants andu -space
points will be introduced to get the completely u -split form of the elds:

e X TS, TS (g7 X(g?Y; u X(a?9) ;
s KBTS, TS (g7 u K(@?Y;i K(g?t

where q?t:= ,(t;q) (see 3.2.2).

8.5.2. Let us examine more closely a covector eldK : it has the half split
form

( Vu;Al)= v K:M T S; x7' u KX);i K(Xx);
and the completely split form
s KO BT s, T s (tq) 7! Vu(@?20:AL(q20) :

A covector eld K is a potential (see 2.4.3). {;q) 7! Vu(q?1 and (t;q) 7!
Ayu(g ?1t) are called the correspondingscalar potential and vector potential
according to u:
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If u® is another inertial observer then, in view of 8.3.2,
Vyo=V, Vyou Ay Ayo=Ay:

Introducing V := V,, V%:= Vyo; A = Ay; A%:= Ao v i= vyo,; We get
the formulae
vl=v v A;  A%=A;

which are the well-known nonrelativistic transformation law for scalar and vector
potentials in electromagnetism.

This supports our choice that (absolute) potentials are cotensorelds.

The reader is asked to bear the following remark in mind. One usually
says that if an observer perceives scalar potentiaV and vector potential A;
then another observer moving with relative velocity v perceives scalar potential
V v A and vector potential A , i.e. "the vector potential is not transformed'.
However, an observeru perceives spacetime as time andi -space, perceives
the potentials to be functions depending on time andu -space; thus, in fact, an
observer works with the completely split form of the potentials. In particular, if
u®6 u; then A '8 A §: the observed vector potentials are dierent!
Remember, usually one does not distinguish between the half splitorms and
the completely split forms.

8.5.3. Similarly, one usually says that force is not transformed, a force eldis
the same for all observers. Of course, this is true for the half splitdrm of force
elds; the completely split forms of force elds|which are actually ob served|
depend on the observers.

A force eld
S

T L L

has exclusively spacelike values, thus its half split form isf itself for all global
inertial observers. On the other hand, f has the completely split form

f:M V(1)

S S
J— - . . | t).
T S T T L L (tg;v) 7P f(q?2tu+v)

strongly depending on u:

8.5.4. Let the inertial observer u choose a reference origiro; then (u;o0)
performs another splitting using ., instead of : The half split form of vector
elds and covector elds according to (u;o0) is the same as the half split form
according to u; on the other hand, the observer with reference origin obtains
functons T S T SandT S T S forthe completely split forms
of the elds.
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8.6. Splitting of vector elds and covector elds according to
rigid observers

8.6.1. Recall that the space § of a global rigid observer U is an ane
space overS or Sy (Section 4.3), depending on whetherU is rotation-free or
not. The corresponding splitting of spacetime, y:M ! T Sy is a smooth
bijection whose inverse is smooth as well.

The splitting of a vector eld X accordingto U is de ned by the correspond-
ing formula of coordinatization: at every world point x; the value of the eld,
X (x); is splitji.e. is mapped from M into T Sor T Sy |by D y(x):
Similarly, the covector eld K ; is split in such a way that at every world point
x the value of the eld, K (x) is splitji.e. is mapped from M into T S or

T Sy by (D ux) ' Thus the half U -split forms of such elds are
M T S (or T Sy); X7'D y(x) X (x);
M T S (or T Sy); x70 (Dux) ' KX:

We get the completely U-split forms by substituting Ul(t; g)= q?tfor x in
these formulae.

8.6.2. If U is rotation-free, then, in view of 4.3.2, the half split forms of the
elds are
M T S X 7! X (X); vy X(X);
M T S; x7 Ux) KX);i K(X):

The values of the elds at x are split by the corresponding value U (x) of
the observer.

8.6.3. If U is not rotation-free, Sy is an inconvenient object; that is why
we let the global rigid observer choose a reference origin and use the double
vectorization ., of spacetime.

Then the half split forms become

M T S X7'D yoe(x) X(X)= XX);RMX) 1w X(X)

1

M T S; x7! (D y.o(x) K (x) =

Ux) KX); RX) T i KX ;

where
R(x):= Ry (X):to ;

(see 4.4.3 and Exercise 4.5.3).
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8.7. Exercises

1. Give the split form of vector elds and covector elds that depend only on
time; more closely,if : T M and :T M ; consider the splitting of the
elds X := and K :=

2. We know, it has an absolute meaning that a functions de ned in spacetime
depends only on time: if s is constant on the simultaneous hyperplanes.

On the other hand, it does not have an absolute meaning thats depends
only on space (absolute space does not exist). IfJ is an observer, it makes
sense thats depends only on U -space, in other words,s is U -static: if s is
constant in the U -space points (on the U -lines), i.e. if the completely split
form of s depends only on the elements of &:

Let 02 M; c2V(); C:S! M; andlet U be the global inertial observer
with velocity value u: Prove thatthe vector eld x 7! C . (x 0) is U -static
if and only if u = c:

3. Take the arithmetic spacetime model. Give the completely splitform of
the vector elds

% 7 jj0;
T iy 2+ %1+ 40
according to the inertial observer with velocity value (1;v):

Consider the previous mappings to be covector elds and give their completely
split form.

4. Take the arithmetic spacetime model. Give the completely splitform of
the vector eld

O 7t 1+ 2:cos O 3:00

according to the uniformly accelerated observer with reference ogin treated
in 5.2.4 apd to the uniformly rotating observer with reference origin treated

in 5.3.5. It is easy to obtain the composition of this vector eld and the

inverse of the splitting if we use di erent symbols for the variables; e.g. the
splitting due to the uniforjnly accelerated observer has the invese (%) 7
0. 1+% (0)2; 2.3
5. In the split spacetime model the splitting of vectors according b the basic
velocity value (1;0) is the identity of T S: The splitting according to (1;v)
is
T S!' T S; (t;q) 7! (t;q  vt);

which coincides with the transformation rule from (1;0) into (1;v): Because of
the special structure of the split spacetime model a splitting aml a transformation
rule|which are in fact di erent objects in principle|can be equal. T o deal with
fundamental ideas do not use the split spacetime model or the arithmiéc one.
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6. In the split spacetime model the splitting of covectors accordig to the
basic velocity value (1 0) is the identity of T S and the splitting according
to (1;v) equals

T S! T S; (e;p) 7! (e+ p V; p):

Again we see that the splitting coincides with the transformation rule from

(2;0) into (1;v):

9. Tensor splittings
9.1. Splitting of tensors, cotensors, etc.

9.1.1. The various tensors are split according tou 2 V (1) by the maps
u M M (T S) (T 9=
=(T T) (T 8§ (s T) (S5 9)
u M M I (T S) (T 8S)=
=(T T) (T S8) (8 T) (8 S);
¢ «M  M!I (T S) (T 9=
=(T T (T 9 (¢ T) (5 89
u u: M M ! (T S) (T S)=
=(T T) (T S) (S T) (S 8S)
Since we know , and ; our task is only to determine the above splittings
in a perspicuous way. First recall that the elements of the Cartesan products
on the right-hand sides can be well given in a matrix form (see IV.3.7). Seond,

with the aid of the usual identi cations, consider  =( ; 4)2(T S) M ;
o =(u;i )2(T S) M; take into account the identications T M

M T; and T M M T;u u (seelV.3.6), and apply the
dot products to have

forT2M M:

T T
T)= T = T 1 u =

(u u)() u u u u u T u T u
_ T T u( T ) .
T u¢( T )T u ( T) (T ) u+u u( T )’
forL2M M

L u L i
(v W)L)= L w= W LoWwi=
L u L i
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for P 2 M M :

u P u P
(u u)(P): u P u: u P ul_ i P i P L:l =
_ uP u P (u P u
I = i P (G P ) u

for F 2 M M

(¢ DF)= , F =, F = SEUUE

i F u i i
(Tosee,e.g. that | T =T u( T ), take T =x V)

9.1.2. The splittings corresponding to di erent velocity values u and u® are
di erent. To compare the di erent splittings we can deduce transformation rules
by giving
b :
uu a A ulu

where 2T T;a2S T;b2T S,A2S S; andusing similar formulae
for the other three cases as well. In general, the transformation rules arrather
complicated. We shall study them for antisymmetric tensors and cotesors.

9.2. Splitting of antisymmetric tensors

9.2.1. Ifthetensor T isantisymmetriclie. T 2 M~M |then T =0;

T ,= (v T ) and , T [, 2S”S; which (of course) means
that the split forms of T are antisymmetric as well. Thus splittings map the
elements of M * M into elements of the form

0 a 0 a .
a A a A '’

wherea2 S T; A2S"S; a 2T S isthetranspose ofa; which is identi ed
with a in the usual identicaton T S S T: We shall nd convenient to
write

( T) (87§ (T 9~ (T 9);

0 a

(a;A) a A

The corresponding formula in 9.1.1 gives us folfT 2 M * M

u T =T T (T )Mu:



100 I. Nonrelativistic spacetime model

De nition. T and T (T )" u are called thetimelike component and
the u -spacelike componentof the antisymmetric tensor T

9.2.2. Notice the similarity between splittings of vectors and splittings of
antisymmetric tensors. The timelike component of T is independent of u; the
u -spacelike component varies withu except when T is spacelike, i.e. is in
S 'S; then the timelike component is zero and theu -spacelike component isT
itself for all u:

The following transformation rule shows well how the splittings depend on
the velocity values.

Proposition. Let u;u®2 V(1): Then

wou (@A) oo =(a; avye +A) (a2s T, A2s"S):

Proof. Use the matrix forms:

1 0 0 a 1 Vyou _ O a
Vyou 1 a A 0 1 a avyo + A

9.3. Splitting of antisymmetric cotensors

931 fF2M ~M thenu F u=0;u F i= (i F u) and
i F i2S "S; the split forms of F are antisymmetric as well. Thus splitting
maps the elements ofM ~ M into elements of the form

0 z 0 z . A .
. 7 ., @Z)2(s T) (s~
where we used notations similar to those in 9.2.1.

The corresponding formula in 9.1.1 gives forF 2 M ~ M

Denition. i F u andi F i are called theu -timelike component and
the spacelike componentof the antisymmetric cotensor F :

9.3.2. Notice the similarity between splittings of covectors and splittings of
antisymmetric cotensors. The spacelike component of is independent of u;
the u -timelike component varies with u except whenF isin M~ (T )=
fk"(e )jk2M ;e2T g, then the spacelike component is zero and the
u -timelike component is the same for allu:
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The following transformation rule shows well, how the splittings depend on
the velocity values.

Proposition. Let u;u®2 V(1): Then

wou (Z:Z) g =(z2+ 2 vyou;Z) (z2T S;Z22S "S):

Proof. Use the matrix forms:

1 vyou 0 z 1 0 0 (z+Z vyo)

0o 1 z Z Vew 1 z+Z Vo z

9.4. Splitting of cotensor elds

9.4.1. A rotation-free rigid observer U splits various tensor elds in such a
way that the value of the tensor eld at the world point x is split according to
U (x); for the sake of de niteness we shall consider cotensor elds. Théalf split
form of the cotensor eld F : M M M according to U is

M (T S) (T S) X7 uxy FX) ue
The completely split form of F according to U is
T Sy (T S) (T S) Ga) 7' vy FA@?) ugs

where q?t=}(t;q):
In particular, if F is antisymmetric, then it has the half split form

M (S T) (S"S), 7' i F(XX) Ui F(Xx) i

9.4.2. Now let us suppose thatU is a global inertial observer with constant
velocity value u: Then the antisymmetric cotensor eld F has the half split
form

(Eu;Buy) =

F .M (S T) (8~S)

X7 i F(X) u;i F(x) i

u

and the completely split form

F o, J2T Sy (S T) (S*S);

(ta) 7! Eu(@?9;Bu(q??) :

u
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If u®is another global inertial observer, then 9.3.2 gives

Eyo=Ey + By Vvyou; Byo=By:

9.4.3. Introducing E := Ey; E%:= Eyo; B := By; BY:= Byo, V:= vyou;
we get the formula
E°=E+B v, B°=B

which is the well-known nonrelativistic transformation law for the electric eld
E and magnetic eld B: (Here B is an antisymmetric spacelike tensor of

. - S”hS . R ; : :
cotype L 4; an element of S ~ S = 1 Which can be identi ed with

a vector of cotype L 3; an element of —2>— - (V.3.17.); with the aid of
this identi cation magnetic eld is regarded as a vector eld and then i nstead of
B v one has a vectorial product.)

This supports the idea that (absolute) electromagnetic elds exist lose time-
like and spacelike components according to an observer are the observeecelc
and magnetic elds, respectively.

One usually says that if an observer perceives electric eldE and magnetic
eld B; then another observer moving with the velocity v perceives electric
eld E+ B v and magnetic eld B: However, an observer perceives spacetime
as time and u -space, perceives the elds as functions depending on time and -
space; thus, in fact, an observer observes the completely split forraf the elds,
and we can repeat the remark at the end of 8.5.3.

9.4.4. Consider the completely split form of a potential K according to the
inertial observer u :

( V&EAS)= , K 1T s T s:
Its derivative is
D( VGiAD) = w OK D)
having the transpose
D( V§AL) = o OK 9
Consequently, for the exterior derivatives (see VI1.3.6()) we have
DA ( VGAD = w D K) b

Let F :=D "~ K ; use the notations of the previous paragraph and let@ and

r denote the partial derivations with respectto T and S;; respectively. Then
(see VI.3.7(i )) the above equality yields

@AL r Vi=ES; r~ Al =B

C.
u-



9. Tensor splittings 103

9.4.5. Let us consider the force eld de ned by the potential K :

f(x;x)=i FX x X2 DomK; x2V(1) :
(F:=D"K):

According to 9.3.1, the value of the force eld at (x; x) is the x-timelike
component of the antisymmetric cotensorF (x):

A masspoint at the world point x having the instantaneous velocity value x_
“feels' only the x -timelike component of the eld; a masspoint always “feels' the
time component of the eld according to its instantaneous velocity value.

Consider now the inertial observer with velocity value u and use the notations
of the previous paragraphs. Then

fxxx)=1i F(X) u+i FX)(x u)=
= Eu(X)+ Bu(X) Vgu;

a well-known formula for the Lorentz force in electromagnetism.

9.4.6. If a potential K is timelike, i.e. has values inT ; (infact K isa
scalar eld: there is a function V: M T suchthat K =V ) then DMK
takes values inM ~ (T ); consequently the corresponding force eld does
not depend on velocity values; the spacelike component oK is zero and the
half split form of K is the same for all observers.

The possibility of (absolute) scalar potentials is a peculiar fe@re of the non-
relativistic spacetime modelin contradistinction to relativistic spacetime models.
(Newtonian gravitational elds, elastic elds are modelled by such timelike po-
tentials in nonrelativistic physics.)

9.4.7. Let us mention the case of a general (rotating) global rigid observer
U: Then it is convenient to choose a reference origino for the observer and
consider the corresponding double vectorization of spacetime.

We easily infer from the splitting of vector elds and covector eld s that the
half split forms of various tensor elds according to (U;0) are obtained from
the half split forms according to a rotation-free observer in such a wg that
Ru( (X);to) * u) and Ry ( (X);to) 1 i are substituted for u) and
i ; respectively (theni Ry ( (X);to) is substituted for i):

For instance, the half split form of an antisymmetric cotensor eld F becomes

M (S T) (S "S),
x7' Rx) Vi FX) UX); RX)'i FX i R(X) ;

where R(xX) := Ry (X);to :
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9.5. Exercises

1. Give the u-split form of tensorsin S S; S M; M S; S M ;
M ST ) MM (T ) (T ) M; M (T ) and derive
the transformation rules between their u®-splitting and u -splitting.

2. Derive the transformation rules for the splitting of arbitrary tens ors.

3. A potential in the arithmetic spacetime model is a function ( V;A): R
RS (R R®) which is the completely split form of the potential according
to the basic observer.

The half split form of this potential according to the inertial observer with
velocity value (L;v) is ( V+Vv A;A):

Choose (Q0) as a reference origin for the observer and give the completely
split form of the potential.

4. An antisymmetric cotensor eld in the arithmetic spacetime model is a
function (E;B): R R® (R®) (R®) ~ (R® , being the completely split
form of the eld according to the basic observer:

09 E, E, Es!

my- BE1 O Bs B2C .

(E,B)_?@E2 5. o Blﬁ.
Es B, B; O

The half split form of this eld according to the inertial observer wi th velocity
value (L;v) is (E+ B v; B):

Choose (Q0) as a reference origin for the observer and give the completely
split form of the eld.

5. Take the uniformly accelerated observer treated in 5.2.4.

The half split forms of the previous potential and eld according to this
observer are

(V+ tA 1; A) and ((E1; Eo  tB 3; Ez+ tB 3); B);

where t is the time evaluation: R R®! R; (% )71 ©:

Choose (Q0) as a reference origin for the observer and give the completely
split forms.

6. Take the uniformly rotating observer treated in 5.3.5.

Let ( VA9 and (E%B9 denote the half split forms of the previous po-
tential and eld, respectively, according to this observer. Then

Vo=V + 1 (x2A; x!Ay);
A= Ajcoslt A,sinlt;
Ad = A;sinlt + A, coslt;
A= A
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and

E?=(E;+ Ix !B3)cos!t (E+ !x 2B3)sinlt;
EJ=(Ey+ Ix !B3)sin!t +(E,+ !x ?B3)coslt;
ES3=Es ! (xX°By+ x'By);

B?= Bjcoslt Bjsinlt;

BY= Bysin!t + B;coslt;

B = Bs;

wheret isthe time evaluation R R3! R; (% ) 7' ©andx' isthe evaluation
of the i-th space coordinate:R R3! R; (% ) 7! I:

10. Reference systems
10.1. The notion of a reference system

10.1.1. Observers, reference frames, reference systems, coordinatibns
are fundamental notions of usual textbooks in describing physical pheomena.
However, these notions are often applied in di erent (sometimes heiistic i.e.
not precisely de ned) senses.

Our intention is to give an absolute descriptionof phenomena, i.e. a descrip-
tion free of reference frames and coordinates. Reference frames arabedinates
have only a practical (not theoretical) importance: it is convenient and suit-
able to use observers or coordinates for solving concrete problems, fachieving
numerical characterization of quantities.

We de ned reference frames in 3.3.2. In nonrelativistic spacetime mdel an
observer determines a reference frame uniquely. A referenceame can introduce
coordinates which model how timepoints are indicated by a “synctonometer'
and how spacepoints are labelled by triplets of numbers.

The reader is assumed to be familiar with coordinatizations of a ne space
(see Section VI.5.).

10.1.2. Recall that an observer U makes the splitting y =( ;Cy): M
T Sy:

De nition. A reference systemis a triplet (U;T;Sy) where
(i) U is an observer,
(it) T: T R is a strictly monotone increasing mapping,
(i) Sy:Sy R? is a mapping
suchthat (T Sy) u=(T ; Sy Cy):M R R3 is an orientation
preserving (local) coordinatization of spacetime. m
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Note the di erence between the symbols: T and § are sets whereasl and
Sy are the corresponding mappings.

According to the de nition, T is smooth which implies by VI.3.5 that T
is smooth as well. Because ofii() the derivative of T |denoted by TP |is
everywhere positive,

0<TY) 2T $ (t 2 DomT);
i.e. T is an (orientation preserving) coordinatization of time.

If U is aglobal rigid observer then § is an a ne space and Cy is a smooth
map (see 4.4.3); consequently, we can state tha®, is a coordinatization of S :
On the contrary, since Sy ; in general, is not an a ne space, and we introduced
the notion of coordinatization only for a ne spaces, we cannot state that Sy is
a coordinatization of U -space; nevertheless it will be called theoordinatization
of U -space. (We mentioned that in any case § can be endowed with a
smooth structure; in the framework of smooth structures Sy does become a
coordinatization.)

10.1.3. Let us consider a coordinatization K : M R RS.

As usual, the coordinates inR R® are numbered from zero to three. Ac-
cordingly, we nd it convenient to write a coordinatization of spaceti me in the
form K = ( % ):M R RS3: Using the notations pr°: R R3 ! R
and pr : R R3! RS2 for the canonical projections, we have © = pr® K;

= pr K

The following important relation holds for an arbitrary coordinatization K :

D (x) @K *K(x) =0 (x 2 DomK):

Indeed, according to the de nition of partial derivatives (VI1.3.8) and t he rules
of di erentiation (V1.3.4), we have

@K 'K(x) = DK ' K(x) (1;0)=DK(x) ' (1;0); 0)
D (x)= pr DK(x);
from which we infer the desired equality.

We say that a coordinatization K is referencelikeor corresponds to a reference
systemif there is a reference system J;T;Sy) suchthat K =(T Sy) vu.
In that case

o=T =Su Cu

and
D°(x)=T° (x)
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from which we deduce

1

0 -
L e A0

in the following way:

pr® DK()=T° (x) ;
pro=T°% (x)  DK(x) %
1=T° (x) DK(X) ' (1,0);
1=T° x) @K !K(x):

10.1.4. Proposition. A coordinatization K = ( % ): M R R3is
referencelike if and only if
(i) K is orientation preserving,
(i) @K ' K(x) is a future directed timelike vector,
(i) °(x)< 9(y) is equivalentto (x) < (y) forall x;y 2 DomK:
In this case K corresponds to the reference system given by

1)
_ @K KX 1 0 .
U(x)= @K TKX = @K “KX) T° (x) (x 2 DomK);
2 T@)= °%x) (t\ DomK 6 ;; x2t);
3) Su(@= (x) (02 Sy; x20):

Proof. If K = (T Sy) y; then (i) is trivial and (iii ) follows from
o= and the strictly monotonous character of T: As concerns {i ), note
that a world line function r satises r(t) = U r(t) and takes values in the
domain of K ifand only if K r(t) = T(t); ;ie. r(t)=K ' T(t); fora
2 R® and for all t 2 Domr: As a consequence, we have

U r(t) = %K LTM); =@k YT TYAY =
=@K 'K @) TYY
implying
Ux)= @K *K((x) T° (x); (x 2 DomK );

which proves (i) since T® (x) > 0: It proves equality (1) as well; equalities
(2) and (3) are trivial.
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Suppose now thatK = ( 9; ) is a coordinatization that ful lls conditions
(O{(iii ).

Then condition (ii ) implies that U de ned by the rst equality in (1) is an
observer.

According to (iii ), K is constant on simultaneous hyperplanes, thusT is
well de ned by the formula (2). Moreover, T is strictly monotone increasing.

If r is a world line function such that r(t) = U r(t) then according to ()
in the preceding paragraph

i B @K *Kor@
g '® =D r(® Ur®) =D r() @K K r(t) -0

which means that  r is a constant mapping, in other words, is constant on
the U -lines; henceSy is well de ned by the formula (3).
Finally, it is evidentthat K =(T Sy) y: ®

It is suitable to use P := K !; the parametrization corresponding to K:
Then|putting (P) instead of P for any function |[we can rewrite
formula (1) in the proposition:

@P

UP)= @P:

10.1.5. Condition (iii ) in the previous proposition can be replaced by
(iii ) for all x 2 DomK there is an e(x) 2 (T )" such that

D °(x) = e(x) ;

i.e. the derivative of © in every point is a positive multiple of

Indeed, if K corresponds to a reference system thee(x) = T? (x) :

Conversely, if (jii )' holds, then the restriction of © onto every simultaneous
hyperplane t has zero derivative: D ° (x)=D °(x) ¢ = 0 (x 2 t) thus

0 is constant on every simultaneous hyperplane which allows usto dee T by

the formula (1) in the previous proposition.

Moreover, Lagrange's mean value theorem implies that everi in the domain
of K has a neighbourhood such that for ally in that neighbourhood there is a
z on the straight line segment connectingx and y in such a way that

°y)  °(x)=D °2) (y x)=e(@) (v x);

hence °(y) °(x)> 0 is equivalentto (y x) > O in the neighbourhood
in question. Since the domain ofK is connected, this relation holds globally as
well.
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10.2. Galilean reference systems

10.2.1. Now we are interested in what kinds of a ne coordinatizations of
spacetime can correspond to reference systems.

Let us take an a ne coordinatization K of M: Then there are

| an 02 M;

| an ordered basis ( xg;X1;X2;X3) of M such that

Kx)= k' (x 0ji=0;123 (x 2 M)

where (°; k!; k?; k®) is the dual of the basis in question.

Proposition. The ane coordinatization K corresponds to a reference
system if and only if
(i) (xo;X1;X2;X3) is a positively oriented basis,
(i) xgo is a future directed timelike vector,
(iii) xq1;x2;x3 are spacelike vectors.
Then the corresponding observer is global and inertial having the cortant
value

Xo,
=
and ( )
X 0
K= ————p v (X 0 _,4 (x 2 M);
x3
K 1(0;)=0+ Osu+ X (O,)ZR R3
=1
where
S = Xo

and fp = k je =k ij( =1,;23)g is the dual of the basisfx; X2; X309
of S:

Proof. We show that the present conditions §){( iii ) correspond to conditions
(1){(ii) listed in Proposition 10.1.4 and condition (jii )' in 10.1.5.

(i) The coordinatization is orientation preserving if and only if the corre-
sponding basis is positively oriented;

(i) @K *(K(x))= Xo;
(i) D °(x)= kO forall x2 M: Sincek® x =0; k°=e forsomee2 T
if and only if x -s ( =1;2;3) are spacelike; then, because dk® xo =1 > O;

— 1 .
e= XO>0. [ |

According to our result, an a ne reference system will be given in the form
(U;0;8;X1;X2;X3).
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Note that an a ne coordinatization K corresponds to a reference system if
and only if the restriction of K (the linear map under K) onto S is a linear
bijection between S and f0g RS:

10.2.2. De nition. A coordinatization K is called Galilean if
| K isane,
| K i:S!'f 0g R?®ish{H -orthogonal

where H is the usual inner producton R® f 0g R3.

Proposition. A coordinatization K is Galilean if and only if there are
(i) an 02 M;
(i) an ordered basis €o; e1; e2; e3) of M;
| ( eo; e1; ep; e3) is positively oriented,
| s:= e > 0O
| ( e1; ez; e3) is a (necessarily positively oriented) orthogonal basis inS;
normed to an m 2 L*; such that

(x o e u (X 0
K00 = s ' m?2 -123

(x2 M);

where
€o

s
is the constant value of the corresponding inertial observer.

Proof. It is quite evident that an a ne coordinatization is Galilean if and
only if the spacelike elements of the corresponding basis itM are orthogonal
to each other and have the same length. We know that the dual of the basis

S

(e1; ez; e3) becomes =%; 22 23 in the identication S —r Which

m 2
proves the equality regarding K: 2
According to our result, a Galilean reference systenmwill be given in the form
(u;0;5;m;eq; e, e3) and we shall use the following names:u is its velocity
value, o is its origin, s is its time unit, m is its distance unit, (e;; ez; €3)
is its space basis Moreover, putting ey := su, we call (eg; e1; ey; €3) its
spacetime basis

10.2.3. Let K be a Galilean coordinatization and use the previous notations.

Recalling 1.5.2, we see that the Galilean coordinatization establishes an
isomorphism between the spacetime model (MT;L; ;h) and the arithmetic
spacetime model. More precisely, the coordinatizationK and the mappings
B:T! R; t7! % and Z:L! R; d7! mi constitute an isomorphism.

This isomorphism transforms vectors, covectors and tensors, cotensgyr etc.

into vectors, covectors, etc. of the arithmetic spacetime model.
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In particular,

K:M! R R® x7 X. & uX
S m 2 =1:2:3

is the coordinatization of vectors; note that it maps S onto fO0g RS;

(K H:M R R k7' (k eji=0:123);

is the coordinatization of covectors; note that it maps T onto R f 0g:

We can generalize the coordinatization for vectors (covectors) of type ocotype
A; ie. for elementsinM A or % M A; M ; too, where A is a
measure line. For instance, elements of% or M- are coordinatized by the
basis & j i=0;1,23 and by the basis 7] i =0;1,2,3 ; respectively:

M w e w
—! R R, wT7s ; 2
T S m =1;2;3
M I R R3. p 7'm 2 p . € u p
L L~ ' ' s '’ m 2 =1;2;3

10.3. Subscripts and superscripts

10.3.1. Intextbooks one generally uses, without a precise de nition, Galiean
coordinatizations and the arithmetic spacetime model. Vectors, cogctors and
tensors, cotensors, etc. are given by coordinates relative to a spadete basis.
Let us survey the usual formalism from our point of view.

Let us take a Galilean coordinatization and let us use the previous notatios.

If (k% k!: k?; k3) is the dual of the basis (o; e1; e»; e3); then

x' = k' x (i=0:1;2,3)
are the coordinates of the vectorx; we know that
X" = — X = — ( =1;2,3):
The covector k has the coordinates
ki = k g (i=0;1,2,3):

Let us accept the convention that the coordinates of vectors are denotedyb
superscripts and the coordinates of covectors are denoted by subgats, and we
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shall not indicate that the coordinates run from 0 to 3. Then the symbol x xf
and k  k; will mean that the vector x (covector k) has the coordinates x'
(ki):
PR A
We have k x = kix': According to the Einstein summation convention
i=0 _
we shall omit the symbol of summation as well: k x = kjx':
The various tensors are given by coordinates with respect to the terw
products of the corresponding bases (e.g. & € | ij = 0;1,23) or
(ei k!ji;j =0;1;2;3)); as the following symbols show:

T2M M; T T,
L2M M ; L LY,
P2M M; P Pl;
F2M M ; F FijZ

Applying the Einstein summation convention we can write, e.g. T k TV k;;
L x Lijx; L T L5Tk; TrL =Llj; ete.

We know that x y makes no sense fox;y 2 M ; in coordinates this means
that x'y' makes no sense. SimilarlyL. k makes no sensefo. 2M M and
k 2 M ; in coordinates this means that L'jk; makes no sense. More precisely,
x'y'; etc. do not make an absolute senseOf course, the value of this expression
can be computed, but it depends on the coordinatization: taking the cerdinates
x? and y? relative to another coordinatization and computing x°y? we get a
di erent value.

We can see that, in general, a summation makes an absolute sense only for
equal subscripts and superscripts.

10.3.2. Recall that we have the identi cation S % and under this
identi cation the dual of the orthogonal basis (e1; ez; e3) becomes €~ =
1;2;3): The coordinatesofp2 S arep :=p e ( =1;23): If we consider
p as an element of% then it has the coordinates p := m? = p =p
( =1;2,3):

Similarly, g 2 S has the coordinatesq := =~ q ( =1,2;3): If we consider
g as an element ofS L L; then its coordinates areq := ﬁ(q e)=gq
( =1;2,3):

Thus dealing exclusively with spacelike vectorswe need not distinguish be-
tween superscripts and subscripts. We know thatq q makes sense for a spacelike
vectorg;andgq g 99 =dq =qq:

We emphasize that this is true only if we use an orthogonal and normed basis
in S (see V.3.20).
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10.4. Reference systems associated with global rigid observers

10.4.1. We know that the space § of a global rigid observer U is a three-
dimensional a ne space. Moreover, givent, 2 T and ¢, 2 Sy; or, equivalently,
given 02 M |called the origin|suchthat 0= g, ?ty; to = (0); G = Cy(0),
we establish the (double) vectorization

T Sy! T S; Ga) 7 (t to; g2t G ?to)
=(t  (0:;9? (0) 0);

which is an orientation preserving a ne bijection.

Then choosing ans 2 T* (a positively oriented basis in T) |called the
time unit [|and a positively oriented basis ( X1; X2; X3) in S |called the space
basis|, we can establish coordinatizations of time and U -space:

t (9

S

Su(@:=(p (@? (0 0oj =1:23); (a2 Su);

where (*; p?; p2) is the dual of the basis in question.

Evidently, T and Sy are orientation preserving a ne bijections; we know
that  is an orientation preserving smooth bijection whose inverse is smobt
as well (see 4.3.2 and 4.4.3), thus Y;T;Sy) is a reference system. For the
corresponding coordinatizatioin K :=(T Sy) y we have

T(t):=

(t2T);

(x_ 0

K(x)= S

P (Cu(x)? (0) 0) o105 (X2 M);
I
5@ !
K (% )= Cy o+ x ? (9+ % (% )2rR R®:
=1
T and Sy are ane coordinatizations of time and U -space. Evidently,
K=(T Sy) u isan ane coordinatization of spacetime if and only if

is an a ne map which holds if and only if U is a global inertial observer (see
5.1).

10.4.2. Let us take a uniformly accelerated observerU having the constant
acceleration valuea (see 5.2).
Then, according to 5.2.3, for the coordinatization treated in 10.4.1 we have
. 1 2
KX)= ———p ue (x 0 zal (x 0)

(x2 M)
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and

K (9% )=o+ "sU(o)+X3 X +
=1

02525 (% )Y2R R3):

10.4.3. Let us take a uniformly rotating observer U; and let o; ¢ and
be the quantities introduced in 5.3.

Then, according to 5.3.4, for the coordinatization treated in 10.4.1 we have

K(x) = %; p e ( (x o) ¢ (x 0 o (x 2 M);
L
K (% )=Cu(@? (0g+ % +e s X (% )2R R®:

=1

10.4.4. To summarize the results from this subsection, we can say:

Galilean reference system = global inertial observer + measuring tine with
respect to an initial instant and a time unit + introducing orthogonal ( Cartesian)
coordinates in the observer space.

A ne reference system = global inertial observer + measuring time with
respect to an initial instant and a time unit + introducing (obliqu e-angled)
rectilinear coordinates in the observer space.

Other reference systems treated previously = global rigid observer- mea-
suring time with respect to an initial instant and a time unit + int roducing
rectilinear coordinates in the observer space.

For the solution of some practical problems we often use reference sgshs in
which curvilinear coordinates (e.g. spherical coordinates or cylidrical coordi-
nates) are introduced in the observer space.

10.5. Equivalent reference systems

10.5.1. In textbooks one usually formulates the principle|without a precis e
de nition|that the Galilean reference systems are equivalent with respect to
the description of phenomena. It is very important that then one takes tacitly
into consideration Galilean reference systems with the same timenit and the
same distance unit.

Reference systems as we de ned them are mathematical objects. Thépsical
object modelled by them will be called here a physical referenceystems. When
could we consider two physical reference systems to be equivatenThe answer
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is: if the experiments prepared in the same way in the referencgystems give the
same results. Let us see some illustrative examples.

Take two physical Galilean reference systems in which the time uits and dis-
tance units are di erent and perform the following experiment in both systems:
let an iron ball of unit diameter moving with unit relative velocity hit a sheet
of glass of unit width perpendicularly. It may happen that the ball bounces in
one of the reference systems, the glass breaks in the other. The tweference
systems are not equivalent.

Take an ane reference system in which the rst space basis elementis
perpendicular to the other two basis elements; take another a ne rekrence
system in which the rst space basis element is not perpendiculato the other
two basis elements. Perform the following experiment in both syems: let a ball
moving parallel to the rst space axis hit a plane parallel to the other two axes.
The ball returns to its initial position in one of the reference systems and does
not in the other. The two reference systems are not equivalent.

10.5.2. Recall the notion of automorphisms of the spacetime model (1.5.4).
An automorphism is a transformation that leaves invariant (preserves) the struc-
ture of the spacetime model. Strict automorphisms do not change timeeriods
and distances.

It is quite natural that two objects transformed into each other by a strict
automorphism of the spacetime model are considered equivalent (i.eidentical
from a physical point of view).

In the next paragraph we shall study the Noether transformations that involve
the strict automorphisms of the spacetime model. Now we recall the bas facts.

Let SO(h) denote the set of linear mapsR:S ! S that preserve the
Euclidean structure and the orientation of S:h (R R)= h and detR =1

(see 11.1.2).
Let us introduce the notation
N*' :=fL:M! MjL isane, L= ; Ljs2SO(h)g

and let us call the elements ofN *'  proper Noether transformations. It is quite
evident that (L; 1r; 1.) is a strict automorphism of the spacetime model if and
only if L is a proper Noether transformation (11.6.4).

Ananemap ti L: T ! T can be assigned to every proper Noether trans-
formation L in such a way that L=(tiL) (see 11.6.3).

10.5.3. De nition.  The coordinatizations K and K ° are called equivalent
if there is a proper Noether transformation L such that
KO L=K:

Two reference systems areequivalent if the corresponding coordinatizations
are equivalent.
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Proposition.  The reference systems 0; T;Sy) and (U% T2 Syo) are equiv-
alent if and only if

(i) L * U® L=U;inotherwords, L U=U° L;

(i) TO (tiL)= T; in other words, T® ' T =t L:
(i) Sys Su Cy=Cyo L

Proof. Let K and K9 denote the corresponding coordinatizations. It is
quite trivial that if the relations above hold, then K and K are equivalent.

Let us suppose now that the two reference systems are equivalent.hen

(i) K=KO9 L,K =L ' KO hold for the coresponding coordinatiza-

tions. Then L = together with 10.1.4 imply
@K ! K(x) L1 @K% KYL(X)

— — - 1 0 .
V0= =@k Tk - LT @orkqLmy - Ot

(ii) The equalities
T =p® K=pr® KO L=T% L=7°(tiL)
yield the desired relation immediately.
(iii ) Consider the equalities

Sy Cu=pr K=pr KO L=Sye Cyo L:

10.5.4. Now we shall see that our de nition of equivalence of reference
systems is in accordance with the intuitive notion expounded in 10.5.1.

Proposition. Two Galilean reference systems are equivalent if and only if
they have the same time unit and distance unit, respectively.

Proof. Let the Galilean coordinatizations K and K° be de ned by the
origins o and o® and the spacetime bases€p; e1; ey; e3) and (e$; e?; e3; e9);
respectively.

Then L:= K%' K:M! M isthe ane bijection determined by

L@©=0% L e=¢ (i=0;1,23):

Evidently, L is orientation preserving. Moreover, L = if and only if
eo= € and Ljg 2SO(h) ifand only if je j=je%j ( =1;2;3):
10.6. Exercises

1. Reference systems give rise to coordinatizations, hence we can &ppaill
the notions introduced in VI.5, e.g. the coordinatized form of vector elds.
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Let K be a coordinatization corresponding to a reference system whose
observer is U. Demonstrate that the coordinatized form of U according to
K is the constant mapping (1 0): (U is a vector eld of cotype T; hence by
de nition, (D K U) K ! isits coordinatized form according to K:)

2. Take a uniformly accelerated observerU having the acceleration value
a 6 0: Dene a Galilean reference system with arbitrary time unit s and
distance unit m , an origin o and with a spacetime basis such thateg := sU (0);
e, = m%; e, and ez are arbitrary. Demonstrate that then U has the
coordinatized form

0. 1. 2. 3 7! 1 0. 00:
where is the number for which jaj = I holds.

P
The U -line passing through o+ 'e; becomes
i=0

1
tre )+ 5 9% %% t2R

3. Take a uniformly rotating observer U having the angular velocity = and
suppose there is an inertial U -space pointg, = o+ ¢ T: Dene a Galilean
reference system with origino; with arbitrary time unit s and distance unit m
and e := sU(0); ez positively oriented in Ker ; jesj= m; e; and e, being
arbitrary. Demonstrate that then U has the coordinatized form

0. 1. 2.3 7 1. | 2.1 L,
where ! is the number for which j j =1 % holds.
The U -line passing through o+ _po ‘e; becomes
i=
n
t lcosl (t 9 Zsint(t 9
Ysint @t 9+ 2cost (t 9; % t2 RO:

4. Prove that two a ne reference systems are equivalent if and only ifthey
have the same time unit and the corresponding elements of the spaceabes have
the same length and the same angles between themselves; in other wordke
a ne reference systems de ned by the origins o and o and the spacetime bases
(Xo; X1; X2; x3) and (x3; x?; x9; x9); respectively, are equivalent if and only
if
Xo=  XJ



118 I. Nonrelativistic spacetime model

and
x0 (; =1:2:3):

5. Prove that two reference systems de ned for uniformly accelerad ob-
servers in the form given in 10.4.2 are equivalent if and only if the two acelera-
tion values have the same magnitude, the time units are equal, the coesponding
elements of the space bases have the same length and the same angles betw
themselves, and the acceleration values incline in the same way td¢ basis el-
ements; in other words, if a and a° are the acceleration values,s and s° are
the time units, (x1; X2; x3) and (x?; x9; x9) are the space bases, then the
two reference systems are equivalent if and only if

jaj=ja%  s=s%
0 xo, X 8. .XZ..aO (; =1;23)
jx jiaj  jx°jjag

6. Prove that two reference systems de ned for uniformly rotating okservers
in the form given in 10.4.3 are equivalent if and only if the angular velocites
have the same magnitude, the time units are equal, the correspondinglements
of the space bases have the same length and the same angles between thelves
and the oriented kernels of the angular velocities incline in the sam way to the
basis elements.

7. Take a global inertial observer and construct a reference system bykerical
(cylindrical) coordinatization of the observer space. Find necessarand su cient
conditions that two such reference systems be equivalent.

8. In all the treated reference systems time is coordinatized by an ane map.
Construct a reference system based on a global inertial observer in vidh the
time coordinatization is not a ne.

11. Spacetime groups

11.1. The three-dimensional orthogonal groups

11.1.1. (S;L;h) is a three-dimensional oriented Euclidean vector space.
Recall the notations (see V.2.7)

A(h): A

o(h):

A2S S jA”

—lw
—lw

R !:

R2S SR>

A(h) is a three-dimensional subspace inS S and O¢(h) is a three-
dimensional Lie group having A() as its Lie algebra (VII.5).



11. Spacetime groups 119

11.1.2. We know that jdetRj=1 for R 2 O(h) (see V.2.8). We introduce
the notations

SO(h) := O(h)* :
o(h)

fR20O(h)j detR =1g;
fR20O(h)j detR = 1g:

The elements of SO(h) are called rotations.

Since the determinant is a continuous function, O(h)* and O(h) are dis-
joint.

Evidently, 1s 2 O(h)* and 1s 2 O(h) ; moreover, ( 1s) O(h)* =
O(h) :

The determinant is a continuous function, hence both O(h)* and O(h)
are closed. Moreover, we know thatF 7! Tr(F> F) is an inner product
(real-valued positive de nite bilinear form) on S S (see V.2.10). Since
Tr(R> R)=Tr(1s)=3 forall R 20¢(h); O(h) is a bounded set.

Thus we can state, that O(h); O(h)* and O(h) are compact (closed and
bounded) sets.

11.1.3. Let R 2 SO(h): Forall x 2 S we have JR xj = jxj: As a
consequenceR x = Xx implies = 1

Proposition.  For every R 2 SO(h) there is a nonzerox 2 S such that
R X = x; moreover,
ar = fx2Sj R x=xg

is a one-dimensional linear subspace if and only iR 6 1s:

Proof. ltis trivial that ag = S for R = 1g:
IV.3.18 and V.1.5 result in

det(R 1g)=det(R R> R)=det(1ls R”)detR = det(R 1s):

Consequently, detR 1s)=0; R 1g is not injective, there is a honzero
X suchthat (R 1s) x = 0:

Let us supposeagr is not one-dimensional, i.e. X; and X, are not parallel
vectors such that R x; = x; and R X, = x3: Then for every elementx in
the plane spanned byx; and x, we have R x = x: This means that the plane
spanned by x; and x is invariant under R and the restriction of R onto that
plane is the identity. Let y be a nonzero vector orthogonal to the plane spanned
by x; and x;: Since R preserves orthogonality, R y must be orthogonal to
that plane, i.e. itis parallelto y: R y = y: R is orientation preserving, thus
R y =y musthold. This meansthat R = 1s: =

For R 6 1g; ar is called the axis of rotation of R:
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11.1.4. For R 2 SO(h) the symbol a; will stand for the orthogonal
complement of ar :

a% := fx 2 Sj x is orthogonal to agg:

Evidently, a3 = fOg for R = 15 and a} is a plane for R 6 1s: Moreover, a3
is invariant under R:

The restriction of R 6 15 onto a3 is a rotation in a plane which “evidently'
can be characterized by an angle of rotation. This is the content of the follwing
proposition.

Proposition. If x and y are nonzero vectors ina3 then

Xx Rx_y Ry,

ixj2 jyi2
Proof. We can exclude the trivial casesR x = x and R x = x for all
X 2 a5 (note that the rst case is R = 1s):
It will be convenient to put n := %-; k := X and to consider R to be a

ixj?
linear map on %: Let us introduce the notation

i

S. . .
Sk = nZEJn is orthogonalto ar; jnj=1

The proof consists of several simple steps whose details are left the reader.
(i) Let n and k be elements ofSg orthogonal to each other. Then, excluding
the trivial case,
n R kéO0:

Indeed,
l=detR=(n R n)k R k) (n R k)k R n)

and because of the Cauchy inequality (apart from the trivial case), 6 R n)(k
R k)< L

(i) R n6 R ! n: Indeed, supposeR n =R ! n: Then we get from the
previous formula that

1=(n R n)k R k) (n R k)(k R n)=
=(n R n)k R k) (n R k)(n R k);

which implies (n R n)(k R k) > 1 contradicting the Cauchy inequality.
(i) 06 R n R ! n isorthogonal to n; hence it is parallel to k:
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(v) R n+R ! nisorthogonalto R n R ! n; hence it is orthogonal
to k as well. Consequently,

n R k+k R n=0:

(V) R n=(n R n)n+(k R n)k; and from a similar relation for R k
we have

0=(R n) (R k)=(n R n)(n R k)+(k R n)k R k)

then we infer from (i) and (iii )that n R n=k R k:
(vi)lf m2Sg thenm= n+ k; 2+ 2=1andm R m=n R n:
[ ]

Now let us return to 0 6 x 2 S; orthogonal to ar: The Cauchy inequality
givesjx R Xxj j xj?; thus

X R x
R = arccosW 21[0; ]

is meaningful, which is called theangle of rotation of R:
Observe that
| r =0 ifandonlyif R x = x forall x orthogonal to ag; i.e. R = 1g;
| r = fandonlyif R x = x forall x orthogonal to agr:

11.1.5. Proposition. Let R 6 1s and r 6 : Take an arbitrary nonzero
X 2 a%: Let y 2 a3 be orthogonal to x; jyj = jxj; and suppose X;y) and
(x;R x) are equally oriented bases ina%: Then

R x =(cos r)x +(sin Rr)y:

Proof . Since R x = Xjszxx + yjszxy; we easily nd that cos? g +
2
yijjzX =1: As a consequence of the equal orientation ofx(y) and (x;R Xx);
we have {Xﬁyxj > 0 which implies that this expression equals sinr (because
r IS between 0 and ):

11.16. Let R 6 1s and g 6 : Then x and R x are linearly independent
if X is a nonzero vector orthogonal toag : Itis not hard to see thatif y is another
nonzero vector orthogonal to ar ; then the pairs (x;R x) and (y;R y) are
equally oriented bases ina : As a consequence,R x)” x and (R y)"vy are
positive multiples of each other.
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Since j(R x)* xj2 = jxj4 (x R x)2 = jxj"’sin2 rR; we have that for
R 6 1g; R 6

(R x)"x

e R 2 A(h) (08 x 2a3)

logR

is independent of x: Moreover, put
log(1s) := 02 A(h):

It is easy to see that
(i) Ker(logR) = ar;
(i) jlogRj=g;
(i) if R 6 1s then for an arbitrary nonzero x 2 a3; (x; R x) and
(x; (Iog R) x) form gqually orienFed bases inaj:
In this way, assuming the notations

N:=fR2SO(h)j r6 g; P:= A2AN) jAj<

we de ned a mapping log: N! P; we shall show that log is a bijection whose
inverse is the restriction of the exponential mapping (see VI1.3.7).

11.1.7. Proposition. For 06 A 2 A(h) putting := jAj; Aoy := j’/;\—j; we
have
e = Ay %cos +Agsin + 1g+ A% :
Proof . Recall that A®= 2A (see V.3.10); thus
X— An A2 A3 A4 A5 A6 A7
et = OW:lS+A+?+§+ﬁ+ﬁ+a+7+:::
n=l
A2 A2 A2 2A2 4A2
S T T E TR~
2 4 6
+ A A + A A +
3! 5! 7!

which yields the desired result by A = A,: =

Note that for A 6 0; 1s + A2 is the orthogonal projection onto the plane
orthogonal to the kernel of A:
As a consequence, ifA 6 0 then
(i) e x =x for x 2 KerA (the axis of rotation of e* is the kernel of A);
(i) e x =(cos )x +(sin )A, x for x orthogonal to KerA (the angle of
rotation of e is = jAj);
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11.1.8. Proposition. For R 2 N
d9R = R

and for A2 P
log(e®) = A:

Proof . Evidently, for R = 15 and for A = 0 the equalities hold.
If R 6 1s and x isin ag then, obviously, €9R x = x = R x: If x is
orthogonal to the axis of rotation of R; then

. logR
d9R x =(cos Rr)X +sin g 9% y =R x:
R

in view of 11.1.6 and 11.1.7.

According to the previous proposition, for A 6 0; the axis of rotation of
e* is the kernel of A; the angle of rotation of € is jAj: Thus if x 2 KerA
then log(e®) x = 0 = A x: If x is orthogonal to the kernel of A; then

log(e) = 1%5% and an easy calculation based on the formula in 11.1.6

yields that log(e®) x = A x:

11.1.9. 1t is trivial that the closure of N is SO(h): It is not hard to see
that exponential mapping A(h) ! SO (h) maps the closure of P onto SO(h):
However, the exponential mapping on the closure of P is not injectiveif jAj =
then e* =e A:

Since the closure of P is connected and the exponential mapping is cantious,
SO(h) is connected as well.

(However, SO(h) is not simply connected: it is homeomorphic to a set which
is obtained from the closure of P by “sticking' together antipodal pointsof the
boundary of P.)

The one-parameter subgroup ofSO(h) corresponding to A 2 A(h) is R!
SO(h); t 7! €A If A 6 0; then all the elements of the one-parameter subgroup
are rotations around the same axis KeA:

Since the exponential mapping is surjective, every element 050(h) is in a
one-parameter subgroup.

11.1.10. In physical applications we meet 20"} instead of A(h): If 2 A,
then we can give a functionR : T 1 SO (h); t 7! &t ') ; where t, is a xed
element of T: Then every value of such a function is a rotation around the same
axis; the angle of rotation of R(t) is (t to)j j: Thus j | is interpreted as the
magnitude of the angular velocity and itself as the angular velocity of the
rotation.
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We know that R is di erentiable, R-= R; from which we infer that
=R R %

In general, consider a di erentiable function R : T SO(th) S S:lts
derivative at t; R(t); isalinearmap from T into S S that takes values in the
tangent space of SO(h) at R(t) whichis R(t) A(h)=fR(t) Aj A 2 A(h)g
(see VII.3.3). In other words, R{(t) 2 w; i.e. R(t) ! R(t) 2 @: Then

V.2.11(ji ) implies that R(t) R(t) * R(t) R(t) *isin 2" as well;

(t):= R(t) R(t) 2 @

is called the angular velocity valueat t; and the function : T A s the
angular velocity.
Evidently, R is the solution of the di erential equation

(X:T SO(h))? X = X

11.2. Exercises

1. Let us coordinatize SO(h) by the Euler anglesas follows.
Let (ny1; np; ng) be a positively oriented orthonormal basis in %: If R nj
; . .— N3 (Rng)
is not parallel to n3; put n := TFRGED] and
#r :=arccos(ng R nj);
R :=sign(n ny)arccos ni);
r :=sign(n R ny)arccosqh R nj)

where signx ;= X if 06 x 2 R and sign0 := 1.
Prove that if R; denotes the one-parameter subgroup of rotations around;
(i=1;2;3) then

R =R3('r) Ri(#r) Rs( Rr):

2. Let R: T SO(h) be a dierentiable function and put R *: T
SO(h); t 7' R(t) : Using R R = 1g provethat R ! is also di erentiable
and

R' = R'RRH!.

3. Provethatfor 0 r2L; x2S jxj=r isanorbitof SO(h) and all
its orbits are of this kind.
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11.3. The Galilean group

11.3.1. We shall deal with linear maps from M into M ; permanently
using the identi cation Lin( M) M M : The restriction of a linear map
L:M! M (L2M M )onto SequalsL i wherei:S! M (i2M S)is
the canonical embedding. The symbolL i 2 i O(h) means that the restriction
of L onto S is in O(h); i.e. there is an R 2 O(h) S S such that
Li=i R:

First we de ne the Galilean group and then studying it we nd its phy sical
meaning.

De nition.
G=fL2M M j L = ;L i2i O(h)g

is called the Galilean group; its elements are theGalilean transformations.
If L is a Galilean transformation then

+1 if L =
arL := )
1 if L=
is the arrow of L and
. +1 ifL i2i O(h)"
signL := . C oA
1 ifL i2i O(h)
is the sign of L:
Let us put
G"' :=fL2GjsignL =arL =1g;
G :=fL2GjsignL = arL =1g;
G' :=fL2GjsignL = arL = 1g;
G :=fL2GjsignL =arL = 1g:
G"' s called the proper Galilean group. m
(i) The condition L = implies that S is invariant under the linear map

L:M! M:
(ii) The condition L i 2 i O(h) means that there is a (necessarily unique)
R in O(h) such that
L i=i R.:
(iii ) The Galilean transformations are linear bijections: if L x = 0 then
X = 0; i.e. x isin S; the restriction of L onto S is injective, thus x = 0:
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(iv) It is quite trivial that G is indeed a group: the product of its elements as
well as the inverse of its elements are Galilean transformations.

11.3.2. Proposition. The Galilean group is a six-dimensional Lie group
having the Lie algebra

La(G=fH2M M j H=0;H i2A(h)g

Proof . According to the previous remark, G is a subgroup of GL(M ) which
is sixteen-dimensional.

We have to show that the Galilean group is a six-dimensional smooth sub
manifold of GL(M):

Observe that if L 2 G; then

u L i:RL

forall u 2 V(1); where R is given in the previous remark.
Sth):=fS2S S j S> = Sg is a six-dimensional linear subspace and

GiGLM)! (T M) Sth)y; L7 L; (e L i) (oL i)

is evidently a smooth map; G is the preimage off(  ;1s)g by .
The derivative of |, at L is the linear map

Duy(L): M M ! (T M) S(h);
H7' H: (o H ) (oL D+ o Li)y (uH I

which is surjective: (k;T) 2 (T M ) S(h) is the image by D ,(L) of
U k+@=2)( , L i)y T

Thus, being a six-dimensional submanifold inGL(M ); the Galilean group is
a Lie group; its Lie algebra is KerD  (1y):

If D (1w )(H) = 0; then H=0;,and , H i isin A(h): Since the
rst condition meansthat H 2S M ; wehave y H i=H i: Hence the
kernel of D (1m ) is the linear subspace given in our proposition.

11.3.3. The mappings G !'f 1;1g; L 7! arL and G !f 1;1g; L 7!
signL are continuous group homomorphisms. As a consequence, the Galilean
group is disconnected. We shall see in 11.4.3 that the proper Galilean group
G"' is connected. Itis quite trivial thatif L 2G* thenL G'' =G and
similar assertions hold for G' and G as well. Consequently, the Galilean
group has four connected components, the four subsets given in De nitin 11.2.1.

From these four components only G"' |the proper Galilean grouplis a
subgroup; nevertheless, the union of an arbitrary component and of the mper
Galilean group is a subgroup as well.
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G =G"' [G' s called the orthochronous Galilean group.
If L 2 G; then L preserves or reverses the “orientation' of timelike vectors
according to whether arL =1 or arL = 1:

if arL=1 then L(T')=T'; L(T )=T ;
if arL= 1 then L(T')=T ; L(T )=T":

Moreover, L preserves or reverses the orientation o5 according to whether
signL =1 or signL = 1

The orientation of S given in 1.2.4 shows that the elements oG*' and G
preserve the orientation of M ; whereas the elements ofG* and G' reverse
the orientation.

11.3.4. M is of even dimension, thus 1y is orientation preserving. Evi-
dently, 1y isin G ; itis called the inversion of spacetime vectors.We have
that G =( 1y) G :

We have seen previously that the elements ofG" invert in some sense the
timelike vectors and do not invert the spacelike vectors; the elerants of G'
invert in some sense the spacelike vectors and do not invert the tielike vectors.
However, we cannot select an element o'  and an element of G'  that we
could consider the time inversion and the space inversion.

For each u 2 V(1) we can give au -timelike inversion and a u -spacelike
inversion as follows.

The u -timelike inversion T, 2 G* inverts vectors parallel to u and leaves
spacelike vectors invariant:

Ty u:= u and To q:=q for g2 S:

In general,
Ty x= u( x)+ y x= 2u( x)+x (x2M)
ie.
Tu=1v 2
The u -spacelike inversionP, 2 G' inverts spacelike vectors and leaves

vectors parallel to u invariant:
P, u:=u and P, g:= ¢ for qz2s:

In general,
P, x=u( x) u X=2u( Xx) x (x2M);
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We easily deduce the following equalities:
Ty 1:Tu; Py l:Pu; Ty = Py;

Tu Pu = Pu Tu = 1M.

11.3.5. The three-dimensional orthogonal groupis not a subgroup of the
Galilean group: O(h) cannot be a subgroup of G because the elements ofG
are linear maps de ned on M whereas the elements ofO(h) are linear maps
denedon S (S S isnotasubsetofM M ):

It is quite obvious that

G !0 (h); L 7' RL

(where L i =i RL) is a surjective Lie group homomorphism.
For every u 2 V (1);

O(h)y :==fL2G" jL u-=ug;

called the group of u -spacelike orthogonal transformationsjs a subgroup of G ;
the restriction of the above Lie group homomorphism to O(h), is a bijection
between O(h), and O(h):

Indeed, if L u=u and R = 1g, then L is the identity on the complemen-
tary subspacesu T and S; thus L = 1y : the group homomorphism from
O(h), into O(h) is injective.

If R 20(h) then

R, =u +R

is a Galilean transformation in O(h), and y Ry i = R (recallthat , L i =
R for all Galilean transformations L): the group homomorphism from O(h),
onto O(h) is surjective.

11.3.6. The kernel of the surjection G !0 (h); i.e.
Vi=fL2G jR_=1sg=fL2G" jL i=ig
is called the special Galilean group.Observe that V is a subgroup of G*' :
The special Galilean group is a three-dimensional Lie group having the &
algebra
La(V)=fH2M M | H =0; H i=0g:

Proposition. If L 2V; then there is a unique v, 2 % such that

L x=vi( x)+Xx (x2M);
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L=1uy + vL
The correspondenceV ! %; L 7! v is a bijective group homomorphism
regarding the additive structure of % (i,e. v xk = v +vg forall L;K 2V):
Proof . Let L be an element ofV: Let us take an arbitrary u 2 V(1) and
put vp ;== L u u: We claim that v, does not depend onu: Indeed, if
u2 v (1) then

(Lu u) (L u uWy=L W uy @ uYy=o;

becauseL (u u%=u u% Moreover, (L u wu)= 0;thus v, isin 2:
This meansthat L u=u+ v, forall u2V():
Then we nd that for x 2 M

L x=L (u( x)+ 4y x)=(u+vy) x+ 4y x=v ( XxX)+x:

This formula assures, too, that L 7! v is a group homomorphism.
If v = Othen L u = u forall u2 V(1) implying L = 1y; thus

the correspondence fromV into % is injective. Evidently, if v is in % then
Iy +v is a special Galilean transformation: the correspondence is surject.

In view of our result, the special Galilean group is a three-dimensioal com-
mutative group.

11.3.7. (i) If u;u®2 Vv (1); then the special Galilean transformation
L@@u):= 1y +(u® u) ;
i.e. the one corresponding tov,o, = u® u is the unique one with the property
Lw®%u) u=u®

Let us recall the splitting of M according to u and u® then we easily nd
that
Lwlu)= yo 1 :

(i ) The product of the u®-timelike inversion and the u -timelike inversion is
a special Galilean transformation:

Teo Tu=(1Iw 20° ) (Iw 2u )= 1y +2vuq
We know that T, 1= T, = Py then we can assert that

Teo Tu Y= Py Py 1= L(u%u)’=
= L(u+2vyou;u)=L(u 2vyo;u):
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11.3.8. Originally Galilean transformations are de ned to be linear maps
from M into M: In the usual way, we can consider them to be linear maps
from M? into ’V'? as we already did in the preceding paragraphs as well.

V (1) is invariant under orthochronous Galilean transformations. Moreover,
the restriction of an orthochronous Galilean transformation L onto V (1) is an
a ne bijection whose underlying linear map|which is the restricti on of L onto
% |[preserves the Euclidean structure.

Conversely, if F is a Euclidean transformation of V (1) |an a ne bijection
whose underlying linear map preserves the Euclidean structurefthen M | M ;
x 7' F (x= x) x is an orthochronous Galilean transformation whose
restriction onto V (1) coincides with F:

Thus we can state that the orthochronous Galilean group is canonically iso-
morphic to the group of Euclidean transformations of V (1):

11.4. The split Galilean group

11.4.1. The Galilean transformations, being elements ofM M ; are split
by velocity values according to 8.1.1. Since L =(arL) and , L i=R_
for a Galilean transformation L and for u 2 V (1); we have

arL 0
L u (arL)u R,

Writing L u (arL)u=(arL)((arL)L u u); we see that the following
de nition describes the split form of Galilean transformations.
De nition.  The split Galilean group is

1 O

s
. R V237 R2SO(h)

Its elements are calledsplit Galilean transformations. m

The split Galilean transformations can be regarded as linear mapsT S'!
T S; the one in the de nition makes the correspondence

tGa) 7' ( t; vt R Q)
The split Galilean group is a six-dimensional Lie group having the Lie algbra

S

0 .
; v2 2 A2Ah)

0
A
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11.4.2. The splitting  according to u establishes a Lie-group isomorphism
between the Galilean group and the split Galilean group. The isomorphisma
corresponding to dierent u® and u are di erent.

The % component in the split form of Galilean transformations, in general,
varies according to the velocity value establishing the splittirg.

The following transformation rule shows well how the splitting depends on
the velocity values.

Let u%u 2 V(1): Recall the notation

o 1_ 1 0
u%u -— uo u - Vi oy 18
Then
1 0 1 1 0 -
uu v R uu T (v vgey) R vy R

11.4.3. The splittings send the proper Galilean group into
1 0 S
v R v 2 T R 2S0O¢(h)

which is evidently a connected set. Since the splittings are Lie grup isomor-
phisms, G'' is connected as well.

11.4.4. If L is a special Galilean transformation andv_ is the corresponding
element of %; then L has the split form

1 0
vip 1s

for all u 2 V(1): the splitting is independent of the velocity value. In other

words, every u 2 V(1) makes the same bijection between the special Galilean
group V and the group

Observe that for all u®u 2 V(1); the vector transformation law is the split
form of a special Galilean transformation:

udu = uo oy 1= u L(U;UO) u L
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11.4.5. The Lie algebra of the Galilean group, too, consists of elements of
M M ; thus they are split by velocity values in the same way as the Galilean
transformations; evidently, their split forms will be di erent.

If H isin the Lie algebra of the Galilean group andu 2 V (1); then

.. 0 0
H u H i

The splitting according to u establishes a Lie algebra isomorphism between
the Lie algebra of the Galilean group and the Lie algebra of the split Galilean
group. The isomorphisms corresponding to di erent u® and u are di erent:

00 - 0 0
v H ™ T v H vy H

11.5. Exercises

1. Provethatforall 06 t2 T; fx 2 M j X = tg is an orbit of the special
Galilean group as well as the proper Galilean group. What are the orbits for
t=07?

2. Beside the trivial linear subspacesfOg and M , S is invariant under all
Galilean transformations and every linear subspace ofS is invariant under all
special Galilean transformations.

3. The transpose of a Galilean transformation is a linear bijectionM | M
Demonstrate that the transposed Galilean groupfL j L 2 Gg leaves T
invariant; more closely, if L 2G and e2 T ;then L e=(arl)e:

Furthermore, if k 2 M ; and L Kk is parallel to k for all Galilean trans-
formations L; then k isin T

4. The subgroup generated byf T, j u 2 V (1)g is the special Galilean group.

5. Prove that

Find 4o Ty yo fand ,o P, o 1
6. The u -splitting of the Galilean group sends the special Galilean group into
the group

1 0 S
15 V2?7
whose Lie algebra is
0 0 v 2 §
v O T
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The u -splitting of special Galilean transformations does not depend onu:

7. The Lie algebra of O(h), equals

H2La(G) H u=0:

8. The u -splitting sends the subgroup O(h), into the group

0
0 R R 20¢(h)
having the Lie algebra
0 0
0 A A 2 A(h)

Find the u®-splitting of O(h), for u°6 u:

9. Recall the notation introduced in 11.3.7 and prove that

| L@u%u) '=1L(u;uY;

| L@uU% L@uw%u)= L@u%u):

10. For all u 2 V(1) and for all Galilean transformations L we have that

R(L;u):=(arL)L(u;(arL) u) L=(rL)L+(u (arL)L u)

isin O(h)y and R (L;u)js, = R In other words, given an arbitrary u 2
V (1); every Galilean transformation L is the product of a special Galilean
transformation and a u -spacelike orthogonal transformation, multiplied by the

arrow of L :

L=(arL)L((arL(u);u) R(L;u):
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11.6. The Noether group

11.6.1. Now we shall deal with ane maps L: M ! M; as usual, the linear
map under L is denoted by L:

De nition.
N:=fL:M! MjL isane, L 2Gg

is called the Noether group its elements are theNoether transformations.
If L is a Noether transformation, then

arL :=arlL; signL :=signlL:

N*': N* ; N' andN are the subsets ofN consisting of elements
whose underlying linear maps belong toG'' ; G* ; G' and G ; respec-
tively.

N*' is called the proper Noether group ®

The Noether group is the a ne group over the Galilean group; according to
VI1.3.2(iii ), we can state the following.

Proposition.  The Noether group is a ten-dimensional Lie group; its Lie
algebra consists of the ane mapsH : M ! M whose underlying linear map is
in the Lie algebra of the Galilean group:

La(N)=fH2A M ;M)j H=0, H i2A(h)g: =

The proper Noether group is a connected subgroup of the Noether group. As
regards N* ; etc. we can repeat what was said about the components of the
Galilean group.

N' := N*' [N ' is called the orthochronous Noether group.

11.6.2. We can say that the elements of N invert spacetime in some
sense but there is no element that we could call the spacetime inv&ion.

For every 0 2 M we can give the o-centered spacetime inversion in such a
way that rst M is vectorized by O,; then the vectors are inverted ( 1y is
applied), nally the vectorization is removed:

lo:= Qg ! ( Im) Oo;

lo(X):==0 (X 0 (x2 M):

Similarly, we can say that in some sense the elements oN ' contain
spacelike inversion and do not contain timelike inversion; the elemnts of N *
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contain timelike inversion and do not contain spacelike inversion. Howver, the
space inversion and the time inversion do not exist.

For every 0 2 M and u 2 V(1) we can give the o-centered u -timelike
inversion and the o-centered u -spacelike inversionas follows:

Tuo(X):= 0+ Ty (X 0); Pyo(X):= 0+ Py (X 0 (x 2 M):

11.6.3. Let L be a Noether transformation. If x and y are simultaneous
then L(x) and L(y) are simultaneous as well:

(Lx)  (kyn= L x y=@lL) x y=0:

Recall that T is identi ed with the set of hyperplanes of M directed by S:
Thus for a Noether transformation L we can de ne the mapping

tiL:T! T; t 7! L[t]:

Observe that
(tiL) = L

or, in other words,

L)t = (L) (x21);

from which we get immediately that
(tiL)(t) @L)s)y=(@rL)(t s (ts2T):

Thus tiL is an ane map over (ar L)1t:

According to Exercises VI.2.5.6{7, if arL = 1; then tiL is a translation, i.e.
there is a uniquet 2 T such that (tiL)(t)=t+t; if arL = 1; thentiL isan
inversion, i.e. there is a uniquet, 2 T such that (ti L)(t) = t, (t to):

11.6.4. Noether transformations are mappings of spacetime. They play a
fundamental role because the proper Noether transformations can be conigred
to be the strict automorphisms of the spacetime model, according to B nition
1.6.1.

11.6.5. Let us denote the translation group of T by Tn(T) and consider it
as an ane transformation group of T: t2 T actsas T! T; t7l t+t: In
this respect 0 2 T equals the identity map of T: It is quite obvious now that

N' I'T n(T); L7ItiL
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is a surjective Lie group homomorphism. Its kernel,
Ni:=fL2N' jtiL=1rg=fL2N"' | L= g;

is called the instantaneous Noether group. It is a nine-dimensional Lie group
having the Lie algebra

La(N)= fH2A(M :M)j H=0; H i2A(h)g:

Instantaneous Noether transformations leave every instant invariant.
Tn(T) is not a subgroup of N : For every u 2 V (1);

Tn(M)y =fly+utjt2Tg

is a subgroup of the orthochronous Noether group, called the group of u -
timelike translations. The restriction of the homomorphism L 7! tiL onto
Tn(T), is a bijection betweenTn(T), and Tn(T):
In other words, given u 2 V (1); we can assign to everyt 2 T the Noether
transformation
X 7! x + ut

called the u -timelike translation by t:

11.6.6. The Galilean group is not a subgroup of the Noether group. The
mapping N 'G ; L 7! L is a surjective Lie group homomorphism whose kernel
is Tn(M); the translation group of M;

Tn(M)=fTaja2Mg=fL2Nj L =1y0:

As we know, its Lie algebra isM regarded as the set of constant maps from
M into M (VII.3.3).
For every 02 M;
& =fL2Nj L(o)= og;

called the group of o-centered Galilean transformations, is a subgroup of the
Noether group and even of the instantaneous Noether group; the restrictin of
the homomorphism L 7! L onto & is a bijection between G, and G

In other words, given 02 M; we can assign to every Galilean transformation
L the Noether transformation

x7'o+L (X o0);

called the o-centered Galilean transformation by L :
The subgroup of o-centered special Galilean transformations

Vo:=fL2Nyj L 2Vg
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has a special importance.

11.6.7. The three-dimensional orthogonal group is not a subgroup of the
Noether group. The mappingN' 'O (h); L 7! R. (whereL i=1i R_)is
a surjective Lie group homomorphism having the kernel

H:=fL2N' jL i=zig=fL2N' jL2Vg

is called the special Noether group.Observe that H is a subgroup of N ** :
The special Noether group is a seven-dimensional Lie group having the éi
algebra

fH2La(N)j H2La(V)g=fH2A M ;M)j H=0 H i=0g:
Forevery u2 V(1) and 02 M;
O(h)yo:=fL2N' jL(®)=0; L u=ug;

called the group of o-centered u -spacelike orthogonal transformations,is a sub-
group of N' and even of the instantaneous Noether groupN; : The restriction of
the homomorphism N' 1O (h) onto O(h), . is a bijection between O(h)y o
and O(h):

In other words, given (u;0) 2 V(1) M; we can assign to everyR 2 O (h)
the Noether transformation

x7'o+u (x 0o+R | (x o)
called the o-centered u -spacelike orthogonal transformation byR:
11.6.8. The Neumann group
Ci=fL2N;jL i=ig=H\N;

is an important subgroup of the special Noether group. It is a six-dimennal
Lie group having the Lie algebra

fH2La(N))j H 2La(V)g=fH2A M ;M)j H=0; H i=0g:

Proposition. The Neumann group is a commutative hormal subgroup of the
Noether group.

Proof . Let K and L be arbitrary Neumann transformations. Since they
are instantaneous Noether transformations, for all world points x we have that
L(x) x and K(x) x arein S: AsaconsequencelL(x) x=K (L(x) x)=
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KL (x) K (x) and similarly, K(x) x = LK (x) L(x) from which we conclude
that KL (x) LK (x)= 0; i.e. KL = LK; the Neumann group is commutative.

Now we have to show that if L is an arbitrary Neumann transformation
and G is an arbitrary Noether transformation then G LG is a Neumann
transformation, too. Therange of G i isin S; hencelL G i =G i and so
G ' L G i=i which ends the proof.

11.7 The vectorial Noether group

11.7.1. Recall that for an arbitrary world point o; the vectorization of M
with origin 0; O,: M! M; x 7! x o0; is an a ne bijection.

With the aid of such a vectorization we can “vectorize' the Noether group
as well: if L is a Noether transformation then O, L O, ! is an ane
transformation of M ; represented by the matrix (see VI.2.4{(i) and Exercise
VI.2.5)

1 0
L(o) o L

The Lie algebra of the Noether group consists of ane mapsH: M ! M
where M is considered to be avector space(the sum of such maps is a part
of the Lie algebra structure). Thus the vectorization H O, ! is an ane
map M ! M where the range is considered to be a vector space. Then it is
represented by the matrix (see VI.2.4{i ))

0 0
H(o) H

11.7.2. Denition.  The vectorial Noether groupis

Lo a2M; L2G : m
a L
The vectorial Noether group is a ten-dimensional Lie group, its Lie algebrds
the vectorization of the Lie algebra of the Noether group:
0 O .
a H a2M; H 2La(Q
An advantage of this matrix representation is that the commutator of two Lie

algebra elements can be computed by the di erence of their product in di erent
orders.



11. Spacetime groups 139

11.7.3. A vectorization of the Noether group is a Lie group isomorphism
between the Noether group and the vectorial Noether group. The followig
transformation rule shows how the vectorizations depend on the world pints
serving as origins of the vectorization. Leto and o® be two world points; then

1 0
To 00:= Ogo O 1= o o 1y
and
1 0 1_ 1 0 . .
To o0 a L To o0 ~ = a+(L 1M)(00 0 L (@a2M; L 2G):

As concerns the corresponding Lie algebra isomorphisms, we have

0 0

0
a a+H(@ o) H

To o0 '= a2M;H 2La(G) :

0
H

11.8. The split Noether group

11.8.1. With the aid of the splitting corresponding to u 2 V (1); we send
the transformations of M into the transformations of T S: Composing a
vectorization and a splitting, we convert Noether transformations into a ne
transformations of T  S:

For o2 M and u 2 V(1) put

uo:= u Op:MI T 'S x7! x 0); o (x 0:

Embedding the a ne transformations of T S into the linear transformations
of R (T S) (see VI.2.4(i)) and using the customary matrix representation
of such linear maps, we get

0
1 0

1
0
o L w0 =@  L(o o arL 0A:
u L o L u (arL)u R_

The Lie algebra elements of the Noether group are converted into a ne maps
T S! T S where the range is regarded as a vector space. Then we can
represent such maps in a matrix form as well:

0
0 0

1
0

v H 1o 1=@ H(o 0 0 A:
uH(O)H u H i
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11.8.2. Denition.  The split Noether group is

80 1 9
< 1 0 0 S =
@ 1 0A t2T;q2S;,v2=; R2SO(th) : =
q v R T ;
The split Noether group is a ten-dimensional Lie group having the Lie algbra
80 1 9
< 0 0O S =
@t 0 0OA t2T; q2S; v2=; A2A(h) :
g v A T ;

Keep in mind that the group multiplication of split Noether transformat ions
coincides with the usual matrix multiplication and the commutator of Lie algebra
elements is the di erence of their two products.

11.8.3. Every u 2 V(1) and o2 M establishes a Lie group isomorphism
between the Noether group and the split Noether group. Evidently, fordi erent
elements of V(1) M; the isomorphisms are dierent. The transformation
rule that shows how the isomorphism depends on U;0) can be obtained by a
combination of the transformation rules 11.7.3 and 11.4.2.

Though the Noether group and the split Noether group are isomorphic (they
have the same Lie group structure), they are not “identical: there § no “canon-
ical' isomorphism between them that we could use to identify them.

The split Noether group is the Noether group of the split nonrelativistic
spacetime model T S;T;L; ;h): The spacetime model (MT;L; ;h) and
the corresponding split spacetime model are isomorphic, but they annot be
identi ed, as we pointed out in 1.5.3.

11.8.4. It is a routine to check that the isomorphism established by an
arbitrary (u;0) 2 V(1) M sends the subgroups of the Noether group listed
below on the left-hand side into the subgroups of the split Noether goup listed
below on the right-hand side:

80 1 9
< 1 0 O =
TnS) @ 1 0A q2sS ;
" q 0 1s ’
80 1 9
< 1 0 O =
Tn(M) t 1 0A t2T;q2S ;
q 0 1s ’
80 1 0 0l 9
< =
C (Neumann @ 1 0A q2S v2 S :
group) q v 1s T;
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80
H (special < @tl g
Noether group) q v

80
\F (instantaneous < @é 2
Noether group) q v

141
1

0

0A t2T;q2S;v2

1s ’

1
0

0A
R

Il ©

S,

2
S =
qZS;VZ?;RZO(h), :

It is emphasized that the isomorphism established by an arbitrary (;0)

makes a correspondence between the

listed subgroups; of course, ttwrespon-

dences due to dierent (u;0) and (u%a% are dierent.
Moreover, the isomorphism established by (; 0) makes correspondences be-

tween the following subgroups, too:

80
Tn(T), (u-imelke < @%
translations) : 0

80
O(h)u.o (o-centered < 1
u-spacelike orthogonal @o
transformations) 0

80
&  (o-centered < 1
Galilean @o
transformations) 0

0
V, (o-centered special @(1)
Galilean transformations) 0

1 9
00 =
1 0A t2T ;
0 1s :
1 9
00 =
1 0A R20(h) ;
0 R :
1 9
0 O S =
1 0A v2Z;R2S0() ;
\ R T !
0 01 9
1 0A v2§_;
v 1g T

and now it is emphasized that the isomorphism established by (% 0%; in general,
does not make a correspondence between the listed subgroups.

11.8.5.

Corresponding to the structure of the split Noether group, the

following four subgroups are called itsfundamental subgroups:

1 9

<

10 0 =
@t 1 0A t2T ;
0 0 1s

0 1 9
< 1 0 O s~

@ 1 0A V2
0 v 1g ’

The isomorphism established by (;

to the subgroups Tn(T)4; Tn(S); Vo

80 1 9
< 0 O =
@ 1 0A qg2s ;
qg 0 1s ’
80 1 9
< 1 0 O =
@ 1 0A R20() :
0 0 R ’
0) 2 V(1) M assigns these subgroups

and O(h)y.0; respectively.
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It is worth repeating the actual form of the corresponding Noether trandor-
mations:

Tn(T)y : X 7! x + ut (t2T);
Tn(S):x 7! x+q (a2S);
S

Vo: X7l x+v (x 0 VZ? ;

O(h)yo:x7'o+u (x 0+R (X 0 R 20¢(h) :

11.8.6. Taking a linear bijection T! R and an orthogonal linear bijection
S | R3; we can transfer the split Noether group into the following a ne
transformation group of R R3;
80 1 9
< 1 0 O =
@ 1 0A 2R; 2R% 2R3} 2S0(3) ;

which we call the arithmetic Noether group. This is the Noether group of the
arithmetic spacetime model (O(3) denotes the orthogonal group ofR® endowed
with the usual inner product).

In conventional treatments one considers the arithmetic spacetime mdel
(without an explicit de nition) and the arithmetic Noether group whi ch is called
there Galilean group. The special form of such transformations yields tht one
speaks aboutthe time inversion ( =0; 1, =0; =0; = 0); thetime
translations ; 1, =0; =0; = 0);thespacerotations( =0; 1, = 0;

= 0; + ) etc., whereas we know well that such Noether transformations do
not exist: there are o-centered u -timelike inversions, u -timelike translations
and o-centered u -spacelike rotations etc.

11.9. Exercises

1. Let L be a Noether transformation for which L = 1y : Then there is a
uniqgue o2 M such that L is the o-centered spacetime inversion.

2. A Noether transformation L is instantaneous, i.e. is inN; if and only if
all the hyperplanest 2 T are invariant for L:

3. Prove that for all 02 M;

O, N, O 1= L2N

o
r o



11. Spacetime groups 143

4. Find 4o Tuo uo rand yo Puo uo

5. Prove that the subgroup generated byfT,,ju 2 V(1); 02 Mg equals
fL2Nj L i=ig:

6. Forall u2VvV(1); o2 M we have

2t (o) t2m:

(tiTuo)t)= (00 t (0 =t

7. Prove that the derived Lie algebra of the Noether group, i.e. [a(N);
La(N)] equals the Lie algebra of the instantaneous Noether group.

8. LetL2Tn(M): Then y, L 4, ! isthe same forallu and o if and
only if L 2Tn(S):

9. Takeau 2 V(1) andano2 M: If t2T; q2 S; v 2 %; A 2 A(h);
then the maps M! M

iy
(i) g
H() = 3 (i) v (x o (x2 M)

(iv) A v (x 0

are elements of the Lie algebra of the Noether group. Prove that

g (1) X + ut

= ) oxra (x 2 M):
3 (i) x+v (x o '
" (iv) o+u (x o+e?r , (x o0

10. Compute the product of two split Noether transformations:

0 10 1
1 0 O 1 O 0

@ 1 0A@t° 10 o A:
q Vv R q® v0 RO

11. Let L be a Noether transformation.

If r is a world line function, then L r (tiL) * is a world line function, too.

If C is a world line, then L[C] is a world line, too; moreover, if C = Ranr;
then L[C]=Ran L r (tiL) b






Il. SPECIAL RELATIVISTIC SPACETIME
MODELS

1. Fundamentals
1.1. Absolute light propagation

1.1.1. In the previous part material points played a fundamental role, light
beams were mentioned only here and there. Now we concentrate upon light
phenomena.

We experience that a “pointlike’ light beam|let us call it a light signal|
behaves in some respect similarly to a material point; in particulat it moves
relative to observers. There is a noteworthy di erence, however a light signal
cannot stand in any space.

This means that the history of a light signal, too, is a curve in spacetine. In
the nonrelativistic model such a curve cannot be a world line becaues a light
signal moves relative to all observers. If not a world line, then it mwt be
contained in a simultaneous hyperplane which says that a light signal & ected
on a mirror would return to its source exactly when it is emitted, contradicting
to our experience.

As a consequenceabsolute simultaneity and the right description of light
phenomena exclude each otheso we have to construct a new spacetime model.

1.1.2. We have the following experience regarding light propagation.

(L1) The path of a free light signal is a straight line in the space of an inerial
observer.

(L2) Every straight line in the space of an inertial observer can be the path
of a light signal.

(L3) In the space of any observer, a light signal is faster than any material
point moving on the same path.

(L4) The propagation of a light signal in the space of an observer can be
arbitrarily approximated by a motion of a material point.

(L5) The round way speed of light signals is the same over all paths.

None of the statements above involves synchronization. The rst threeones
are evident. The fourth one means that given a start and a goal, for arbitrary
(small) time interval t there is a material point starting together with a light
signal, arrives at the goal t time later than the light signal.
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The last statement is simple and understandable (both Fizeau and Foucdt
measured round-way light speed), nevertheless it deserves somerds. In usual
treatments of relativity one accepts the axiom that \the speed of light in vacuum
is the same for all inertial observers in every direction". This, hovever, would
make sense only with a synchronization. Nonrelativistic theories workwell not
mentioning synchronization (we know why), therefore one does not ralize that
similar axioms are not meaningful without a synchronization; moreover, h usual
treatments synchronizations do not appear at all. That is why the light speed
becomes mystic there: if both a light signal and you move towards me on th
same path then the light signal must be slower to you than to me!

1.1.3. (L3) and (L4) imply:
Light signals on the same path are equally fast

Indeed, if a light signal would be faster than another, then a material pont
approximating conveniently rst light signal would be faster than the other.
It follows then:

The history of a light signal is independent of its source

For an illustration let us consider a lamp on a train and a lamp close to the
rail. When they meet (assuming this idealized event) both emit a ight signal;
the light signals will propagate together both in the space of the Earth and in
the space of the train and even in the space of an arbitrary observer.

According to property (L5), round-way speed does not depend either on the
space point and on the proper time point of the start-goal or on the direction of
the path. All these admit us to state:

Light propagation in spacetime is absolute, homogeneous and isopic.

1.1.4. Knowing that the homogeneous and isotropic round-way speed of
light is ¢:=2:997::: 10°m=s, we can measure distances by light signals. Let
a light signal be emitted in a space point and re ected in another space pint; if
the proper time interval between starting and returning is t, then the distance
between the two space points is%ct .

This means that a distinguished linear isomorphism exists betweethe mea-
sure line of time periods and the measure line of distancesT ! L, t 7! %ct
which makes it possible to disregard the measure line of distancesi. to measure
distances directly by time periods in such a way that

m :=3:336::: 10 °s;

then the round-way speed of light becomes the real number 1.
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This choice makes the formulae of the special relativistic spacetimenodel
much simpler. Of course, even the Planck constant is considered tbe the real
number 1 and then

kg :=8:55::: 1050%:

1.1.5 According to what has been said in the Introduction, spacetime will ke
modelled by an a ne space.

Then it can be shown { the proof lies outside the purpose of this book {
that (M1 }{( M3), (U) and (S4), and (L1 ){( L5) imply that the absolute proper
time progress, absolute light propagation and the Euclidean structure ofmertial
spaces are described by a Lorentz form.

1.2. The spacetime model

1.2.1. De nition. A special relativistic spacetime models a triplet (M ;T;Q);
where

| M is spacetime, an oriented four-dimensional real a ne space (over th e
vector spaceM );

| T is the measure line of time periods and distances,
| 9g:M MI! T T isan arrow oriented Lorentz form. =

Elements of M are calledoccurrencesor world points. Elements of M are
called world vectors.

1.2.2. If (M;T;q) is a special relativistic spacetime model, then ¥;T; Q)
is an oriented and arrow-oriented Minkowski vector space. The resté and
formulae of Section V.4 will be used all over this part. Remember to dstinguish
betweedﬁ x?:= x x and jxj2 ;= jx X]; since T is oriented, the pseudo-length

iXj = jxj2 is meaningful. Moreover, recall

X2M x2>0;
Ti=x2M x?<0;
L:i= x2M x?>=0;x60 ;

(0)]
i

the elements of S; ;= S[f Og; T and L are called spacelike, timelike and
lightlike, respectively.



148 1. Special relativistic spacetime models

Furthermore, the arrow orientation indicates the arrow classesT' and L' ;
forevery x 2 T' andy2T' [ L' wehavex y<O:ThenT := T'

and L := L' are the other arrow classes and
T=T'[T; L=L L
T' and L' are thefuture time cone and the future light cone, respectively;

their elements are calledfuture directed. T and L  are the corresponding
past coneswith past directed elements.
We often illustrate the world vectors in the plane of the page:

This illustration is based on the following: represent R R in the plane in
the usual way by horizontal and vertical axes, called zeroth and rst; draw the
setsS; T' ; L' ; etc. corresponding to the Lorentz form

(0;1);(0;1)7! 00, 11

and to the arrow orientation determined by the condition © > 0; hide the
coordinate axes.

We know that T consists of two disjoint open subsets, the two arrow classes
which can be well seen in the illustration. On the other hand, S is connected, in
spite of the illustration. Keep this slight inaccuracy of the illustration in mind.

1.2.3. Spacetime, too, will be illustrated in the plane of the page. Ifx is a
world point, x +(T' [ L' ) and x+(T [ L ) are called the futurelike and
the pastlike part of M; with respect to x:

If y2x+(T" [ L')|or, equivalently, y x2 (T' [ L' )|then we say
y is futurelike with respect to x (x is pastlike with respect toy); or y is later
than x (x is earlier than y):
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We say that the world points x and y are spacelike separated, timelike
separated, lightlike separatedif y x isin S; T; L; respectively.

1.3. Structure of world vectors and covectors

1.3.1. The Euclidean structure of our space is deeply xed in our mind,
therefore we must be careful when dealing withM which has a nonEuclidean
structure; especially when illustrating it in the Euclidean plane of the page. For
instance, keep in mind that the centre line of the conel' makes no sense
(the centre line would be the set of points that have the same distane from
every generatrix of the cone but distance is not meaningful here). Thdollowing
considerations help us to take in the situation.

Put

M
V(@) := u2— u?= 2,u T T

We shall see in 2.3.4 that elements ofV (1) can be interpreted asabsolute
velocity values.
According to our convention, V (1) is illustrated as follows:

V(@)
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Three elements ofV (1) appear in the Figure. Observe that it makes no sense
that

| u. isinthe centre line of T' (there is no centre line of T' );

| the angle between u; and u; is less than the angle betweeru; and uj

(there is no angle between the elements o¥/ (1));

| u» islonger than u; (the elements of V (1) have no length).

The reversed Cauchy inequality (see V.4.7) involves the followingmportant
and frequently used relation:

uu® 1

for u;u®2 V(1) and equality holds if and only if u = u®

1.3.2. For u2 V(1) put

u - MI1T; X7 u Xx;
S, =Ker y =fx2Mju x=0g;
iy :Su! M; X 7! x:
Since u is timelike, S, is a three-dimensional linear subspace consisting of

spacelike vectors. According to our convention,S, is represented by a line that
inclines to L' with the same angle asu :

S S

L V(@)

We emphasize that ‘inclination to L' ' makes no sense in the structure of
the spacetime model; it makes sense only in the rules of the illusition we have
chosen.

Sy and u T are complementary subspaces inM ; thus every vector x
can be uniquely decomposed into the sum of components im T and in S;
respectively:

X=Uu(y xX)+ x u(y x) =u( u x)+ x+u(u x):
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The linear map
u: MUS; X7 x+u(u x)
is the projection onto S, along u: It is illustrated as follows:

S

The dashed line is to express thatV (1) is in fact a subset of “’% and not of
M :

1.3.3. For all u 2 V(1); the restriction h, of the Lorentz form g onto
Sy Sy is positive de nite. Thus (Sy;T;hy) is a three-dimensional Euclidean
vector space.

Accordingly, the pseudo-length of vectors inS, is in fact a length and the
angle between nonzero vectors inS, make sense; of course, similar notions for
vectors in S can be introduced where A is a measure line. Moreover, all the
results obtained in 1.1.2.5 can be applied.

It is trivial that every spacelike vector is contained in some S, :

S
So = SUZ
u2v @)

Consequently, the pseudo-length of a spacelike vector will be saittngth or
magnitude. However, we call attention to the fact that this length satis es the
triangle inequality only for two spacelike vectors spanning a spacdte linear
subspace (see Exercise V.4.20.2)

1.3.4. The orientation of M and the arrow orientation of g determine a
unigue orientation of S :

De nition. Let u 2 V(1): An ordered basis €1;e,;e3) of S, is called
positively oriented if (ut;e;;e,;e3) is a positively oriented basis of M for some
(henceforall) t 2 T*:
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1.3.5. Proposition. Let u 2 V(1): Then
u=C s W) MET Sy, xT7! u xX;x+u(u x)
is an orientation preserving linear bijection and
L) = ut + g (t27:q2S,): m

Keep in mind that x = u( u x)+ X results in the following important
formula:

2 =

X (u x)%+j o xj (x 2 M):

1.3.6. Note the striking similarity between the previous formulae and the for-
mulae of the nonrelativistic spacetime model treated in 1.1.2. Howeve behind
the resemblance to it there is an important di erence: in the nonrdativistic case
a single three-dimensional subspac& appears whereas in the special relativistic
case everyu 2 V (1) indicates its own three-dimensional subspace. Correspond-
ingly, instead of a single ; now thereisa , forall u: The range of  is the
same set in the nonrelativistic case, whereas it depends oua in the relativistic
case.

A further very important di erence isthat M and M are di erent vector
spaces in the nonrelativistic case, whereas they are “nearly the samia the
relativistic case. More precisely, we have the identi cation (se V.1.3).

M

T T

which is established by the Lorentz form g:
Of course, we make the identi cation

SU .
T v

too.
According to these identi cations u u is considered a linear mapM ! M,
X 7' u(u x), so we have

u=1Iv+tu u=ly u us

and
M _ M S
W2T M o= W2M s T“;
M Sy M
W2M T = 28 M ;T;
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Sy M
25, M —_—
Lo T T
Moreover,
u 1y =0; u g = 1s,
and the identi cations yield the relations
u u u; iy u-

The reader is asked to prove the rst formula; as concerns the secondne, see
the following equalities for x 2 M; q2 S, :

(iy, x) g=x iy g=x g=( v X) @

1.3.7. For u;u®2 V(1) put

u®

Yute = oy

We shall see later that this is the relative velocity of u® with respect to u:
Itis an easy task to show thatjvuouj2 = jVuu 0j2 =1 ﬁz; as a consequence
of the reversed Cauchy inequality, v o, = 0 if and only if u = u®% Moreover, if

g2 Sy \ Syo then g vyou =0 which proves the following.

Proposition. S , \ Syo is a two-dimensional linear subspace if and only if
u 6 u®andinthiscasevyo, T (Vuuo T) isa one-dimensional linear subspace
of Sy (Syo); orthogonalto Sy \ Syo:

(In other words, Sy \ Syo and vyo, T (vyuo T) are orthogonal comple-
mentary subspaces inS; (Syo)):

1.3.8. Fordierent u and u% S, and Syo are dierent linear subspaces;
however, we can give a distinguished bijection between them whicwill play a
fundamental role concerning observer spaces.

Let L (u®%u) be the linear map from S, onto S,o de ned in such a way that it
leaves the elements ofS, \ S, 0 invariant and maps the orthogonal complements
of this subspace into each other. More precisely,

o} if g2 Sy \ Syo;

L(u® =
(uhu) g Vot if Q= veat (t2T):

It is not di cult to see that L (u%u) is an orientation preserving hy, { hyo-
orthogonal linear bijection between S, and Syo.: We can extend it to a linear
bijecton M ! M by the requirement

Lw®%u) u:=u®
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(recall that the dot product notation allows us to apply linear maps M ! M
to elements of %):

This linear bijection can be given by a simple formula as follows. Reall that
for u;u®2Vv(1); u® u2¥% M MM M M Lin(M;M):

De nition.  Let u;u®2 V(1): Then

(u+u) (u%+u)

0
1 004 2u u

Lu%u):= 1y +

is called the Lorentz boostfrom u to u®

Proposition. (i) L (u®u) is an orientation- and arrow-preserving g -orthog-
onal linear map from M into M;
(i) L(u%u) u=u®
(i) L(u%u) maps S, onto S,o; more closely,
| L@u%u) q=qif g2 Sy \ Syo;
| L(UO;U) Vyoy =  Vuyuo,
(iv) L(u;u)=g; L(u®u) *=L(u;u9
and L (u%u) is the unique linear map for which (i ){(iii ) hold.

1.3.9. Since the Lorentz boosts map the corresponding spacelike subspaces
onto each other in a “handsome' manner, we might expect that executinghe
Lorentz boost from u to u® and then the Lorentz boost from u® to u® we
should get the Lorentz boost from u to u® however, this occurs only in some
special cases.

Proposition. Let u; u®% u% be elements of V(1): Then L (u®u9
L(u%u)= L(u%u) if and only if the three elements of V (1) are coplanar.

Proof. Suppose the equality holds. Then for allq2 Sy \ Sy

q=L@u%uY) Lu%u) q=

_ g W) @) o o, U g
1 u% yo 1 udu
u%s+ y° u®+ u

= + 0 +
g+ (u” q) 1 u%yo 1 ulu

N (u%+ uYu® uo+ u® y+u®u 1)
1 u% u9%@ udu) '

from which we deduce that

| either u® gq= 0 forall g2 Sy \ Syo; implying that u® is in the two-
dimensional subspace spanned by and u® i.e. the three elements ofV (1)
are coplanar,
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| or the last expression in parentheses is zero which implies again that the
three elements ofV (1) are coplanar. =

Observe that L (u®u® L (u%u) maps S, onto Sy, as a consequence, if it
is a Lorentz boost, it must be equal to L (u° u): Thus our result implies that,
in general, the product of Lorentz boosts is not a Lorentz boost.

1.4. The arithmetic spacetime model

1.4.1. Let us take the Minkowski vector space R*3;R;G) treated in V.4.19
and endowed with the standard orientation and arrow orientation. Consideing
R*3 to be an ane space, we easily nd that (R*3;R;G) is a special rela-
tivistic spacetime model which we call thearithmetic special relativistic spacetime
model.

Similarly to the nonrelativistic case, the arithmetic spacetime model has the
peculiar property that the same object, R'*® | represents the ane space of
world points and the vector space of world vectors (and even the vector e
of covectors). We follow our nonrelativistic convention that the world points
will be denoted by Greek letters, whereas world vectors (and covéars) will be
denoted by Latin letters.

We nd it convenient to write the elements of the a ne space R® in the
form ( '); the elements of the vector spaceR*? in the form (x') = (x%x);
and the elements of R*3) in the form (ki) = (ko;K):

Recall that the identi cation ( R'*®)  R*3 established by G gives

xo= x%  x =x ( =1;2;3):
Correspondingly, the dot product of (x') and (y') equals
X'Yi;

where the Einstein summation convention is applied: a summation is arried out
from O to 3 for identical subscripts and superscripts.

1.4.2. In the arithmetic spacetime model
V(l): (ui)2R1+3juiui: 1; UO>O :

Here, too, we nd a misleading feature of this spacetime model:V (1) seems
to have a distinguished, simplest element, namely (10). 1.y is the canonical
projection R I'f 0g RS:

For an arbitrary element (u') of V(1) we can de ne

v = llJTo ( =1;23); v = (vhvZve) 2 RS
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then with the usual norm jj on R® we havejvj < 1 and

O_ 1
u' = g—
1jvj?

and 1
(u) = g=——=(Lv): ()
1jvj

We easily nd that v is exactly the relative velocity of (u') with respect to
the 'basic velocity value' (1;0) (see 1.3.7).

1.4.3. It is then obvious that
Swy= (xX)2R¥™jx%=x v

Unlike the nonrelativistic case, (i) for a general @) in V(1) is an uneasy
object because it maps onto a three-dimensional linear subspace iR**® which
is di erent from fOg R3: Thus the values of (ui) cannot be given directly by
triplets of real numbers. However, as it is known, in textbooks one gually
deals with triplets (and quartets) of real numbers. We can achieve tlis by
always referring to the space of the 'basic velocity value' with tte aid of the
corresponding Lorentz boost, i.e. instead of () taking L (1;0); (u') (u)
whose range isfO0g R3:

1.4.4. The Lorentz boost from (ud) to (u') is given by the matrix

om0
1 ul uj0

2u'u?:

If (ud) is the “basic velocity value', then it becomes

0 1
u® ul u? ud
2
So1+ (ub) utu? utud
1+uo 1+ uo 1+uo
1,2 2y2 2,3 :
U2 u-u 1+ (u9) u‘u :
1+ U 1+ uo 1+ uo
2
utu u?ul (u®)
ut +
1+ U 1+ U 1+ U0

Using formula ( ) in 1.4.2 and the notation

1
= e
1] vj?
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we nd that
04 vl , V2 v3 1
1 1 1 1,2 1,,3
Lwonw) = B Fae G F N E &
) 1] - 1
v2 T Viv? L+ —(v?) VA3
3 1,,3 2\,3 1 3y2
Y% Vv VoV =+ —(v°)

This shows what a complicated formL (1;0);(u') (i) has; later (see 7.1.4)
we give it in detail.

1.4.5. The previous matrix is the usual ‘Lorentz transformation'. Most

frequently one considers the special case? = v3 =0; v:= v!; then = pﬁ
and # = 1; thus the previous matrix reduces to
1 v o ot
v 1 0
EDO 0 1= 0 X
0 0 =

1.5. Classi cation of physical quantities

1.5.1. We introduce notions similar to those in the nonrelativistic spaceime
model. Let A be a measure line. Then the elements of

A are called scalars of type A;
A M are called vectors of type A;

M
N are called vectors of cotype A;
A (M M) arecalled tensors of type A;
M M
A are called tensors of cotype A:

Covectors of type A; etc. are de ned similarly with M instead of M :

In particular, the elements of M M and M M are calledtensors and
cotensors,respectively; the elementsofM M and M M aremixed tensors.

A very important feature of the special relativistic spacetime modé is that
covectors can be identi ed with vectors of cotype T T: As a consequence, e.g.

a covector of type A is identi ed with a vector of type £-:

1.5.2. According to our convention, the dot product between vectors (covee
tors) of di erent types makes sense. For instance, foru 2 V(1) M? and for
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zZ2A M wehave u z2T A; z?2(A A) (T T);
T T

M T
2 — h 2 —: 22 :
w A we have u w A, w A A

In particular, z22 R for z 2 ¥

Since A A) (T T) (A T) (A T) has a natural orientation, we
can speak of its positive and negative elements. Thus a vector of type A is
called

spacelikeif z2> 0 or z = 0;
timelike if z% < 0;
lightlike if z>=0; z 6 O:
It can be easily shown that z is spacelike if and only if z 2 A Sp; etc.
Moreover, a measure lineA is oriented, hence A* makes sense. Consequently,

we say that a timelike (lightlike) vector z of type A is future directed if z 2
A* T' (z2A" L'):

1.6. Comparison of spacetime models

1.6.1. De nition. The special relativistic spacetime model (MT;qg) is
isomorphic to the special relativistic spacetime model (M:T% g9 if there are

(i) an orientation- and arrow-preserving a ne bijection F: M ! M over the

linear bijection F ,
(i) an orientation preserving linear bijection Z : T! TO
such that
¢° (F F)=(Z 2z) ¢

The pair (F;Z) is an isomorphism between the two spacetime models.

If the two models coincide, an isomorphism is called arautomorphism. An
automorphism of the form (F; 17) is strict. =

Three diagrams illustrate the isomorphism:

M T M M 1Y T T

? 2 2 ?

? ? ? ?

Fy yZ F Fy yZ Z

MO TO MO MO 1 TO 0O
gO

The de nition is quite natural and simple, needs no comment.

1.6.2. Proposition.  The special relativistic spacetime model (MT;qg) is
isomorphic to the arithmetic spacetime model.
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Proof. Take
(i) a positive element s of T;
(i) a positively oriented g-orthogonal basis €g;e1;€2;€e3); normed to s; of
M ; for which eq is future directed,
(iii ) an element o of M:

Then
4 ex (x 0
F:M!I R% X7 ———— k=0;1,23 ;
€k
t
Z:T! R; t7! —
s
is an isomorphism. =
This isomorphism has the inverse
x@
R M 7! o+ “ex;
k=0

1.6.3. Animportant consequence of the previous result is thatany two special
relativistic spacetime models are isomorphic,i.e. are of the same kind. The
special relativistic spacetime model as a mathematical structures unique. This
means that there is a unique “special relativistic physics'.

Note: the special relativistic spacetime models are of the same kindui, in
general, are not identical. They are isomorphic, but, in general, thereis no
“canonical' isomorphism between them, we cannot identify them by a btin-
guished isomorphism. The situation is the same as what we encounterearf
nonrelativistic spacetime models.

Since all special relativistic spacetime models are isomorphic, wean use an
arbitrary one for investigation and application. However, an actual model can
have additional structures. For instance, in the arithmetic spaceime model,
spacetime is a vector space,V (1) has a distinguished element. This model
tempts us to multiply world points by real numbers (though this has no physical
meaning and that is why it is not meaningful in the abstract spacetime maiel),
to speak about time and space, consider spacetime as the Cartesian proztuof
time and space (whereas neither time nor space exists absolutely){e

To avoid such confusions, we should keep away from similar speciallgon-
structed models for theoretical investigations and applications of thespecial rel-
ativistic spacetime model. However, for solving special problemdor executing
some particular calculations, we can choose a convenient concrete mdgdike in
the nonrelativistic case.
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1.6.4. Present day physics uses tacitly the arithmetic spacetime mode One
represents time points by real numbers, space points by tripletof real numbers.
To obtain such representations, one chooses a unit for time periodsn initial
time point, a distance unit, an initial space point and an orthogonal spatial basis
whose elements have unit length.

However, all the previous notions in usual circumstances have mengh heuris-
tic sense. The isomorphism established in 1.6.2 will give these naths a math-
ematically precise meaning. We shall see later thats is the time unit (and
the distance unit), eg characterizes an observer which produces its own time
and space, the spacelike vector®;; e,; ez correspond to the spatial basis,o
includes the initial time point and space point in some way.

1.7. The u -split spacetime model

1.7.1. The arithmetic spacetime model is useful for solving particular piob-
lems, for executing practical calculations. Moreover, at present, oa usually
expounds theories, too, in the frame of the arithmetic spacetime moel, so we
have to translate every notion into the arithmetic language. As in the norrel-
ativistic case, it is convenient to introduce an ‘intermediate' gpacetime model
between the abstract and the arithmetic ones.

1.7.2. Let (M;T;g) be a special relativistic spacetime model and use the
notations introduced in this chapter. Take a u 2 V(1) and de ne the Lorentz
form

gu:(T Su) (T Sy)!' T T, t%a%;(t;a) 70 th+q° q
Put

S:= (ta) jai>jtj ;

T:= (t;9) jaj<ijtjg ;

L= (t;q) jgj=jtj6 0 :

Endow T S, with the product orientation and g, with the arrow orientation
determined by
T = (;9)2T t>0:

Then (T Sy:;T;qgu) is a special relativistic spacetime model, called theu -
split special relativistic spacetime model.

It is quite obvious that for all 02 M;

M!I T Sy; x7' 4 (x o)
T! T, t7't
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is an isomorphism between the two special relativistic spacetime wdels.

1.7.3. In the u -split model

V()= (; w)2R Su 24jwj?= 1, > 0 =
T
8 9
S 1 S =
= g——(1v) v2 = jvj<1
1jVj2 T ;

There is a simplest element in it: (2 0):

1.8. Exercises

1. To be later (futurelike) is a transitive relation on M: if y is futurelike
with respect to x and z is futurelike with respect to y then z is futurelike with
respect to x:

2. V(1) is a three-dimensional submanifold of M; its tangent space atu is
S?“ (see Exc.VI1.4.14.3). For everyu 2 V (1);

S q —"—
?”! V(1); wWT7lu 1+jwjl+w;
and
Su .. +
v22l o jvj<1l ! v@): v7l g
T L2
1jvj
are global parametrizations of V (1) having inverses
0 0o_ ,,0 _ Vuoy
ul7t , ul=u’+(u ulu= g—
1 j vyaj?
and
0 u u°
u-7! U UO: Vyou,
respectively.

3. Prove that for all u 2 V(1)

+
R n2 Su jnfj=1 ! V@), (;n)7 #th: ucosh + nsinh
T 1 tanh2
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is a smooth map which is a bijection betweenR; n 2 S?“ jnj=1 and
V (1); having the inverse
0 1
uO
u®7! @arcosh( u uY; g—L— A
(u u9? 1

4. Lletu2V(); n2S3: jnj=1: Take ; 2R and put

u®:= ucosh + nsinh; n%=L(@u%u) n=usinh + ncosh
u%:= u%osh + n%inh = ucosh( + )+ nsinh( + );
u%%= ucosh + nsinh :

Prove that
Lu%u9 = L (u%u):

(Hint: L(u%u% u=u%%nd S, \ Syon= Syo\ Syo)
5. Use the notations of the preceding exercise and prove that

L) Lu®u)=L@u)
i.e.

L(ucosh + nsinh; u) L(ucosh + nsinh; u)=
L ucosh( + )+ nsinh( + );u :

6. Letu2V(1); m;n2 3 jmj
and put

jnj=1; m n=0: Takean 06 2R

u®:= ucosh + nsinh; u%:= ucosh + msinh:

Then n%:= L(u%u) n = usinh + ncosh and L(u®u) n = n: Prove
that L(u®u® nOis not parallel to n:

7. Let u;u®2 V(1): Then u® T and S, are complementary subspaces.
The projection onto S, along u® T is the linear map

0

u u u X
Puo=1ly+ ——: M ! M; X 7! x + u° :
uu M ud u ul u

Prove that
(i) the restriction of Py, 0 onto Syo is a bijection between Syo and Sy;
(ii) the restriction CH Puuo onto Sy \ Syo is the identity;

(i) Puwo Vauo= 1 j vauoj?vyoy:
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2. World lines
2.1. History of a masspoint: world line

2.1.1. As in the nonrelativistic spacetime model, the history of a masspoint
will be described by a curve in the special relativistic spacetne model as well.
However, it is not obvious here, what kind of curves can be allowed.

Our heuristic considerations regarding the a ne structure of spaceime imply
that the history of a free masspoint has to be described by a straight ie. We
can easily demonstrate that such a straight line must be directed by dimelike
vector. Indeed, it cannot be lightlike because this would mean that trere is a
light signal resting with respect to the masspoint. Suppose that thestraight
line is directed by a spacelike vector, choose two di erent poing on the line and
draw the corresponding future light cones: the cones intersect elcother. As a
consequence, two light signals emitted successively by the massipt would meet
which contradicts our experience.

A simple generalization|in accordance with 1.2.2]yields that the existe nce
of a masspoint must be described by a curve whose tangent vectors arertelike.

We call attention to the fact that up to now we have spoken about light signals
and masspoint histories in a heuristic sense. The following de rtion gives these
notions a precise meaning in the spacetime model.

2.1.2. De nition. 1. A straight line segment in M; directed by a lightlike
vector, is called alight signal.

2. A world line is a connected piecewise twice di erentiable curve in M whose
tangent vectors are timelike.
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Proposition. Let C be a world line. Then y x is timelike for every
X;y 2 C; x 6 y: In other words,

Cnfxg x+T (x2 C):

Proof. Suppose the statement is not true: there is anx 2 C such that
Cnfxg is not contained in x+ T: Let p: R M be a parametrization of C;
p(0) = x: Then thereisa 06 2 Domp such that p( ) p(0) is not timelike.
For the sake of de niteness we can assume> 0: Then

a:=inff 2Dompj > O;p( ) p()62Tg> 0:

Indeed, if this in mum were zero then there would be a sequence , > 0
(n 2 N) such that nIli{n n =0 and M 62T for all n implying p(0) =
lim L) PO 62T because the set of timelike vectors is open (the complement
of T is closed). Because of the same reasop(a) p(0) = [I1i|rln p( n) p(0) 62
T: '

Thus p( ) p(0) is timelike for 0 < <a and p(a) p(0) is not timelike.
Since p is continuous, p(a) p(0) must be in the closure of T; i.e. it is lightlike:

2

p(a) p(0) " =0:

Lagrange's mean value theorem, applied to the function [pa]! T T; 7!
p( ) p(0) ? ensures the existence of & 2]0; a[ suchthat 2 p(c) p(0) p(c) =
0: Since p(c) is timelike, this means that p(c) p(0) is spacelike, a contradiction.

2.1.3. The previous result and the arrow orientation (which gives rise to the
relation “later’, see 1.2.3) allow us to de ne an order|an orientation|on aworl d
line as follows.

Proposition. Let p: R M be a parametrization of the world line C:
Then one of the following two possibilities occurs:
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(i) < if and only if p( ) is earlier than p( );
(i) < if and only if p( ) is later than p( )
forall ; 2 Domp:

Proof. p is a continuous function having values in T and de ned on an
interval, thus its range is connected which means that the range op is contained
eitherin T' orin T

(i) Suppose Ramp_ T' and select an arbitrary  from the domain of
p: Then f 2Dompj < g! T; 78 L2 PL) s 3 continuous function
de ned on an interval, hence its range is contained inT' orin T : Since
lim RO PO) = p )2 T' and T' is open, we conclude that? ) PC) o T!

which implies that p( ) p( )isin T' ;ie. p( ) is earlier than p( ) for all
< :

(ii) Similar considerations yield the desired result if Ramp_ T

De nition. A parametrization p of a world line is called progressive(regres-
sive) if < implies that p( ) is earlier (later) than p( ) forall ; 2 Domp:

A world line is considered oriented by progressive parametrizations. &

The reader easily veri es that the orientation is correctly de ned: if p and q
are progressive parametrizations of a world line, thenp * gq: R R is strictly
monotone increasing.

Note that the proposition holds and the de nition can be applied also in case
of parametrizations that are de ned on an oriented one-dimensional a ne spae.

2.14. If x and y are dierent points of a world line then they are timelike
separated.

Conversely, if x and y are timelike separated world points then there is a
world line C such that x;y 2 C: Indeed, the straight line passing through x
and y is such a world line. Note the important fact that there are many world
lines containing x and y:
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2.2. Proper time of world lines

2.2.1. The Lorentz form g includes the description of proper time progresses,
0. Let the occurrencey be later than x and recall the pseudolengthjy xj :=
gly x;y Xx);then u := jz ij is an absolute velocity value. The inertial
proper time betweenx and y is ,(y X)=jy Xj (which can be explained
by 1.3.2. and the similar formulae in the nonrelativistic case).

Take now a “world line' consisting of two consecutive nonparallel stight line
segments (according to our present de nition, such a line is not a wdd line
because it is not di erentiable at one point, that is why we put the quotation
mark; we use such broken world lines for our heuristic consideration ah later
we permit them by a precise de nition, too). Let z be the breaking point, let x
be earlier than z; z earlier than y: Then we measure the time passed between
x and y along the broken world line by the sum of the time passed along the
straight line segments: jz xj+ jy zj:

The generalization to a broken world line consisting of several straightine
segments is trivial.

Let now C be an arbitrary world line, x;y 2 C; x is earlier than y: It is
intuitively clear that we can approximate the time passed betweenx and y
along C by the time passed along broken lines approximating C

Take a progressive parametrizationp of the world line C: Then an approxi-
mation of the time passed betweenx and y along C has the form

ip( k+1)  PC k)i

k=1

which “nearly equals'
X

ip( i K):

k=1
We recognize an integral approximating sum. This suggests the followim
de nition (the reader is asked to study Section VI.7).

De nition. Let x and y be timelike separated world points orx = y: If C
is a world line passing throughx and y (i.e. x;y 2 C) then

2
tc(x;y):= jdCj

X

is called the time passed betweernx and y along C
The time passed betweenx and y along a straight line is called theinertial
time betweenx and y and is denoted by t(x;y): =
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We emphasize that the integral formula for the time passing along a world
line is ade nition and not a statement.
Evidently,
jy Xxj if x is earlier thany,

t(xy) = . L )
bay) iy Xxj ifyis earlier than x.

2.2.2. The time passed between two world points along di erent world lines
can be di erent. The longest time passes along the inertial world line

Proposition. Let x be a world point earlier than the world point y: If C
is a world line containing x and y then

tc(xy) t(xy)

and equality holds if and only if C is a straight line segment betweenx and y:

Proof. Let z2 C be a world point which is earlier than y and later than x.
Then the reversed triangle inequality (V.4.10) results int (x; z)+ t(z;y) t(X;y);
where equality holds if and only if z is on the straight line passing through x
and y: As a consequence, the time passed betweexn and y along a broken
line (de ned to be the sum of times passed along the corresponding itight line
segments) is smaller than the inertial time betweenx and y: The de nition of
tc(X;y) as an integral involves that tc(x;y) can be obtained as the in mum of
times passed betweernx and y along broken lines.

2.2.3. We call attention to the fact that in our customary illustration the
same time period passed along di erent inertial world lines is repesented, in
general, by segments of di erent lengths.
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The same length corresponds to the same time period on two inertial orld
lines if and only if the two illustrating straight lines have the same inclination
to the two lines of L'

2.3. World line functions

2.3.1. De nition. Let C be a world line, X, 2 C: Then the mapping
C! T; X 7' te(Xo; X)

is called the proper time of C starting from x,: =

Since every tangent vectorx 6 0 of the world line C is timelike i.e. jxj & O;
according to Proposition VI.7.5, the inverse of the proper time,

r: T M

de ned by
r tc(Xe;X) = X (x2C)

and having the property
tc Xo;r(t) =t (t 2 Domr)

is a progressive parametrization of C called the proper time parametrization of
C starting from Xxo: We know that for all t 2 Domr

M . . L
r(t) 2 ?; r(t) is future directed timelike,

moreover, Proposition VI.7.5 implies

=1
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all these mean that
r(t) 2 Vv(Q) (t 2 Domr):

2.3.2. According to the previous considerations, if C is a world line then
there is a parametrization r: T M of C (i.e. r is dened on an interval, is
twice di erentiable, its range is C) such that r(t) 2 V(1) for all t 2 Domr:

From the properties of integration on curves we derive that

rzZ- )
tc(Xy) = jr(jdt = Hy) r H(x):

rotx)

As a consequence, if; and r, are parametrizations with the above property
then there is aty, 2 T such that Domr, = to + Domry and ro(t) = ra(t  to)
(t 2 Domr,):

Indeed, choosing an elementx, of C and putting to := r,%(Xo) Iy *(Xo)
we get ry Yx) = r, Y(x) t, which gives the desired result with the notation
t:=r,(x):

2.3.3. Our results suggest how to introduce the notion of world line functons
which allows us to admit piecewise di erentiability as in the nonrelativistic case.

De nition. A function r: T M is called aworld line function if
(i) Domr is an interval,
(i) r is piecewise twice continuously di erentiable,
(iii) r(t) isin V(1) for all t 2 Domr where r is di erentiable.
A subset C of M is aworld line if it is the range of a world line function.
The world line function r and the world line Ranr is global if Domr = T:
[ |

2.3.4. If r is a world line function then di erentiating the constant mapping
t 7' r(t) r(t)= 1 dened on the di erentiable pieces of Domr we get that

0. Siq)
r(t) s(t)=0; i.e. s(t) 2 T T
and the same is true for right and left derivatives wherer is not di erentiable.
The functions r: T V(1) and s: T TM—T can be interpreted as the
absolute velocityand the absolute accelerationof the material point whose history
is described by r:
That is why we call the elements of V (1) absolute velocity valuesand the
M

spacelike elements in+ absolute acceleration values.
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2.3.5. Recall that V(1) is a three-dimensional smooth submanifold of'\"?:

The elements of v 2 ’V'? 0< v2< 1 wil be called relative velocity values
later we shall see the motivation of this name.

Note the following important facts.

(i) Absolute velocity values are future directed timelike vectors ofcotype T.
They do not form either a vector space or an a ne space. The pseudo-lengtiof
every velocity value is 1 There is no zero velocity value. Velocity values have
no angles between themselves.

(i) Relative velocity values are spacelike vectors of cotypel: They do not
form a vector space. Themagnitude of a relative velocity value (see 1.3.3) is a
real number less than 1 A relative velocity can be smaller than another; there is
a zero relative velocity value. If u 2 V(1) then v 2 S?“ jvj< 1 is an open
ball in a three-dimensional Euclidean vector space and it consists ofetative
velocity values. The angle between such relative velocities makes sense.

(iii ) Absolute acceleration values are the spacelike vectors of cotyp& T:
The magnitude of an acceleration value is meaningful, it is an element of%: An
acceleration value can be smaller than another; there is aero acceleration value.

If u2V(1); then TSUT is a three-dimensional Euclidean vector space consisting
of acceleration values. Theangle between such acceleration values makes sense.

The absence of magnitudes of absolute velocity values means that “quinkss'
makes no absolute sense; it is not meaningful that a material object exis more
quickly than another. An absolute velocity value characterizes someho the
tendency of the history of a material point. Masspoints can move slowly or
quickly relative to each other.

2.4. Classi cation of world lines

2.4.1. We would like to classify the world lines as we did it in the nonrela-
tivistic case. The notion of an inertial world line is straightforward. However,
uniformly accelerated world lines and twist-free world lines give 1 some trouble.

If we copied the nonrelativistic de nition, i.e. we required that the acceler-
ation of a world line function r be constant, r = a; where a is a spacelike
element of T’\"—T; then there would be ac 2 V(1) such that r(t) = c+ at
(t 2 Domr): Sincer_and # are g-orthogonal, c+ at and a are g-orthogonal:
c a+ jajzt = 0 for all t 2 Domr which implies a = 0: There would be no

uniformly accelerated world lines except the inertial ones.

The problem lies in the fact that the momentary absolute acceleration valies
of a world line belong to the subspaceg -orthogonal to the corresponding abso-
lute velocity value; if the velocity value changes then the correponding subspace
changes as well: changing velocity involves changing acceleration.
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Nevertheless, we do not have to give up the notion of uniform acceleratn.
We have established a natural mapping between two subspaceg-orthogonal to
two absolute velocity values: the corresponding Lorentz boost (see 3.8). Then
we may require that the world line function r is uniformly accelerated if r(s) is
mapped into s(t) by the Lorentz boost from r(s) to r(t):

A similar requirement for J%] leads us to twist-free world line functions.

2.4.2. De nition. A twice continuously di erentiable world line function r
and the corresponding world line is called

(i) inertial if ¥ =0;
(ii) uniformly accelerated if L r(t);r(s) #(s)=«(t) forall t;s 2 Domr;
(iii ) twist-free if jo(t)jL r(s);r(t) w(s) = je(s)je(t) forall t;s2 Domr: =

It is quite evident that a twice continuously di erentiable world line function
r is inertial if and only if there are an X, 2 M and a u, 2 V(1) such that

r(t) = Xo + Upt (t 2 Domr):

2.4.3. Let r be a twice continuously di erentiable world line function and
put
u=r:T V(@Q):

If r is uniformly accelerated, then, by de nition,

u(t)+ u(s) u(t) u(s)

u(s) 1 @ u@) = u(t)  (t;s2 Domr): ()
Fix an s 2 Domr; put Uy := u(s) 2 V(1) and a, := u(s) 2 f”?r to obtain

the following rst-order di erential equation for u:

(u+uo)(u ay),

U= ag+
= 70 1 u u,

Unfortunately, it is rather complicated.

Another di erential equation can be derived, too, by using u(s) u(s) =0 and
observing that j¥j = juj =: is constant (the Lorentz boosts are g -orthogonal
maps). We obtain the equality

u(t)+ u(s) u(t) wu(s) u(s)
1 u(t) u(s)

u(s) u(t)=

from ( ); dividing it by s t and letting s tend to t we get the extremely
simple second-order di erential equation

2

“ = u
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whose general solution has the form
u(t) = uocosh t + @sinh t t2T7); ()

where u, 2 V(1); ao 2 TS”%; jaoj = :

Equality () has been derived from (): It is not hard to see that t 7! u(t)
dened by ( ) satises (); i.e. () and ( ) are equivalent.
Finally, a simple integration results in the following.

Proposition.  function r is uniformly accelerated if and only if there are an
Xo2 M; au,2V(1l) and an a, 2 TS““T such that

sinhja,jt +a coshjapjt 1

r(t)= Xpo+ u FO
() (o] o JaoJ (o] jaojz

(t 2 Domr):

2.4.4. |If the twice dierentiable world line function r is twist-free, then
there are ug 2 V(1); ng 2 S“T‘J; jnoj = 1 such that for u := r the following
di erential equation holds:

(u+ug)(u ny)

U= juj neg+
U = JUu] No 1 u ug

The method applied to uniformly accelerated world line functions to derive
another di erential equation works here as well. The reader is asked tgerform
the calculations to obtain

ujuj* = wjui®  u(u w);

or |

|C

ujui’= v =
juj

provided that u_is nowhere zero.
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2.5. World horizons

2.5.1. The light signals starting from a world point x are in x + L' ;
masspoints existing inx continue their existence inx+ T' : every phenomenon
occurring in x can in uence only the occurrences inx+(T' [ L' ); the futurelike
part of spacetime with respect to x:

Conversely, only the occurrences ik+(T [ L ) caninuence an occurrence
in x:

Consider a world line C. If x+(T' [ L' ) does not intersect C, then an
occurrence inx cannot in uence the masspoint whose history is described by C;
in other words, the masspoint cannot have information about the occurrece
in x: That is why we call

Xx2M C\ x+(T' [L') =; =fx2Mj(C x)\(T' [L"')=:g

the indi erent region of spacetime with respect to C

It can be shown that it is a closed set (Exercise 2.7.3) whose boundary is
called the world horizon of the world line C:

Obviously the indi erent region is void if and only if the world horizon is void.

2.5.2. Consider a world line function r. Then a world point x is not
indi erent to the corresponding world line if and only if there is a t 2 Domr
suchthat r(t) x2T' [L' ie.

r(t) x% 0

and
u r{t) x <0

for an arbitrary u 2 V (1):

2.5.3. The world horizon of an inertial world line is empty.
Indeed, take the inertial world line xo, + u, T, an arbitrary world point x
and look for t 2 T satisfying

(Xo+ Ut  Xx)2 0;
Uo (Xo+ Upt Xx)< O:

Since ko X)°=j u, (Xo X)j® j Uo (Xo x)j% the inequalities can be
written in the form

20t uo (o XJ® 0

t U, (Xo Xx)>0;

J oue (X0 X)j
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they are satis ed for every
t>uo Xo X)*+ ] u, Xo X)j:
2.5.4. The indierent region of spacetime with respect to the uniformly

accelerated global world line described by

S|n_hjqojt N aocosr.]aoljzt 1
Jao) jao]

t 7! Xo+ Ug (t2T)

X 2 Mj jagjuo+ ao (Xo x) 1 : ()

Indeed, according to 2.5.2, the world point x is not indi erent if and only if
there is a t for which

sinh?2 t  (cosh t 1)° sinh t cosht 1
x2 2 - . ~ )+2u0x| +2a, X——5—— 0;
sinh t
o <o
where
X 1= Xo X = jao):
The second inequality holds ift is large enough.
The rst inequality can be written in the form
inh t ht+1l ht 1
X2 +2uUq x 2 cos +2(a, X+ Uy X 1)(30572 0:

Since sinh t cosh t tends to zero and cosht tends to plus in nity as t tends
to plus in nity, we see thatif (a, x+ u x 1)< 0 then both inequalities hold
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for t large enough, i.e. anx out of the set () is not indi erent with respect
to the world line.

Take now an x in the set () such that u, x = 0: Then X is a nonzero
spacelike vector, thusx? > 0 and we see that the previous inequality does not
hold for any t because cosht 1 0: x is indierent with respect to the
world line.

To end the proof, note that u,+ a, is alightlike vector, hencex is indi erent
if and only if x+ ( ug+ ao) is indierent for some 2 T: Choose in such
awaythat u, X, X (ug+ay) =0:

2.6. Newtonian equation

2.6.1. Recall that now the measure line of masses i = $. Since accel-

eration values are elements ofT’\"— and “the product of mass and acceleration

-
equals the force', the force values are elements 6f M- M _ M.

moreover, we take into account that the momentary acceleration value of a rass-
point is g-orthogonal to the corresponding velocity value. In what follows, from
the dynamical point of view, it is convenient to denote absolute veloity values
by x.

Thus we accept that aforce eld is a di erentiable mapping

M
f: M V@Q) =S
such that

x f(x;x)=0 (x; x) 2 Domf
The history of the material point with mass m under the action of the force
eld f is described by the Newtonian equation
mx = f (x; x)

i.e. the world line function modelling the history is a solution of this di erential
equation.

2.6.2. Some of the most important force elds in special relativity, too,
can be derived from potentials; e.g. the electromagnetic eld. Howewe the
gravitational eld cannot be described by a potential; this problem will be
discussed later (Chapter IlI).

A potential is a twice di erentiable mapping

K: M M

(in other words, a potential is a twice di erentiable covector eld ).
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The eld strength corresponding to K is D" K : M M ~M (the
antisymmetric or exterior derivative of K ; see VI.3.6).

The force eld f has a potential (is derived from a potential) if

| there is an open subset O M such that Domf =0 V(1);

| there is a potential K de ned on O such that

f(x;x)=F(X) x (x2 0;x2 V(1)

where F ;=D " K :
It is worth mentioning: F (x) is antisymmetric, hence x_F (x) x = 0; as it
must be for a force eld.

2.6.3. In the nonrelativistic spacetime model a force eld can be indepedent
of either of its variables, in particular, it can be a constant map. In the present
case, on the contrary, a nonzero force eld cannot be independent of vetity, in
particular, it cannot be a constant map.

We could try to de ne a constant force eld in such a way that the corre spond-
ing Lorentz boosts map its values into each other, i.e.f would be constant if
L(x%x) f (x;x) = f (x; x9 for all possible x; x and x% However, such a nonzero
eld cannot exist (Exercise 2.7.5): there is no nonzero special relativistic constant
force eld!

2.7. Exercises

1. Prove that the uniformly accelerated world line function given in 2.4.3
satis es a
r(t) = Xo+ Uot + 7"t2 +ordo(t3):

2. Let up 2 V(1); ap 2 TS“DT and T T a continuously di erentiable
function de ned on an interval. Demonstrate that the world line funct ion r for
which

P 2
r = ug +1+ ap

holds is twist-free.
3. The indi erent region of spacetime with respect to the world line C has
the complement
fz+(T [ L )og:
z2C

Using L' +T' =T' show that it equals

fz+T ¢
z2C
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which, being a union of open sets, is open. Consequently, the indérent part of
spacetime with respect to C is closed.

4. Let r be a global world line function and put u := r: Prove that the
world horizon of the corresponding world line is empty if one of the folleving
conditions holds:

(i) there exist tI'ilm u(t);

(i) uis periodic, i.e. there is at, > 0 such that u(t + ty) = u(t) for all
t2T:

R (Hint: (i) V(1) is closed, hence the limit belongs to it. {i) Put z, :=
é" u(t)dt; uo:= .Zgj and consider the inertial world line r(ty) + u, T:)

]Z

5. Let s: V(1)! M be a function such that

u s(u)=0 and s(u%:= Lu%u) s(u) ubu2vQ@) :

Prove that s = 0: (Hint: L(u%u% L(u%u) s(u)= LUu®u) s(u) must
hold; applying Proposition 1.3.9 nd appropriate u® and u® for a xed u in
such a way that the equality fails.)

3. Observers and synchronizations
3.1. The notions of an observer and its space

3.1.1. In most of the textbooks one says that special relativity concerns
only inertial observers, treating of noninertial observers is possile only in the
framework of general relativity. We emphasize that this is not true.

The di erence between special relativity and general relativity does not lie in
observers which is evident from our point of view: spacetime modelare de ned
without the notion of observers; on the contrary, observers are de ned gy means
of spacetime models.

Noninertial observers are right objects in the special relativistic pacetime
model. Inertial observers and noninertial observers dier only in the level of
mathematical tools they require. Inertial observers remain in the rice and sim-
ple framework of a ne spaces while the deep treatment of noninertial obgrvers
needs the same mathematical tools as the treatment of general relativigt space-
time models: the theory of pseudo-Riemannian manifolds.

We can repeat word by word what we said in 1.3.1.1 to motivate the following
de nition.

De nition.  An observeris a smooth map U : M V (1) whose domain is
connected.

If DomU = M ; the observer isglobal.

The observer is calledinertial if it is a constant map. =
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V (1) is a subset of ™-; di erentiability (smoothness) of a map from M into

V (1) means di erentiability (smoothness) of the map from M into M?:

3.1.2. Let U be an observer. Integral curves of the di erential equation
x: T M)? x = U(x)

are evidently world lines.

The maximal integral curves of this di erential equation will be called U -
lines.

As in the nonrelativistic case,

M
Ay =D M _—
v u-u T T

is the acceleration eld corresponding to U:

3.1.3. Again we can repeat the arguments con rming that the space of an
observer is the set of its maximal integral curves.

De nition. Let U be an observer. Then g ; the set of maximal integral
curves of U; is the spaceof the observer U or the U -space. m

Again a maximal integral curve of U is called a U -line if considered to be
a subset of M and it is called a U -space point if considered to be an element
of Sy:

Cu (x) will stand for the (unique) U -line passing through x; we say that
Cy (x) is the U -space point that x is incident with.

It can be shown that, in general, the U -space can be endowed with a smooth
structure in a natural way, thus limits, di erentiability, etc . will make sense.
However, in this book we avoid the general theory of smooth manifolds, tat is
why, in general, we do not deal with the structure of observer spaced.ater the
spaces of some special observers, important from the point of view of appétions,
will be treated in detail.

Because of the absence of absolute synchronization, here we cannot cléssi
observers as in 1.3.2.1.

3.2. The notions of a synchronization and its time

3.2.1. Now synchronizations play a nontrivial role, in contrast to the nonrel-
ativistic case. Of course, we can repeat the arguments in 1.3.3.1 that ayschro-
nization is an equivalence relation having the property that di erent occurrences
of any world line and light signal cannot be simultaneous.
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Thus, x and y cannot be simultaneous ify x is timelike or lightlike.

De nition. A synchronization S is a smooth equivalence relation de ned
on a connected open subset of spacetime such that every equivalendass is a
three-dimensional submanifold whose every tangent space is trans\sl to all
timelike and lightlike vectors. The set Ts of the equivalence classes is théme
of the synchronization S or the S-time. An everywhere de ned synchronization
is called global. m

An equivalence class of a synchronization is called world surface in partic-
ular, that of S is a S-surface if considered to be a subset of M and is called a
S-time point or S-instant if considered to be an element of &: According to
the de nition, the tangent spaces of S -surfaces must be spacelike.

A S-surface consists ofS -simultaneousoccurrences. s(x) will stand for the
(unique) S-surface containing x .

The smoothness of a synchronizationS, given on G M, means the fol-
lowing: to every x 2 G there is a unique Us(x) 2 V(1) such that the tan-
gent space of the equivalence class (world surface) at equals Sy (x); then

M

Us: M V(1) = isrequiredto be smooth.

3.2.2. We can prove, similarly to the corresponding assertion for world lins,
that if F is a world surface and x 2 F; then Fnfxg x S consists of spacelike
vectors.

Consequently, if F is a world surface and C is a world line then G F is
either void or contains a single element which we shall denote by CF:

De nition.  Let S be a synchronization, t;s 2 Tgs: We say that s is later
than t (t is earlier than s) if there are x 2t and y 2 s such that y is later
than x: =

It cannot occur that both of t and s are earlier than the other. Indeed,
let s;t and x;y be as in the de nition. Then for all y°2 s; x°2 t we have
yO x0=(y% y)+(y x)+(x x9: Because of the properties of world surfaces,
y? y and x x° are spacelike vectors. Thus, in view of Exercise V.4.22.2, if
y x2T' (tisearlierthan s) then y° x°62T (s is not earlier than t):

We easily nd that “later' is an ordering (a re exive, antisymmetri ¢ and
transitive relation) on T g: However, it need not be total: there can bet and s
in Ts such that neither of them is later than the other:
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We say that the synchronization S is well posedif the relation “later' on T g
is a total ordering.

It can be shown that every world point X, in the domain of S has a neigh-
bourhood such that the restriction of S onto this neighbourhood is well posed.
If C, isthe Ug -line passing through x,; then fx 2 MjCy\ s(x) 6 ;g is such
a neighbourhood.

3.2.3. Denition. A reference frameis a pair (S; U) where S is a synchro-
nization and U is an observer having a common domain. m

A reference frame §;U) splits a part of spacetime (its domain) into S-time
and U -space:

su: M Ts Su; X7 s(X);Cyu(x) :

3.2.4. ltis worth mentioning that a synchronization determines an observer
uniquely but the contrary does not hold. For an observer U, in general, there
are no world surfaces whose tangent spaces at every is Sy (x) (see 6.7.6.).

3.3. Global inertial observers and their spaces

3.3.1. Let us consider a global inertial observer; we shall refer to it by its
constant absolute velocity value u .

The observer space $ is the set of straight lines directed by u; more closely,

Co(xX)=x+u T:=fx+utjt2Tg

which turns to be an a ne space over S, , similarly to 1.4.2.
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Proposition.  S;; the space of the inertial observeru; endowed with the
subtraction

q:= o (x° Xx) (x°2 ®x2q)

is an ane space over S;,: H

Proof. For the proof we have to show only that the subtraction is well de ned:
if yY°2q®andy 2 q,too, then  (x° x)=  (Y° y), whichisevident. m

Recall that the restriction of the Lorentz form to S, , denoted by hy , is
positive de nite: (Sy;T;hy) is a Euclidean vector space. Thus we can say that
the space of a global inertial observer is a three-dimensional orienteBuclidean
a ne space.

3.3.2. In the nonrelativistic model the spaces of di erent inertial observers
are di erent a ne spaces over the samevector space, whereas here the spaces of
di erent inertial observers are di erent a ne spaces over di erent vector spaces.
This very important fact gets lost in the usual treatments where evey inertial
spaces are represented in the same way by triplets of numbers.

3.4. Inertial reference frames

3.4.1.

De nition. A synchronization is calleda ne if its world surfaces are parallel
ane hyperlanes in M. =

We have immediately:
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Proposition. A synchronization S is a ne if and only there isa us 2 V(1)
such that the S-surfaces are hyperplanes directed by5,_ . &

Such a synchronization is called the synchronization due taig or us-synchro-
nization and T, will denote the corresponding time (the set of hyperplanes
directed by S, ).

3.4.2. Observers and synchronizations, in general, are complicated objects
in the relativistic spacetime model. Exceptions are inertial obsevers and a ne
synchronizations.

De nition.  An inertial reference frame consists of an a ne synchronization
and a global inertial observer. =

Let u be aglobal inertial observer and let us take a global s -synchronization;
the corresponding inertial reference frame will be denoted by ((s; u).

In this reference frame the observer measure time periods betwa u s -instants
by the proper time passed in the u -space points.

Let t and s be two us-instants, and let y and x be occurrences int and s,
respectively. If t is the time period measured by u between s and t then
ut +(x y)2 Sy, i.e. ug (ut +(x y))= 0. Then we have

Proposition T,_ endowed with the subtraction

(t s)uzzw ts2Ty,;y2t x2s
S

isanane spaceover T: H
Proof. For the proof we have to show only that the subtraction is well

de ned i.e. does not depend on the choice of the occurrences inand s which
is evident. m
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3.5. Standard inertial frames

3.5.1.

De nition. A standard inertial frame is an inertial reference frame in which
the synchronization and the observer are given by the same absolute vadity
value. m

We shall refer to a standard inertial frame by the corresponding absolte
velocity value. Note that the same letter u can denote an observer, a syn-
chronization and a standard inertial frame; the actual role of u will always be
speci ed, thus, hopefully, we avoid misunderstandings.

3.5.2. In practice, synchronization is established nowadays by radio signal
(i.e. light signals). A chronometer ticks in the studio and at a detemined tick
{ let us call it 12 o'clock { emits a radio signal. Hearing the signal, we sé& our
clock. Of course, in principle, we do not set the clock to 12 becags 'some time
has elapsed between emission and reception'. The elapsed time is @ahted
from the distance covered by the radio signal and from the velocity of ight.
But this is a vicious circle: the velocity of light makes sense onlywith a given
synchronization. The right setting is that we establish a synchronization in which
one-way light speed equals the round-way speed

It will be found that such a synchronization cannot be correct on the Earth,
being a uniformly rotating observer (see Exercise 6.9.11.). In the fédwing we
investigate how this method works for an inertial observer.

3.5.3. Let us consider a global inertial observeru . A light signal is emitted
in a u -space point g and, re ected in some other u -space point, it returns. Let
the occurrences of emission, re ection and return bexe, y and X, , respectively.
Then there is an occurrencex and a time period t such that x = x ut,
Xy = X+ ut. Thus, it takes 2t for the light signal to travel back and forth;
the one-way speed equals the two-way speed ik and y are dened to be
simultaneous.
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Theny (x wut)andy (x+ ut) are lightlike vectors:

y (x ut)’=0; y (x+ut)®=0;

(y x%+2(y x) ut t2=0; (y x? 2(y x) ut t2=0;

which give
y X28S,; inotherwords, y2x+ S;:

We have obtained the a ne synchronization due to u. Thus we have:

Proposition. The one-way speed of light equals the round-way speed only
in standard inertial frames. =

3.5.4. Note that the vector de ned between the u -space points ¢° and g
in 3.3.1. is the vector between arbitrary u -simultaneous occurrences off’ and
g. Indeed, if x°2 g® and x 2 g such that x° x2 S, then  (x° x)= x° x.

3.6. Standard splitting of spacetime

3.6.1. Let us take a standard inertial frame u .
This inertial frame assigns to every world point x the u -time point | (x);
the set of world points u -simultaneous with x:

u(X)= X+ Sy;
as well as theu -space point C, (x) that x is incident with:
Cio(X)=x+u T:

It is worth listing the following relations regarding the a ne struc tures of Ty
and of §, as well as the mappings ,: M! T, and C,: M! S;:
(i) (y+Sy) (x+Sy)= u (y x) Xy 2 M);
(i) (x+x+S,)=(x+S;) u x X2 M; x2M);
(ii) x+S, =y+ Sy ifandonly if y x is g-orthogonal to u;
and
(iv) x°+u T) (x+u T)= , (x° x (x%x 2 M);
(V) (x+x)+u T=(x+u T)+ , X (X2 M;x2M);
(vi) x+u T=x%u T ifandonlyif x° x is parallel to u;
moreover,
(vii) (y+Sy)\ (x+u T)= x+u u (y Xx) (x;y 2 M)
or, in another form,
(y+Su)?(x+u T)=x+u u (y x
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3.6.2. ltis trivial by the previous formulae (i) and (iv) that
us M Ty; X7 x+ Sy
isan ane map over , = u and
Cu: M S; X7'x+u T

is an ane map over :

De nition.

= G MY Ty S X7V (X+Sy;x+u T)

is the splitting of spacetime according to the standard inertial frane u .

Proposition.  The splitting |, is an orientation preserving a ne bijection
over the linearmap , =( 4; u) (cf. 1.3.5) and

o) = g2t (t2Ty;q2 Sy):

3.6.3. We can simplify a number of formulae and calculations by choosing a
u -time point t, and a u -space point ¢, and vectorizing u -time and U -space:
Ty! T; t7't to;
S!Sy a7lg o

Choosing t, and q, is equivalent to choosing a “spacetime reference origin'
02 M: fog2 g\ to; uw(0)=to; Cu(0) = Q:

The pair (u;o0) is called astandard inertial frame with reference origin. We
can establish thevectorized splitting of spacetime due to (1;0):

uo: M T Sy x7 y(X) u(0); Cy(x) Cy(o) =
= u (X 0; ¢y (x 0:

Thus, if O, denotes the vectorization of M with origin o then

upo= u Og:

3.7. Exercise

Choose the zero inR*3 to be a reference origin for the standard reference
frame of the “basic observer' (10) in the arithmetic spacetime model. Then the
vectorized splitting of spacetime is the identity map of R*3:
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4. Kinematics
4.1. Motions relative to a standard inertial frame

4.1.1. Consider a standard inertial frame u .
Take a world line function r:
Then the function , r: T T, assignsu -time points to proper time
points of r: This function is piecewise twice di erentiable and its derivative
(v 1N=yur= ur
is everywhere positive (see 1.3.1). Consequently,, r is strictly monotone
increasing, has a monotone increasing inverse

Zy =( y r)l:Tu T

which gives the proper time points of r corresponding to u -time points; more-
over, its derivative comes from the inverse of the derivative of , r:

1

= () (t 2 Domgz,):

z,(1) =

4.1.2. The history of a material point is described by a world line function r:
A standard inertial frame u perceives this history as a motion described by a
function r, assigning to u -time points the u -space points where the material
point is at that u -time point.

To establish this function, select a u -time point t; nd the corresponding
proper time point z,(t) and the spacetime position r(z,(t)) of the material
point; look for the u -space point C, r(z,(t)) that the world point in question
is incident with.

De nition.
ro: Ty S t7MCy r(zy () =r(zg(®)+u T

is called the motion relative to u; or the u -motion, corresponding to the world
line function r:

4.1.3. The question arises whether the history, i.e. the world line funtion,
can be regained from the motion. Later a positive answer will be given (Sec
tion 4.4).

4.1.4. Some formulae and calculations become simpler if we use a vectoriza-
tion of u-time and u -space, i.e. we introduce a reference origim (see 3.4.3.).
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Then  r w(@= u (r o0:T T is di erentiable, its derivative
equals the derivative of | r; hence it is strictly monotone increasing, its inverse

Zyo = u (r o 12 T T

is monotone increasing as well and

1
u r(zy,o(t))

The motion relative to (u;o0) is

Z,0(t) = (t 2 Domz, ,):

fuo: T Su; t7hry(t) Cu(@= u r(zuo(t)) o:

4.2. Relative velocities

4.2.1. Proposition. Let u be a standard inertial frame and let r be a
di erentiable world line function; then r, is di erentiable and

ry = = u oz

Proof. Recallingthat C,: M! S, is anane map over ; we obtain

W= SC T AWM = Wtz &

then taking into account the formula in 4.1.1 for the derivative of z,; we easily
nd the desired equality. =

It is evident that, choosing a reference origino; we have

Mo = — u Zy;o:

4.2.2. Sincer, describes the motion, relative to the standard inertial frame
u; of a material point, r,, is the relative velocity function of the material point.
This suggests the following de nition.

De nition.  Let u and u® be elements ofV (1): Then

u®

Vyoy =
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is called the standard relative velocity of u® with respect to u:

Proposition. For all u;u®2 V(1)
(i) vyou isin 2
(i) vyou = Vo ifand only if u = u®

(i) Vo’ = Vuo® =1 iy <l
Proof. (i) is trivial, (iii ) is demonstrated by a simple calculation.
To show (ii) suppose
u® u
Y u= 0.
u uo u® u

multiply the equality by u to have
1
uO

0= ———
ul u

u; (u® u=1:

According to the reversed Cauchy inequality (see 1.3.1) this is equalent to
u=u® m

Earlier we obtained that S, and Syo are dierent if and only if u 6 u® and
in this case vyoy, T (vwo T) is a one-dimensional linear subspace irS,
(Syo); orthogonal to S, \ Syo (see 1.3.7) which o ers an alternative proof of

(ii ).

4.2.3. Let us take now two standard inertial frames with constant velocity
valuesu and u® Then vyo, and vy, o are the relative velocities of the observers
with respect to each other. Then (ii ) of the previous proposition implies that
vyoy = 0 if and only if u = u% Moreover, (i ) says that in contradistinction to
the nonrelativistic case and to our habitual “evidence', the relativerelocity of u®
with respect to u is not the opposite of the relative velocity ofu with respect to
u® except the trivial caseu = u®

It is worth emphasizing this fact because in most of the textbooks onedkes it
for granted that v,o, and v, o are equal: ‘if an observer moves with velocity
v relative to another then the second observer moves with velocity v relative
to the rst one'. This comes from the fact that vectors are given there by
components with respect to convenient bases and then the components v o,
and v, o become opposite to each other.

The reason of nonequality ofvyo, and vy, o is that the spaces ofdi erent
inertial observers are a ne spaces overdi erent vector spaces.

However, we have a nice relation between the two vector spaces in gstion:
the Lorentz boost from u to u® maps S, onto Syo in a natural way and maps
Vyoy INt0 vy, o:

Having the equality

L(u%u) vyou = Vo
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(see 1.3.8), we already know how to choose bases B), and in S,o to get the
mentioned usual relation between the components of relative velodies: take an
arbitrary ordered basis (e1;€2;e3) in S, and the basis €°:= L (u%u) ejji =
1;2;3 in Syo. Now

x .
if  vyo = Ve then  vyo=  ( v)e%
i=1 i=1

4.2.4. We often shall use the equalities

0= 6%2
1 J Vuouj

and
0_ u+VuDu
=

1§ vyouj®

deriving from 4.2.2 (jii ) and (i) and from the de nition of vyo,:

4.2.5. The relative velocities in the nonrelativistic spacetime modelform
a Euclidean vector space. Here the relative velocities with respe to a xed
u 2 V(1) form the unit open ball in the Euclidean vector space %

Su ..
B, = VZTU jvi< 1

. o S .
The set of all relative velocities is By; a complicated subset of ¥
u2v(1)
which does not admit a vector space structure.

4.3. Addition of relative velocities

4.3.1. As a consequence of the structure of relative velocites, “addition of
relative velocities' is not a vector addition, i.e. if u; u% u% are dierent
elements ofV (1) then|in contradistinction to the nonrelativistic case|we have

Vyooy € Vyoguo+ Vyoy:

The left-hand side is an element ofs?“; the right-hand side is the sum of

elements in 2 and in % which indicates that they cannot be, in general,
equal.
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We might think that the convenient Lorentz boost helps us, i.e. we getan
equality if voo0 is replaced with L (u;u® vyo0; however,

Vyooy, 6 L(u:u9 vyoouo+ vyoy
because the length of the vector on the right-hand side can be greater than .
4.3.2. Nevertheless, the relative velocity on the left hand side of the abee

inequality is a linear combination of the relative velocities on the light hand side.
For the sake of brevity, let us introduce the notations

o]

vO:= vy vOi= L(u;uY vyomo; V= vyoy:
— 0 — 1 . — 00 0_ 1 .
1] vj? 1] vy

1
= uPu=p—-o= (1+v VY
F’W ( %

Then we obtain by straightforward calculations that

+
0= _y + ( )v

o.
@+ )

v
4.3.3. If vOis parallel to v, we get the most frequently cited Einstein formula

oo V*+VO o
C 1+ jvjjvg

4.4, History regained from motion

4.4.1. Given a motion relative to a standard inertial frame u; i.e. a piecewise
twice di erentiable function m: T, S,; can we determine the corresponding
world line function r such that m=r,?

Sincer, = C, r 1z, and  r is the inverse ofz,; we have

Arosre)=Cu 1 zo; Cy 1 Zy)= u T Zy:
Consequently, given the motion m;

re=,' (@r,;m) z,?
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will be the corresponding world line function.
Similarly, if the vectorized motion m: T S, is known, then

r:= u;Jé (1T;m) Zu;Jé
is the required world line function which can be given by a simple édrmula:

t70 o+ m z,5(t) + uzy,(t):

4.4.2. The previous formulae are not satisfactory yet becausez, and z,,
are de ned by u and (u;0) together with the world line function r to be found;
we have to determine them|or their inverse|from  u; (u;0) and the motion
m or m:

Equalities in 4.1.1 and 4.1.4 result in

1 1
Ul = ;I ’ Zu;lé = El 7:
1 mj? 1j mj?

m and m are given functions, hencez,* and z,} can be obtained by a
simple integration.

4.4.3. Let us consider the “basic reference frame' (D) with reference origin
(0;0) in the arithmetic spacetime model (see Exercise 3.5). A motion is gen
by afunction m: R R3: Let h: R R be a primitive function of pﬁ

Then R R R3; t7! h(t);m(h(t)) is the world line function regained from
the motion m:

4.5. Relative accelerations

Let r be a world line function and let u be a standard inertial frame. Then
ry is twice di erentiable and a di erentiation of the equality in 4.2.1 y ields
!

1 r u
1y + = [ 2y

(u n? uor

If a reference origin o is chosen as well,r¢., is given by a similar formula,
with z,., instead of z,:

We see that, in contradistinction to the nonrelativistic case, the relative
acceleration does not equal the absolute one. Of course, the relative aeration

. . . S
takes values in TS—“T; the absolute acceleration takes values |nT’——“T>:

by =
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4.6. Some particular motions

4.6.1. Take the inertial world line function
r(t) = Xo+ Uot t2T) ():

Consider a standard inertial frame u:

Then
1

u U,
(see 4.1.1) from which we get immediately

T to
u Ug

zy(t) =

for somet, 2 T, Consequently (see 3.4.1)),

t t u
re(t)=  Xo+ Uo : +U T= Xo+u T+ﬁ(t to) =
[o] o]
= Ok, + Vuu(t to) (t2Ty);

where ¢k, := Xo+ U T is the u -space point that X, is incident with.

This is a uniform and rectilinear motion.

Conversely, suppose that we are given a uniform and rectilinear motionela-
tive to the inertial frame, i.e. therearea q2 S,; at, 2 Ty andav 2 S?“ such
that

re(t) = g+ v(t to) (t2Ty):

Then letting x, denote the unique world point in the intersection of q and
to and putting u, := p% the world line function of form ( ) gives rise to
jovi

the given motion.

4.6.2. Take the uniformly accelerated world line function

sinh t cosht 1
+ do 5

r(t) = Xo+ Ug (t2T)
where = ja,j; then

sinh t

r(t) = uo,cosh t + aq

Consider a standard inertial frame u: The formulae will be more tractable
by choosing a reference origino: Then

z,5(t)= u (r(t) o)=

Uu (Xo 0) U Ug

sinh t cosht 1
U 8o

(t2T):
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Let us consider the special casel a, = 0; then

arsinh Lto
Zyo(t) = ——m——= (t2T);
wheret, == u (X, 0): Thus
0 q _— - 1
(t_to)?
t ot 1+ Zﬁ’ 1
rio)= o @, 0+ U, ° +a, @ uo) A=
u Uug
p

1+ 2(t tg)?2 1
2

= Qo+ Vuul(t to)+ bg t2Tm);

where

Qo= u (Xo 0); bo = a0 1 j Vu,uj®; = 21 vyt

4.7. Standard speed of light

4.7.1. We wish to determine the motion of a light signal with respect to a
standard inertial frame. The procedure will be similar to that in Sections 4.1
and 4.2.

We introduce the notation

V(O):= w?2 w2=0;w T L

M
T

The elements of V (0) are future directed lightlike vectors of cotype T:
Though the notation is similar to V (1); observe a signi cant di erence: if two
elements in V (1) are parallel then they are equal; on the other hand, ifw is in
V(0) then w; too,isin V(0) forall 2 R*:

Let u be a standard inertial frame. Let us consider a light signal F i.e. a
straight line directed by a vector in V (0): The motion of the light signal with
respect to the observer is described by

fu: Tu! Su; t7V(F?20)+u T

where F?t denotes the unique element in the intersection of the straight lire F
and the hyperplane t:
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If ;,s2Ty,thent s= u (F?t F?s) by the de nition of the ane
structure of T, (see 3.4.2); then we easily nd that

t s
F?t F?s=w ;
u w

hence

w
u w

fu(t) fu()= o (F?2t F?29= u ot s):

Thus the light signal moves uniformly on a straight line relative to the ob-
server.

4.7.2. De nition. Let w2 V(0) and u 2 V(1): Then

w
u w

Vwu =

is the standard relative velocity of w with respect to u:

Proposition. vy, is an element of%u and
Vw j=1: =

Observe that given an arbitrary u, the lightlike vectors w and w have the
same relative velocities with respect tou:

We do not de ne the relative velocity of u with respectto w:

According to the previous proposition, the magnitude of the standard rehtive
velocity is the same number, namely 1, for every light signal and everynertial
observer.
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Thus we obtained explicitly that the given synchronization procedure of in-
ertial observers by light signals does result in the one-way speed difjht being
equal the two-way speed.

4.7.3. Recall that relative velocity values have magnitude but two relative
velocity values need not have an angle between themselves; howeveelative
velocities with respect to the same element ofV (1) do form an angle.

Now we look for the relation between certain angles formed by relative vecity
values. The physical situation is similar to that in 1.6.2.3. A car is going on a
straight road and it is raining. The raindrops hit the road and the car at di er ent
angles relative to the direction of the road. What is the relation betwee the two
angles? Now we can treat another question, too, considering instead of radnops
light beams (continuous sequences of light signals) arriving from theu.

Let u and u® be dierent elements of V(1) (representing the absolute
velocity values of the road and of the car, respectively). Ifw is an element
of V(1)[ V(0) (representing the absolute velocity value of the raindrops or the
absolute direction of the light beam), w 6 u; w 6 u®% then

v % % %

(W) := arccos —"4_—UuM . %w) := arccos M

JVwu ] JVuou ) JVwu o) JVuu ©]

are the angles formed by the relative velocity values in question. A imple
calculation veri es that

Vwu | oS (W) Vwu |

cos (W) - 1+ jku Oj jVuu Oj Cos O(W)

If w2 V(0) then jvyy = jVwuo =1 and

Cos O(W) + JVuu o .
1+ jvy, ojcos qw)’

cos (w) =

This formula is known as the aberration of light: two di erent inertial ob-
servers see the same light beam under di erent angles with respedb their
relative velocities; the angles are related by the above formula.

4.8. Motions relative to a nonstandard inertial reference frame
4.8.1. Consider an inertial reference frame (s;u). Take an inertial world

line C directed by u®2 Vv (1): The corresponding history of a material point is
described by the reference frame as a motion [, ! S, .
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Let t;s be T, -instants. The material point at s and at t meets the u -
space pointsq and p; let x and y be the occurrences of meetings, respectively.
Thus, the velocity of this motion is

0

_ b q _ (y x) _ u _
Vuo(ugu) = T s, = Us (y X)( us u)= 7Us uo( Us u)=
=yl (U U9 us v
u*u US UO

where, of course,v,o, is the standard velocity of u® with respect to u .
The motion of an inertial material point with respect an arbitrary inerti al
reference frame is rectilinear and uniform.

4.8.2. The same formula holds for a light signal directed byw :

(u w)( us u),
Us W '

Vw (us;u) = Vwu

To make our result more apparent, we write

U+ VsNs

uS= —F
Y

W=U+ Ny

where ng and n,, are unit vectors of cotype T in the u -space, indicating the
“direction of the synchronization' and the direction of the path of the light signal,
and vs is a read number describing how much the inertial reference fram (us; u)
deviates from a the standard one. Then we have

_ 1 vsns Ny
Vw(us;u)— Vwu 17\/3 .
The one-way light speed is di erent in di erent directions (exc ept the standard

caseVvs = 0); the least value is , the greatest one is ; 1vs .

_1
1+ vs

4.9. Exercises

1. Treat the motion, relative to inertial reference frames, correspoding to an
arbitrary world line function r.

2. Estimate the one-way light speed from Budapest to London and from
London to Budapest (distance: 1450 km) if the synchronization is establised
in such a way that the standard 12 o'clock in London and the standard 12,0005
o'clock in Budapest are simultaneous.
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5. Some comparisons between di erent spaces and times
5.1. Physically equal vectors in di erent spaces

5.1.1. It is an important fact that the spaces of di erent global inertial
observers are a ne spaces over di erent vector spaces. Thus it has noneaning,
in general, that a straight line segment (a vector) in the space of an indral
observer coincides with a straight line segment (with a vector) in he space of
another inertial observer.

Let us consider two di erent global inertial observers with constant velocity
values u and u® respectively. Their spaces are a ne spaces ovelS, and S,o;
respectively. We know that S, \ S, is a two-dimensional subspace, orthogonal
to vyo, and to vy o:

If a vector between two points in the u -space lies inSy; \ Syo then we can
nd two points in the uC-space having the same vector connecting them. We
have troubles only with vector outside this two-dimensional subspae.

To relate other vectors, too, we start from the rational agreement that °if
you move with respect to me in some direction in my space then | movevith
respect to you in the opposite direction in your space'. This suggestshat the
mathematically di erent vectors vyo, in S, and Vye o in Syo could be
considered the “same' from a physical point of view for all 2 T: More generally,
every vector in S, has the form

Vu0u+q ( 2T,q25u\8u0)
and every vector in Syo has the form
Yy o+ q° (°2T;9%°2 S, \ Suo):

The observers agree that two such vectors are considered to be the “sanif

and only if

o- . Q= q:

We have a nice tool to express this agreement: the Lorentz boost.
De nition.  The vectors q° in Syo and q in S, are calledphysically equal
if and only if
Lw®u) q=q% =
We emphasize that the equality of vectors in di erent observer space makes
no sense in general; we agreed to de ne it conveniently.

5.1.2. To be physically equal in di erent observer spaces, according to our
convention, is a symmetric relation, but is not a transitive relation.
Indeed, if °= L(u%u) g then g= L(u;u% q° the relation is symmetric.
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However, if u; u® and u® are not coplanar, then there areq; q° and q“in
such a way that

°=L(u%u) g g%= L@u%uY o~
q%is not parallel to L (u®u) q

(Exercise 1.9.6); q° is physically equal to g; g% is physically equal to q% but
q%is not physically equal to q: the relation is not transitive.

In particular, "if a straight line in your space is parallel to a straight line in
my space and a line in his space is parallel to your line then hisrle need not be
parallel to mine'.

This is a rather embarrassing situation but there is no escape. Thertith of
the common sense that the standard relative velocity of an observer wit respect
to another is physically equivalent to the opposite of the other standad relative
velocity and the transitivity of parallelism exclude each other.

5.2. How to perceive spaces of other reference frames?

5.2.1. In 5.1.1 an agreement is settled what equality|in particular, parallel-
ism|of vectors in di erent observer spaces means.

Now the question arises how a straight line segment in the space of an irtal
observer is perceived by another observer. The question and the answare
formulated correctly as follows (cf. 1.7.1.2). It is most important that t he
perception does not depend only on the observer: the synchronizatiais involved,
too.

Let u, and u be standard inertial frames. Let H, be a subset (a geomet-
rical gure) in the u,-space (this is independent of any synchronization). The
corresponding gure perceived by the reference frameu at the u-instant t|
called thetrace of Hy at t in S, |is the set of u -space points that coincide at
t with the points of Hy:

fg?t+u Tj g2 Hog

where q ?t denotes the unique world point in the intersection of the line g and
the hyperplane t:
Introducing the map
Pi: &, ! S q7!q?t+u T
we see that the trace of H at t equals P¢[H,]: It is quite easy to see (recall the
de nition of subtraction in the observer spaces) that
u
Pi() Pu(m)=®?t qw?t=cg o+ uo%:
[0}

=Puw, (@ )
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where Py, , is the projection onto S, along u, T (see Exercise 1.9.7).

Since the restriction of Py, , onto S, ; denoted by A, ,; is a linear bijection
between S,, and S,; P: is an ane bijection over Ay ,:

5.2.2. We can easily nd that
Aw, 9=q if gq2S,\S,, ie. ifqisorthogonaltovy,,;
q__—
Auw o Vuu, = 1 J Vuu ojzvuou:

The linear bijection A, , resembles the restriction ontoS,, of the Lorentz
boost L (u;u,); an essential di erence is that it maps v, , into  vy,, mul-
tiplied by a real number less thanl: Consequently, A, , is not an orthogonal
map; it does not preserve either lengths or angles which is illustratecs follows:

T T

5.2.3. Every gure in the u,-space is of the formq, + Ho; where g, 2 §;,
and H, Su,; then Pi[gy, + Ho] = Pi(%p) + Auw [Ho]: Consequently, the
perceived gure and the original one are not congruent, in general.

If Lo is a straight line segment in the u,-space, then its trace is a straight
line segment, too. However, the perceived segment and the original oree not
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parallel, in general: if L, is directed by the vector e,; Lo = ¢ + Rey; then
P¢[Lo] is directed by A, €o:
Auw, ©o is parallel to ey; by de nition, if there is a real number such
that
Auw, €= L(u;uy) e

which occurs if and only if e, isin Sy \ S, orin vy, T:

Thus a straight line segment L, in the u,-space is perceived byu to be
parallel to L, if and only if L, is

| either orthogonal to vy, ,

| or parallel to v, ,

5.2.4. Let L; and L, be crossing straight lines in the u,-space. Thenu
perceives at everyu -instant that they are crossing straight lines. However, the
angle formed by L; and L, and the angle formed by the perceived straight lines
di er, in general.

Let L; and L, be directed by e; and e,; respectively. If , denotes the
angle formed by L; and L, then

e, €er
COS o= ————:
Jjéi))ez)

For the angle perceived by u we have

_ (Auu0 el) (Auu0 e2) nCOSO 1 2

cos = = — = = p ;
JAuu ° €1) JAuu 0 €2) v 1 %P 1 %
where 3 u e _, e
YT (U wjerj M jedj’
. u e -V e
27 T(Uo wjeg  Me jeyj

Thus and , are equalifandonlyif ;= ,=0; i.e. if and only if both
e; and e, are orthogonal to the relative velocity vy, ,:

5.3. Lorentz contraction

5.3.1. A straight line segment orthogonal to the relative velocity v, , inthe
U, -space is perceived byu as a straight line segment parallel to the original one
and having the same length.

A straight line segment parallel to the relative velocity v, , in the u,-space
is perceived by u as a shorter straight line segment parallel to the original one.
This is the famous Lorentz contraction which will be detailed as follows.
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A straight line segment in the u,-space can be represented by one of its
extremities and the vector between its extremities. Since pardél segments are
perceived in a similar way, we can consider only the vectore, 2 S,, between
the extremities.

The perception of e, by u yields e := Ay, , € A simple calculation shows
that

2
u e ..
((LIUO))2: ]eol2 (Vuu, eo)z:
o

The perceived length, in general, is smaller than the proper one.

More closely, the perceived length equals the original one if and only ithe
segment is orthogonal to the relative velocity; otherwise the perceied length is
smaller than the original one. The perceived length is the smallest ithe segment
is parallel to the relative velocity:

q___
jei = jeoi 1 j vuu,i’ if e, is parallel to vy, ,:

jei” = jeof”

5.3.2. One often says that the travelling length is smaller than the proper
(or rest) length: "a moving rod is contracted, becomes shorter'.

Then one continues: let us imagine two rods having the same proper gth
and resting in the spaces of di erent observers; both observers wiperceive the
other rod to be shorter than its own one.

A number of paradoxes can arise from this situation: I say that your rod &
shorter then mine, you say that my rod is shorter than yours; which of s is
right?'

The paradox stems from the fact that usually one does not speak about
synchronizations. And the answer is: both of us are right if both of us applyour
di erent standard synchronizations. It is most important that the trac e, as it
is de ned, depends on a synchronization. The observeu is not obliged to use
its own standard synchronization; if it uses the u,-synchronization then there
is no contraction.

We emphasize that the Lorentz contraction formula does not state any real
physical contraction at all.

5.3.3. Suppose you do not believe that the contraction is illusory and you
want determine experimentally which of us is right. The experimet seems
extremely simple: you catch my rod (which is moving relative to you) and having
stopped it you put it close to your one and then you will see which of themis
shorter.

We consider an ideal case: you seize the moving rod all at once so that it
stops instantaneously.
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Let us translate the situation into our mathematical language. My rod is
described by a line segment in theu, -space:

Lo= 0 +[0;1leo

and e, is taken to be parallel to v, ,:
Then the rod has the length (the proper Ieagth) do = jeoj with respect to

U, and the length (the travelling length) d:= 1 | vy, szdo perceived by u:
At a u-instant t the history of each point of the rod will be changed into an
inertial history with the velocity value u; then you get

L=fg?t+u Tjg2Lly,g=qg+[0;1]e;

where
q:= p?t+u T; e:= A(U;u,) eo:

The segment (the seized rod)L is in the u -space and has the lengthiej = d;
the length of L, perceived by u:

5.3.4. You can relax: you showed that my rod is “really' shorter than yours.
But then you think that | can execute a similar experiment to show that your
rod is ‘really' shorter than mine. Again the same disturbing situation.

To solve the seeming contradiction, note that in your experiment yourrod
continues to exist without any e ect on it, while my rod is aected b y your
seizure, and in my experiment your rod is a ected. The seizure mans a physical
change in the rod which causes contraction.

Let us analyze the problem more thoroughly.

(i) The rod resting in the u,-space moves relative to the standard inertial
frame u which perceives that the length of the rod isd: At a u -instant t the
observer u seizes the rod, stops it, and discovers that this rod has the same
length d: According to u; the rod did not change length during the seizurein
other words, the observeru sees the rod asigid and this is well understandable



5. Some comparison between di erent spaces and times 203

from its point of view because the rod is stoppedat an instant with respect to
u; i.e. every point of the rod stopssimultaneously with respect to the standard
synchronization of u:

(ii) The rod rests in the uy-space. Asu seizes the rod, the observeru,
sees that the rod begins to move but not instantaneously with respdcto u,:
the points of the rod begin the movement at dierent u,-instants! First the
backward extremity (from the point of view of the relative velocity of u with
respect to u,) starts and then successively the other points, at last the forward
extremity. Evidently, u, sees the rod is not rigid, it contracts during the time
interval of seizure.

(iii ) The rod experiences that it moves relative tou which begins to stop it in
such a way that rst the forward extremity (from the point of view of th e relative
velocity of the rod (i.e. of u,) with respectto u) stops and then successively the
other points and at last the backward extremity. The rod experiencescontraction
during the procedure of seizure.

We have examined three standpoints. Two of them concern inertial fames
and the third concerns a noninertial one.

5.3.5. The ideal case that every point of the rod changes its velocity abrupty
at a u -instant can be replaced by the more realistic one that every point of tke
rod changes its velocity fromu, to u during a u -time interval, as the following
Figure shows.

5.3.6. We emphasize again that “stopping instantaneously' in the previous
explanation refers to a u -instant.

The reader is asked to analyze the problem that the rod is seized byu
instantaneously with respect to a u,-instant (i.e. every point of the rod is
stopped by u simultaneously with respect to the standard synchronization of
Uo):
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5.4. The tunnel paradox

5.4.1. Consider a train and a tunnel such that the proper length of the train
is greater than the proper length of the tunnel. Let the travelling tr ain enter the
tunnel.

The observer resting with respect to the tunnel perceives Loretz contraction
on the train, thus it sees that, if the velocity of the train is high enough, the
train is entirely in the tunnel during a time interval.

On the contrary, the observer resting with respect to the train perceives
Lorentz contraction on the tunnel, thus it experiences that the train is never
entirely in the tunnel.

Which of them is right? We know that both. However, it seems to be a vey
strange situation because the observer resting with respect to théunnel says
that “when the train is entirely inside the tunnel, | close both gates of the tunnel,
thus | con ne the train in the tunnel, | am right and the observer in th e train is
wrong'.

5.4.2. On the basis of our previous examination we can remove the paradox
easily.

In the assertion above “when' means that the gates become clossinultane-
ously with respect to the tunnel.

From the point of view of the train the gates will not be closed simultaneotsly:
rst the forward gate closes and later the backward gate. When the forward gate
closes, the forepart of the train is in the tunnel (the back part is stil outside),
when the backward gate closes, the back part of the train is in the tunnel (the
forepart is already outside).

°I con ned the train in the tunnel' means that the closed gates hinder the
train from leaving the tunnel. But how do they do this? The train i s moving;
it must be stopped to be con ned de nitely in the tunnel: some apparatus in
the tunnel brakes the train or the train hits against the front gate which is so
strongly closed that it stops the train. In any case, as we have seen, stpng
means a real contraction of the train, consequently, it nds room in the tunnel;
however, then the train ceases to be inertialin all its existence, that is why the
assertion "I am never entirely in the tunnel' (true for an inertial t rain) will be
false.

5.5. No measuring rods

5.5.1. A physical observer makes measurements in his space: measures
the distance between two points, the length of a line, etc. In pracice such
measurements are based on measuring rods: one takes a rod, carries @ t
the gure to be measured, puts it consecutively on convenient place::: One
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supposes that during all this procedure the rod isabsolutely rigid: it remains a
straight line segment and its length does not change.

This assumption is justi ed nonrelativistically. But we have seen previously
that the rod when seized to be carried elsewhere changes its shapepgnding on
how it is moved: in the special relativistic spacetime model theabsolute rigid
rod is not a meaningful notion.

5.5.2. Spacetime measurements in the nonrelativistic case are based on

chronometers (showing the absolute time) and measuring rods (that & ab-
solutely rigid).

Spacetime measurements in the special relativistic case are based onrono-
meteres (showing their proper times) and light signals.

5.6. Time dilation

5.6.1. Recall that given an absolute velocity value u, u-time is an a ne
space overT: Since T is oriented, later and earlier makes sense between -
instants: t is earlier than s (s is later than t) if s t is positive.

A unique u -instant | (x) is assigned to every world pointx: Consequently,
we can decide which of two arbitrary world points is later according to u:

The u -time interval between the world points x and y is

tu(y) = uy) w(x)= u (y x):

The world point y is later than the world point x (x is earlier than vy)
according to u if the u -time interval between x and y is positive.

Neither of x and y is later according to u if and only if they are simultaneous
according to u:

If y is futurelike with respect to x (i.e. if they are lightlike or timelike
separated) theny is later than x according to all inertial observers.

5.6.2. Fix two di erent world points x and y on an inertial world line with
absuolute velocity u®. Then tyo(X;y) = jy Xj is the inertial time between x
andy,andy x=u%,o(x;y):

Consequently, we have the following formula for theu -time interval between
X and y:

Locy)= (U ute(ay) = g .

1 J Vuu °j2

tu(X;y) = tyo(x;y) if and only if u = u® In any other casesty(x;y) is
greater than t9(x;y):
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5.6.3. Let us illustrate our result as follows.

Let us consider an inertial (pointlike) chronometer. Let x and y be the occur-
rences between which the chronometer measures one hour. An inertiabserver,
moving relative to the chronometer, and using its own standard synbronization
perceives more than one hour between the occurrences. This is tfi@moustime
dilation.

The chronometer and the observer move with respect to each other. lnisual
formulations one considers that the observer is at rest and the chronomet is
moving and one says that "a moving clock works more slowly than a clécat
rest'.

Then one continues: let us imagine two clocks resting in the spaces di erent
observers; both of them will perceive theother clock working more slowly.

A number of paradoxes can arise from this situation: "I say that your clo&
works more slowly, you say that my clock works more slowly; which of uss
right?'

The paradox comes from the fact that usually one does not take the dif-
ferent synchronizations entering in the problem into account. The observer
u is not obliged to use its own standard synchronization; if it uses theu,-
synchronization, then there is no time dilation.

We emphasize that the time dilation formula does not state any real phygal
dilation of time at all.

5.7. The twin paradox

5.7.1. Let us consider two twins, Alice and Bob. Both are launched in
separate missiles. Alice says that Bob is moving relative to her, hece his time
passes more slowly and she observes that when she is forty then he idyotwenty.
On the other hand, Bob says that Alice is moving relative to him and he olserves
that when he is forty then she is only twenty. Which of them is right?

Keeping in mind that only illusory and no physical time dilations are in
guestion, we can be convinced that both are right. How can it be possible?

The paradox is based on our everyday concept of absolute time, i.e. that
‘'when' has an absolute meaning. However, the rst ‘'when' means simudineity
with respect to Alice and the second “when' means simultaneity wih respect to
Bob; we know well that these simultaneities are di erent.

5.7.2. Suppose the twins do not believe that time dilation is illusory and
they want an experimental test: let them meet and then a simple inpection will
determine which of them is older.

However, the time dilation formula concernsinertial frames. It is excusable
that both missiles are considered to be inertial. But if they remaininertial then
the twins never meet. If the twins meet, then at least one of themceases to be
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inertial. Anyhow, the mutually equivalent situation of the twins breaks. It wi Il
not be true that both are right saying ‘when | am forty then my twin is only
twenty'.

Alice

Let the twins meet. Both existed somehow between the two occurmeces, the
departure and the arrival, and their proper times passed during therf existence.
The times elapsed depend on their existence and need not be equat.cln hap-
pen that Alice is older than Bob; e.g. if Alice remains inertial (the inertial time
between two world points is always greater than a time passed on a nonimgal
world line, see 2.2.3). This di erence of proper times is an absolute faand has
nothing to do with the illusory time dilation.

It is important to distinguish between illusory time dilation concerning two
standard inertial frames and actually di erent times passed alongwo world lines
between two world points.

5.8. Experiments concerning time

5.8.1. Cosmic rays produce unstable particles called muons in the ionosphe
These particles have a well-de ned average lifetimeT . Some of those muons
reach the Earth. Detecting the magnitude v of their velocity in the space of
the Earth with respect to the standard synchronization and knowing the height
d of the place where they are created, we can calculate the time of theiravel
(uniform and rectilinear motion seems a good approximation). It turns out that
the time of travel d=v exceeds the lifetimeT of muons. Thus it seems to the
Earth that the moving muons live more than their lifetime.

The muon in question exists inertially thus it “feels' the inertial time t, of its
travel which is less than its lifetime; the Earth (considered as astandard inertial
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frame) perceives a longer time (time dilation):

o

—pito ST >t
v 1 V2 .

It is interesting that [fomeone can argue in another way, too. The muon
perceives the distanced 1 vZ between its birth place and the Earth (Lorentz
contraction), hence it travels for t, = "{,7"2:

5.8.2. Let us suppose that, simultaneously with the muon in the ionosphere
(muon 1), a muon is produced and remains resting on the Earth (muon E).
According to what has been said, muon E decays before muon | arrives at the
earth: muon E “sees' that time passes more slowly for muon I.

Of course, muon | “sees' as well that time passes more slowly for muon Ehen
one could suspect a contradiction (paradox): according to muon |, muon E wuld
be alive at the end of the travel of muon I.

There is no contradiction: simultaneously in the present context means si-
multaneously according to the earth, i.e. to muon E, and muon | is prodeed
simultaneously according to muon E. Then, according to muon |, the othe muon
is born earlier; consequently, muon I, though sees time passing morédowly for
muon E, will observe that the life of muon E ends before muon | meets thearth.

5.8.3. Experiments with unstable particles revolved in an accelerator sho
the physical fact that di erent times can pass between two world poirts along
di erent world lines, as it will be explained.

Suppose two muons are produced 'at the same time and at the same place'
i.e. a single world point corresponds to their birth. One one of them fhuon R)
remains resting beside the accelerator, the other (muon A) is constraied to
revolve in the accelerator. The muons meet several times. Then muon Recays,
but muon A continues to revolve and meets again the void place of muon R; we
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see (resting with muon R) as if muon A had a longer life time. Neverthetss,
both muons have the same proper lifetimeT:

The world line of muon R is inertial while muon A has a noninertial world line;
the two world lines intersect each other several times. Dierenttimes tg and
ta pass along the di erent world lines of the muons between their two sacessive
meetings. Inertial time is always greater than a noninertial: tpa < tg: That is
why there can be a natural number n such that nta <T <nt g; i.e. muon R
does not last until the n-th meeting but muon A survives it.

5.9. Exercises

1. Prove that the addition formula 4.3.2 of relative velocities remainsvalid
for u;u®2 Vv (1); u®2 v (0):
2. Take the motion treated in 4.6.2. Demonstrate that

. b L .
Nim oy o(t) = vau, + = Jim-jryo(t)j =1t

3. Consider the uniformly accelerated world line treated in 4.6.2. Try ©
describe the corresponding motion relative to an inertial observer Wh constant
velocity value u which is not g-orthogonal to a,:

4. Let x and y be dierent world points simultaneous with respect to an
a ne synchronization ( x: a plane lands in London at 12:00;y: a train leaves
Paris at 12:00). Then there is an a ne synchronization according to which x
is later than y and there is an a ne synchronization according to which x is
earlier than y.

5. We have a clock that can measure a proper time period of 1®s: At which
relative velocity magnitude can we perceive a time dilation in a mirute? (Keep
in mind that 1~ 2:9979::: 10°m =s:)

6. Let u2 V(1); v2 2 jyj< 1 Let t, 2 T*: Consider the world line
function r that passes through the world point x, and

(i) l’_(t) =p u+vsin(t=ty) (t 2 T);

1j vj?sin2(t=t,)

(i) r(t)y=u 1+ jvjzsinz(t:to) + vsin(t=t,) (t2T):
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Prove that the inertial world line xo+u T and the world line Ranr intersect
each other in X, +2 n t, for all integers n:

Evidently, t, is the time passed along Ran between two consecutive inter-
sections. Estimate the time passed between two consecutive intgections along
the inertial world line.

6. Some special noninertial observers
6.1. General reference frames

6.1.1. As said, in general, the treatment of noninertial observers in the
relativistic spacetime model requires the theory of pseudo-Riernnian manifolds.

Fortunately, to describe some special and important aspects of noninéal
special relativistic observers, we can avoid the theory of manifoldspevertheless,
we shall meet some complications.

First of all, together with observers, we always must deal with synchoniza-
tions, too. The rst question is how a convenient synchronization canbe assigned
to an observer. The answer is immediate for an inertial observer: by gjiht signals.
Is a similar synchronization procedure satisfactory for a noninertialobserver?

Let us take two space pointsq and ¢° of a noninertial observer U: A light
signal starting at the world point x incident with q meets® at y; the re ected
light signal meets q at x*: Then the world point x incident with g would be
considered simultaneous withy if the proper time passed betweenx and x
equals the proper time passed betweerx and x*:

Unfortunately, the synchronization de ned by light signals starting f rom o°
does not necessarily coincide with the synchronization de ned byight signals
starting from q (see Exercise 6.9.12).
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Let us accept that synchronization de ned by light signals works well "n-
nitesimally’. This means that the U -line passing through the world point X;
in a neighbourhood of x; can be approximated by a straight line directed by
U (x): Thus we can say that in a neighbourhood ofx the world points approx-
imately simultaneous with x according to U are the elements ofx + Sy y:
The smaller the neighbourhood, the better the approximation we get. A clear
reasoning leads us then to the idea that world points simultaneous wh each
other according to U would constitute a hypersurface whose tangent space at
every x equals Sy (xy: Such a de nition of synchronization does not depend on
the U -space point (U -line) from which light signals start. However, it may
happen that there is no such hypersurface at all (see 6.7.6)! And even fuch
hypersurfaces exist, it may happen that the proper times passed leeen two
such hypersurfaces along di erentU -lines are di erent (see 6.6.5), thus the syn-
chronization is not satisfactory in all respects.

De nition.  An observer U is regular if there is a (necessary unique) syn-
chronization Sy such that the tangent space of s, (x) at x equals Sy (y; .

6.1.2. In general, there is nonatural synchronization with respect to a non-
inertial observer; consequently, there is no natural time of such anobserver.
Nevertheless, of course, a noninertial observer can choose some sortadi cial
synchronization (e.g. chooses one of its space points and makes the syrahiza-
tion by light signals relative to this space point; on the Earth one makes sch a
synchronization relative to Greenwich).

6.2. Distances in observer spaces

6.2.1. How distances are measured in an observer space? Lél be an
observer and suppose a synchronizatiors is given on the domain of U: We
would like to determine the distance between two U -space pointsq and o at
an S-instant t:

First we make the following heuristic considerations. Let us putx := q?t and
supposed’ is “close' tog. According to the “in nitesimal' synchronization which
is reasonable from the point of view of the observery®:= q®?(x + Su(x)) is the
world point on ¢ that is approximately simultaneous with x in a natural way.
Then d := jy® xj is the approximate value of the distance to be determined.

The world point x°:= ¢°?t is simultaneous with x according to S: Since

yo  xO0+ U(x%% x%+ U(x) U(x) (x° x) ; we see that d

i vy (X x)j:
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We have got a formula for “in nitesimal' distances from which we can dene
the length of a curve in a natural way by an integration. The distance betveen
two observer space points will be de ned to be the least length of cures con-
necting the space points.

Before going further, the reader is asked to study Section VI.7.

6.2.2. De nition. Let U be an observer. A subsetL of the observer
space g is called acurve if there is a synchronization S on DomU such that
Li:=fg?tig2L;q\ t6 ;g iseithervoidoracurvein M forall t2 Ts: m

Note that in fact L; is contained in the hypersurfacet:

We say that the curve L connects the U -space points gz and @ if L
connectsqp ?t and p ?t forall t 2 Ts; provided that g\ t and p\ t are
not void.

6.2.3. De nition. Let L be acurvein §: Then
Z

(L) = Tu(Ly) = J u()dLyj
Lt

is called thelength of L at the S-time point t:
The distance between the U -space pointsq and ¢® at the S-time point t is

di(q; ) :=inf f*((L)j L is a curve connectingq and ¢°g. =

It is worth describing explicitly that if p; is a parametrization of L; then
Z

(L) = | upay BR(a)jda=
ZDom pt q

= (@i + U(p(a) m(a) “da:

Dom py

Note the special case wherlJ is regular and the U -synchronization is taken;
then () x=x if x2t and x is a tangent vector of t at x: Consequently,
z z

(L) = jdLyj = ip.(a)jda for a regular observer.
Lt Dom p¢
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In particular, if U is inertial and U -time is used then, for all t; d(q;d)
equals the distancejg® ¢ de ned earlier.

Keep in mind the following important remark: suppose the S-instant t is a
hyperplane; then there is a uniqueu, 2 V (1) such that t is directed by S :
The distance between the U -space points att does not equal, in general, the
distance perceived by the standard inertial frameu,: Recall, e.g. the case that
U is an inertial observer with the velocity value u (see Section 5.3).

6.2.4. De nition.  The observer U is calledrigid if there is a synchroniza-
tion S on DomU in such a way that if

| L is an arbitrary curve in Sy;

| tt°2Ts and g\ t6 ;; g\ t°6 ; forall g2 L;
then “¢(L) = “to(L): m

Note that rigidity of observers is a highly complicated notion in the spegal
relativistic spacetime model, in contradistinction to the nonrelativistic case.

6.2.5. The following assertions can be proved by means of the tools of smooth
manifolds.

(i) Our de nition of a curve in Sy involves a synchronization; nevertheless,
it does not depend on synchronization: if there is a synchronization vth the
required conditions then these conditions are satis ed for all othersynchroniza-
tions as well.

(ii) The distance between two U -space points at an S -instant is de ned by
an in mum; this in mum is in fact a minimum, i.e. for each S-instant t there
is a curve connecting the points whose length att equals the distance between
the U -space points att:

(iii ) Our de nition of rigidity involves a synchronization; neverthele ss, it does
not depend on synchronization: if there is a synchronization with repect to
which the observer is rigid, then the observer is rigid with respet to all other
synchronization as well.

6.3. A method of nding the observer space

6.3.1. To nd the space of an observer, i.e. theU -lines, we have to nd the
solutions of the di erential equation

x: T M)? x = U(x):
A frequently applicable method is to transform the di erential eq uation by

ugo: MU T Sy.; X 7! U (X 0); o, (x 0
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according to VI.6.3, where u, is a suitably chosen element ofV (1):
The transformed di erential equation will have the form

(t;a): T T Sy, ? (t;q) = Uo U(ot+uot+q); u, U(otuost+aq) ;
i.e.
(t: T T)? t= uy, U(0o+ uet+ q);
(q: T Su,)? 9= u, U(o+ uet+ q):

Let s 7! t(s) and s 7! q(s) denote the solutions of these di erential equa-
tions with the initial conditions t(0) = 0; q(0) = qo; where q, is an arbitrary
element in S, such that o+ g, is in the domain of U: Then

s 7! o+ upgt(s)+ q(s)

is the world line function giving the U -line passing through o+ Qo:

It is worth using more precise notations: let x be an element of 6+ Sy, )\
(DomU); then s 7! ty(s) and s 7! qgx(s) will denote the solutions of the
di erential equations with the initial conditions t4(0) = 0; gx(0) = x 0: Then

T M; S 7! rx(S) = 0+ Uotx(S)+ ax(s)
is the world line function giving the U -space point that x is incident with.

6.3.2. Consider the u, -synchronization. Then, according to 4.1.1,s 7! t«(s)
gives u, -time as a function of the proper time of the U -line passing through
X; in other words, tx(s) is the u,-time passed betweent, := o+ S, and
tx(S) == rx(s)+ Su,: tx(s) = tx(s) to:

This function is strictly monotone increasing; its inverse, denotel by T T;
t 7! s4(t); gives the proper time between theu, -instants t, and t, + t passed
in the U -space point that x is incident with.

6.4. Uniformly accelerated observer |

6.4.1. Inthe special relativistic spacetime model the de nition of a uniformly
accelerated observer is not so straightforward as in the nonrelativist case. We
know that here the acceleration of a uniformly accelerated world line dinction is
not constant, thus a uniformly accelerated observer will not be an obsefer with
constant acceleration eld. Anyhow, we wish to nd an observer whose Ines are
uniformly accelerated.

Omitting the thorny way of searching, let us take an observer satisfyng the
requirements and study its properties.
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Let 02 M; ug2V(@) and 06 a, 2 TS“"T and de ne the global observer

q
UX):= Uo 1+jaof Uo (X 0)° @ Uo (X O (x 2 M):

Note that u, = U (0):
The observer has the acceleration eld

q
Au(X)= @, 1+jao® Up (X 0 ° Ugjaoj® U (X 0 (X2 M);

thus ap = Ay (0):
It is trivial that

Ux+a)=UKX); Aukx+a)=Au(x) (X2 M;q2Sy,);

i.,e. U and Ay are constant on the hyperplanes directed byS,:

As a consequence, the translation of &J -line by a vectorin S, isa U -line,
too.

6.4.2. Transforming the di erential equation of the observer according to 6.3,
we get
q___
t= 1+ jaojztzi
q = aot:

The rst equation, with the initial value t(0) = 0; has the solution

sinhjaejs
jaoj

t(s) = (s2T):

Then the second equation becomes very simple and we nd its solutiong
the form

+

coshjapgjs 1
o(s) = a,N2I5 1

5 Jdo (s2T):
J3o)

Hence we obtain that the U -line passing through x 2 o+ S, is given by
the world line function

sinhjajs +a coshiagjs 1

r«(s)= X+ u - "
«(s) ° jad ° jaoj?

(s2T):

It is not hard to see that every U -line meets the hyperplaneo+ S, ; hence

every U -line can be given by such a world line function: all U -lines are
uniformly accelerated.
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6.4.3. BecauseU and Ay are constant on the hyperplanes directed byS,, ;
all U -lines have the same velocity and the same acceleration on the hypdgmes
directed by S,,:

Using the notations of 6.4, we see that

arsinhjaejt _ .

jaoj .
for all x in o+ Sy,: Thus, given two u, -instants, the same time passes along
all U -lines between them.

Because of these properties ofJ -lines it seems suitable to associate withU
the u,-synchronization to form a reference frame.

sx(t) = s(t) (t2T)

6.4.4. Let us examine whether this observer is regular.
Evidently, o+ S, is a world surface g -orthogonal to U:
Introduce the notation

h(x) :=

q

‘= a, (x 0 1+jaoj2 U, (x 0 % + artanh 1+ja0j2 U (X 0)

2

for x2 M; x60+ S,, and putfor 2R

ngZMj h(xX)=In ; u, (X 0)>0g if >0
t = S 0+ Sy, if =0
fx2Mjh(x)=In( ); u, (x 0<0g Iif < O

Evidently, h is a di erentiable function outside o+ S,, and

q
. . 2
Uo 1+jac’ uo (x 0 U (x)
Dh(x) = ao + Us (X 0 ST X o
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As a consequence, forall 2 R; t is a three-dimensional submanifold whose
tangent space at x equals KerDh(x) = Sy(x): This means that t -s are U -
surfaces, U is regular and

Tu=ftj 2Rg

6.45. If ¢ and o are U -lines, then ¢p ?t @, ?t is the same for all u, -
instants t: In other words, the vector and the distance perceived by the standard
inertial frame u, between two U -space points is the same for allu, -instants.
We can say that u, perceivesU to be rigid and rotation-free. Is U rigid and
rotation-free?

We have not de ned when an observer is rotation-free, thus we can answe
only the question regarding rigidity as de ned in 6.3.4.

This observer U is not rigid. Let us take a ug-instant t; For all x 2 t we
have u, (x 0=t to, (wherety,:= o0+ Sy,); thus

UX)= ao(t to)+ Uo 1+ jacj’(t to)2=: u; (xX2tt2Ty,)

(U is constant on the u, -instants).

The formula in 6.4.3 gives us the proper times(t) passed in every U -space
point between the u,-instants t, and t := to + t:

_ sinhjacjs(t) .
jaoj .

Let L, be acurveino+ S, ; then the set of U -space points that meetL,;
L:=fg2 Syjg\ L, & ;g is a curve in the observer space. Indeed, ip, is a
parametrization of L,; then

a, 9%
Pi= Pot Uot+ —5  1+jaoi't? 1
[0}
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is a parametrization of L; (see 6.3.2) fort = to+t 2 Ty:

Then
Pt = Po
and
Up(a p(@a= ao po(a)t (a2 Domp,);
consequently,

o2+ (U p) o o= ittt a0 Do tX

which shows that the length of curves depends on theu, -time points: the
observer is not rigid.

6.4.6. The length of curves in U -space, consequently the distance between

U -space points, in general, decreases prior tt, and increases afterty; as ug -
time passes. This is well understandable from a heuristic point of iew. Though
we de ned Lorentz contraction between two inertial observers, we carsay e.g.
that after t, the space points of U move faster and faster with respect touy;
thus their distances seem more and more contracted with respect tde standard
inertial grame u,; that is, their distances must increase continually in order that
the distances perceivedd byu, be constant.

6.5. Uniformly accelerated observer Il

6.5.1. Let 02 M; u,2 V(1) and 06 a, 2 >2; put

B(X):i= ap (X 0)U; Uy (X 0) ag

for x 2 M and de ne the nonglobal observer by

DomU = fx 2 M j B (x) is future directed timelikeg
B (x)

U(x):= - _ (x 2 DomU):
B (x)j
Note that B (x) is future directed timelike if and only if
0> B(X) = a (x 0+ uo (x 0 ‘jad’

O0>u, B(X)= a, (x o0):

Then we nd that a world point x for which x o lies in the plane generated
by u, and a, is in the domain of U if and only if x o is spacelike and
a, (x o0)>o0:
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6.5.2. If q is a world vector g-orthogonal to both u, and a, then
DomU + g = Dom U

and
Ux+qg)= U() (x2DomU;q2S,,;a, q=0):

The observer has the acceleration eld

a, (X 0) a, | @’ Uo (X 0 U

Ay(x)= - - (x 2 DomU):
iB (0)j?
Then we easily nd that
U(X) = ug ifand only if x o isin S, ;
Ay((x) 6 a, for all x 2 DomU;
Ay(X)= —Bo ifand only if x o0isin S,,:

ao (x 0)

6.5.3. Let us introduce the notation

If 2 R then

Uo + (tanh )n .
u = q% = U,cosh + nysinh

1 (tanh )2
isin V(1) and we easily nd that
UXx)=u (x2DomU;x 025, ):

Thust = o+S, \ (DomU) isa U -surface. To everyx 2 DomU there
is such a U -surface containing x; given by

Uo (X 0

;= artanh
X no (x 0)

This means that U is regular, and

Ty =ft ] 2Rg
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6.5.4. To nd the U -lines we use the method outlined in 6.3.
Transforming the di erential equation x = U(x) by ,.c We get

No ( .

t= g9 . ()
(no @)° t2
not
Q= g—>2——: ()
(no @)° t2

Equation ( ) implies n, q = pﬁ which, together with equation
(); results in

(no Q)(no Q) =t
implying

1
(no q)% t2=const=: =

Then di erentiating equation ( ) we obtain
t= 2%t
from which|taking the initial values  t(0) = 0; t(0) = 1|we infer

sinh s

t(s) = :
As a consequence, equation () takes an extremely simple form, and we nd

its solutions easily:

coshs 1
q(s) = no—— + Qo:

Hence we obtain that the U -line passing throughx 2 o+ S,, \ (DomU)
is given by the world line function

sinhjayjs +a coshayjs 1

ry(s)= X+ u . n
x() ° jax O jad?

(s2T)

where
. do No .
ay = = :
8 (X 0 ng (x 0

It is not hard to see that every U -line meets the hyperplaneo+ S, ; hence
every U -line can be given by such a world line function; all U -lines are uni-
formly accelerated.
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6.5.5. The present observerU serves as an example to show that the observer
is regular, but di erent times pass in di erent U -space points (along di erent
U -lines) between two U -instants.

Let us consider the U -line passing through x 2 o+ S, ,; described by the
world line function ry given previously; a simple calculation yields that ry(s)

is in the U -surfacet ifandonlyif s= L In other words,

sx( )=

- jax] -

no (x 0

which clearly depends onx; is the time passed between theU -time points tg
and t inthe U -space point that x is incident with.

6.5.6. Now we shall show that this observer is rigid.

Let L, be acurveino+ S, ,; then the set of U -space points that meetL;
L:=fqg2 Syjg\ L, 6 ;g is a curve in the observer space. Indeed, if, is a
parametrization of L,; then, according to the previous result on proper times,

Pt = Pot+ No (Po 0) Uesinh + ng(cosh 1)

is a parametrization of Ly forall t 2 Ty:
Then
Bt = Bo+(No Do) UoSinh + no(cosh 1)

and

=Rl (t 2Ty):

Since U is regular and U -time is considered, U(p; (a)) px (a) = 0 for
all 2 R and a2 Domp, = Dom p; ; this means that "y (L) = “o(L) for all
t 2 Ty: Itis not hard to see that every curve in the observer space can be
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obtained from a curve in o+ S, by the previous method; consequently, the
observer is rigid.

6.5.7. Two uniformly accelerated observers have been treated. Neither of
them possesses all the good properties of the uniformly accelerated sdyver in
the nonrelativistic spacetime model. It is an open question whethewe can nd
a special relativistic observer U such that

(i) all U -lines are uniformly accelerated,
(i) U and Ay are constant on each instant (world surface) of a synchroniza-
tion,
(i) U is rigid.
The observer in 6.4 does not satisfyi{i ); the observer in 6.5 does not satisfy

(ii ).

6.6. Uniformly rotating observer |

6.6.1. In de ning the uniformly rotating observer we encounter problems
similar to those in the previous section and, in the same manner, we d
two possibilities but neither of them possesses all the good propges of the
nonrelativistic uniformly rotating observer.

Let 02 M; u, 2 V(1) andlet : S, ! S;U be a nonzero antisymmetric
linear map and de ne the global observer

q
U= 4, (x O+ue 1+j 4, (x 0 (x 2 M):
Note that
U, = U(0);
and
Ux+q)= U(X) (x2M;q2Ker) :

The observer has the acceleration eld

Ayx)= u, (x 0 (x 2 M):

6.6.2. To nd the U -lines we apply the well-proved method: transforming
the di erential equation x = U(x) by ..o we get

q -
t= 1+j qi
q= q:
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The second equation can be solved immediately:

a(s)=e* do (s2T):
q___
Then the rst equation becomest= 1+ qoj° having the solution|with
the initial value t(0) = 0]
q__
ts)=s 1+j o’ (s2T):

Thus the U -line passing throughx 2 o+ S, , (the U -space point that x is
incident with) is given by the world line function

q
r(s)= o+ ues 1+j (x 0)j’+e’> (x o) (s2T):

It is not hard to see that every U -line meets the hyperplaneo+ S, ; thus
every U -line is of this form.

6.6.3. Note that the U -line passing through o+ e; where e is in Ker ; is
a straight line directed by u,; then the set of U -space points

fo+t+e+u, Tje2Ker g

can be interpreted as theaxis of rotation.

If x isin o+ S,,; then x o0 can be decomposed into a sure, + gx where
ex isin Ker and qy is orthogonal to Ker : Then the U -line above can be
written in the form

q
re(s)= o+ ex+ upgs 1+! ZJ.CIXJ.Z'FeS Ox, ()

where ! is the magnitude of (see Exercise V.3.21.1).

Hence all the U -lines are composed of an inertial line (with a proper time
“accelerated' relative to the proper time of the points of the axis) anda uniform
rotation.

Let us consider the u, -synchronization..

Put t, := o+ Sy,: Then

t t
sx(t) = == == 4= =
1+j (x 0] 1+ O]

time passes between theu, -instants t, and t, + t in the U -space point that
X is incident with.
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The distance perceived by the standard inertial frameu, at the u,-instant
to + t between the U -space point that x is incident with and o+ ex + u, T
(the axis of rotation) equals

jrx(sx(t))  (o+ ex + uot)j = joxj;

which is independent of t:

6.6.4. Because of the terms 7! € (x 0) in () we can state that the
time period T of rotation is the same for all U -space points (out of the axis of

rotation), concerning their proper times: T = ZI—

On the other hand, concerning u,-time, the time period of rotation of a
U -space poB\t having the u, -distance d > 0 from the axis of rotation equals
To(d) = 1+ 12d2; it increases from 2— to innity as d increases from
zero to in nlty.

The following Figure illustrates the situation. Two U -line segments are
represented; the proper time passed along both segments equa?;&:

Another gure shows the plane in the u,-space, orthogonal to Ker ; and

illustrates the angles of rotation of U -space points during au, -time interval
2 .
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6.6.5. This observer is not rigid.

Let L, be acurveino+ S, ; then the set of U -space points that meetL;
L:=1fg2 Sujg\ L, & ;g is a curve in the observer space. Indeed, ify, is a
parametrization of L,; then

0 1
pi(a) := 0+ Ut +exp @g ! 2A Po(a) O
1+j (po(a) O)]j
(a2 Dompy,)

is a parametrization of L; for t=t,+t2 Ty, : Then
0 1 O 1

t t o Do
p: = exp @g— A Bt Po) p2)3=2 (P O+ poX:
1+j (po 0)j 1+j (po 0)j

We easily nd that
0 1

t . .
U p=exp @— —A (P O+ U, 1+] (R 0%
1+j (P 0

Then, using
e m) (e ®)=aq %
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forall g1;0.2 S,, and 2 R; the reader can demonstrate without di culty
that jg[j2+ (U p) pt 2 depends ont: the observer is not rigid.

6.6.6. This observer is not regular. It is easy to show that there is no world
surface g -orthogonal to U and passing through o:
Suppose such a world surface F exists. Then F haS,, as its tangent space
at o:
Forall g2 S,,;
f(a):= o+ aq (a2 R)

is a function such that f (0) = o and

q___
(U f) fla)= a® q+u, 1+aj g q=0:

The curve (in fact a straight line) Ranf passes througho 2 F and all of its
tangent vectors are g -orthogonal to the corresponding values ofU which would
imply that Ran f  F: Sinceq is arbitrary in S, _; this means that o+ S, = F;
in particular, every tangent space of F equalsS,,: However, ifx 2 o+ S, = F
and x o isnotin Ker then U(x) 6 u,; thus the tangent space of F atx
is not g-orthogonal to U (x): a contradiction.

6.7. Uniformly rotating observer Il

6.71. Let 02 M; ug2 V() and : Syo! 5;0 be a nonzero antisym-

metric linear map and de ne the nonglobal observer
n 0

DomU := x2Mjj 4, (X 0j*<1 ;
U(x):= qu°+ u, (X0 (x 2 DomU):
1) u (x 0Of

If g isin Ker ; then
DomU + g = Dom U

and
Ux+qg)= U(X) (x 2 DomU; g2 Ker) :

The observer has the acceleration eld

u, (X 0
u, (X 0)j

Au(x) = 1 5 (x 2 DomU):
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6.7.2. To nd the U -lines, we again use the known transformation and we

obtain
1

b
1] q)
1] q)

Now we apply a new trick: “dividing' the second equation by the rst one we
get a very simple di erential equation which has the following correct meaning.
Consider the initial conditions

t(0) = 0; g(0)=x o;

wherex 2 o+S,, \ (DomU): The formula for the derivative of inverse function
results injwith the notations of 6.4|q

L Tk ()
Then introducing the function t 7! q(t) := q(sx(t)) we get the di erential
equation

da(t) _ dsx(t)) _
T q_(sx(t))T = qt)
which has the solution
qt)=e' (x o (t2T7T):

Consequentlyj q(sx(t))j=j (x 0)j; thus equation ( ) becomes trivial
having the solution|with the initial condition  s4(0) = 0]
q
)=t 1j (x o)

Finally we obtain
s

t(s) = ¢

1j (x of
0 1

Gu(s) = exp @g—"oA (x ©)
1] (x o)

from which we regain the world line function giving the U -line passing through
X20+ S,,: 0 1

s s A x o

rx(s)= 0+ uoH +exp @q
1j (x of 1j (x of

(s2T):
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It is not hard to see that every U -line meets the hyperplaneo+ S, ,; thus
every U -line is of this form.

6.7.3. Note that the U -line passing through o+ e; where e is in Ker
a straight line directed by u,; then the set of U -space points

TS

fo+t+e+u, Tje2Ker g

is interpreted as the axis of rotation.

If x isin o+ S,,; then x o can be decomposed into a sunex + qyx; where
ex isin Ker and gy is orthogonal to Ker : Then the above given world line
function can be written in the form

0 1

_ s @S A o
1 !2jgyj 1 12y

where ! is the magnitude of
Hence all the U -lines are composed of an inertial line (with a proper time

“accelerated' relative to the proper time of the points of the axis) anda uniform
rotation.

Let us consider the u, -synchronization. Put t, := 0+ S, : Then

q
s(h=t 1) (x of

is the time passed between theu, -instants t, and to+ t in the U -space point
that x is incident with.

The distance perceived by the standard inertial frameu, at the u,-instant
to + t between the U -space point that x is incident with and o+ e, + u, T
(the axis of rotation) equals

rx(sx(t)) (0+ ex+ uot) = joxj
which is independent of t:

6.7.4. Because of the terms 7! €x(5)  (x 0) in ( ) we can state that
the time period T, of rotation is the same for all U -space points (out of the
axis of rotation), concerning the u,-time: T, = 2,—

On the other hand, concerning the proper times ofU -space points, the time
period of rotation of a U -space pomtphavmg the u, -distance 0 < d < 1 from

the axis of rotation equals T(d) ! 2d2; it decreases from— to zero
as d increases from zero to_—
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The following gure illustrates the situation. Two U -line segments are rep-
resented; the proper time passed along both segments equa?_s:

6.7.5. This observer is rigid.
Let L, be acurveino+ Sy, ; then the set of U -space points that meetL;
L:=fg2 Syjq\ L, 6 ;g is a curve in the observer space. Indeed, if, is a
parametrization of L, then
pi= 0+ Uugt+e' (po 0
is a parametrization of L; for t=t,+t2 Ty,: Then
pr=¢

and we easily nd that
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and
(Po 0 Bo .

1j (o OJ°

(U p) p= 4

Consequently,

o . P (Po 0
it (U op) Bt et e
1j (o 0

is independent of t: the observer is rigid.

6.7.6. This observer furnishes a good instance that the laws of Euclidean
geometry do not hold necessarily in the space of a rigid noninertial obseer.

Since the observer is rigid, all the lengths inU -space can be calculated by
curves in o+ S,, \ (DomU) which can be reduced to curves in

Su,\ (DomU o) =

o o1
=Ker + fg2 Sy,jq is orthogonal to Ker ; jgj < 9= S:

If Lo isacurvein o+ Sy, \ (DomU) then L:=L, oisacurveinsS ;
if po is a parametrization of L, then p := p, 0 is a parametrization of L:

S is a subset of the Euclidean vector spac&, , in which distances and curve
lengths have a well-de ned meaning; however, now curves it  will represent
curves in U -space and their lengths will be calculated in this sense. Thus, to
avoid misunderstanding, we shall sayU -length and U -distance, indicating it
in notations, too.

Acurve L in S has the U -length

\i
u
b oo, p@  p@°
da:
oomp T T T @

4
u(l)=

Take arbitrary elements x and y in S : Then we easily nd for the straight
line segment connectingx and y; Ix;y[:= fx +aly x)j O<a< 1g that

udxsyD Jy  oxj

and equality holds if and only if x y = 0 which is equivalent to the fact
that the straight line passing through x and y meets the kernel of

Suppose the straight line passing throughx and y meets Ker and L is a
broken line connecting x and y; then the previous inequality implies

w) Jy  xp=udxyD:
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As a consequence, the inequality above will be valid for an arbitrary L
connecting x and y because (L) is obtained as the supremum ofU -lengths
of broken lines approximating the curve L: Since the U -distance dy (X;y)
between x and y is the in mum of curve lengths connecting x and y we see
that

du(x;y)=1jy xj
if the straight line passing through x and y intersects Ker :
Let d be an element of T; 0< d < % and put

Cq :=fg2 S jqis orthogonal to Ker ;jqj = dg:

Evidently, if q 2 Cq4 then g 2 C4 as well. Moreover, according to our
previous result, the U -distance betweenq and q equalsjq ( q)j=2d:

This means that Cy represents a circle of radiusd in the observer space. Let
us calculate the circumference of this circle.

Choosing the parametrization

p: 1 1! Cg; a7l exp a— Qo
where q, is an arbitrarily xed element of C 4; we nd

=7 b jpi* = d?;

iopP=ry 0 p opf=dh

v

Applying formula ( ) we obtain

2d

"u(Cq) = Pﬁ

The circumference of the circle of radiusd is longer than 2 d:

6.8. Exercises

1. Take an inertial observer u and an a ne synchronization due to u, 6 u.
Demonstrate that the distances in U -space calculated at T, , -instants according
to de nition 6.3.3 equal the distances de ned earlier in U -space.

2. Take a synchronization S whose time-points are subsets of (not necessarily
parallel) a ne subsspaces. Supposs that the observerU (a velocity eld) is
constant on the S -time points. Then for every S-time pointthereisa u; 2 V(1)
such that U(x) = u; for all x in t: Supposet is directed by S: Then

Jue @+ J u Gt u Q2
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for all g1;02 2 S: As a consequence, straight lines realize the distance between
the points of t; thus

di(thi%) = v (R?t 2 (0h; % 2 Su):
3. Let U be the uniformly accelerated observer treated in 6.5. Then

a8 ((Uo (x 0))
Vuxu, = € 2 > (XZM):

1+jas® up (x 0 °

4. Let U be as before. Verify that every U -line is obtained from a chosen
one by a translation with a vector in Sy, : In other words, Sy endowed with
the subtraction

0 x (x°2 q;x2q;x° x2Sy,)
is an a ne space over S, :
5. Let U be the uniformly accelerated observer treated in 6.6. Then theU -

line passing throughx 2 o+ Sy, intersectst ifand onlyif a, (x 0) < Inj j:
6. Show that

DomU = fo+ up,+ ag+q > O; 2ja0j2> 2 u, g=0;a, q=0g

for the uniformly accelerated observer treated in 6.6.
7. Let U be as before. Then

a, Uy (X 0
a, (x 0

Vuxu, = (x 2 DomU):

8. Show that the distance perceived by the standard inertial frame u,
between the space points of the uniformly accelerated observer treatl in 6.6. is
not constant in u,-time. Give an explanation similar to that in 6.5.6.

9. Verify that

o o1
DomU = o+ u, T+Ker + g2 Sy,j q is orthogonal to Ker ; jgj < T

for the uniformly rotating observer treated in 6.8.
10. Demonstrate that

Vuix)u, = 4 : : (x2 M)
1+] u, (X 0)j
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and
Vuxu, = u, (x 0 (x 2 DomU)

where U is the uniformly rotating observer treated in 6.7. and 6.8, respectivey.
11. The uniformly rotating observer treated in 6.8. is not regular.
12. Let o be a world point and consider the observer
X 0

U(x) := X0 (x20+T'):

Prove that
Sy= o+u T' u2V(Q) :

U is regular and
VOt t2T"

is the set of U -surfaces (U -instants).

Show that if this observer de ned synchronization like an inertial observer
(light signals and mirrors, see 3.2.) then simultaneity would depend orthe U -
space point of the light source.

13. Let 02 M; U, 2V (1); 2T anddene the observer

DomU = fx2 Mj 3j 4, (x o)< 1g;

U(x) := qu°+ uw, (X9 (x 2 DomU):

1 %, (x o)

Applying the method given in 6.4. nd that the U -line passing through
x2 0+ Sy, \ (DbomU) is given by the world line function

r«(s) = 0+ Uoty(s)+e ' *)(x o)

where s 7! t,(s) is the solution of the di erential equation

1

t: T T)? t=g
1 2jx oert

with the initial condition t(0) = O:
14. Llet 02 M; up,2V(1); 2T anddene the observer

q
UX):=u, 1+ 2j ,, (X 0j°+ 4, (x o0 (X 2 M):

Applying the method given in 6.4 nd that the U -line passing through
X 2 o+ S, is given by the world line function

rx(s) = 0+ Uotx(s)+e* (x 0
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Wher& s 7! t4(s) is the function for which t,(0) = 0 holds and has the derivative

s7l 1+ 2jx qf’e?s:
15. Compare the observers of the previous two exercises with the norlee
tivistic observer in Exercise 1.5.4.9.

7. Vector splittings
7.1. Splitting of vectors

7.1.1. For u 2 V(1) we have already de ned

and
v M1 Sy; X7'Xx (y x)u=x+(u x)u

i.e. with the usual identi cations,
U= u; u =1y +u u

(see 1.3.2) and the linear bijection  :=( y; v): M ! T S, having the
inverse
(t;q) 7' ut + q

(see 1.3.5).

De nition. u X= u x and  x are called the u -timelike component
and the u -spacelike componentof the vector x: ( u Xx; , X) isthe u -split
form of x: = ( u; u) is the splitting of M corresponding to u; or the
u -splitting of M: m

Note that

xy= (U x)(uy)tC uv x) (u Yy

in particular,
2 _

X (u x)?+j  xj

for all x;y 2 M: In other words,
2 _

if . x=(t;q) then x2= t2+jgi%

7.1.2. If A is a measure line,A M % is splitinto (A T) (A

Su) } ST“ by ; thus the u -timelike component and the u -spacelike
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component of a vector of type A (cotype A) arein A T % andin A S,

S . ;
==, respectively.

In particular,  splits 'V'? into R S?“ and for all u®2 Vv (1)

1
o U= u u%ul+(u uYu = —x(l;vyu):
1j vyaj?

7.1.3. In contradistinction to the nonrelativistic case, here not only the u -
spacelike component but also theu -timelike component of vectors depend on
u: The transformation rule that shows how the u -components of a vector vary
with u; is much more complicated here than in the nonrelativistic case.

Proposition. Let u;u®2 V(1): Then forall (t;gq)2 T S, we have
wo y GA= (U u)t u® g (u(u® wudts g (u® gu’

1
= @g——c—=(t vy 0);

1 vyouj?
0 q D — 1 1
1 Vaot+ Vyoy 1 J Vuouj
b @Vuu of - ") (Vuoy Q)A + qA :
1 vuaf® Watu)

Proof. The rst equality is quite simple. The second one is derived withthe
aid of the formulae in 4.3.2 and the relationu® g = (u® u) gﬁu u g
which is true becauseu q=0: =

Note that both vyo, and v, o appear in that formula.

7.1.4. The previous formula is not a good transformation rule: we want to
compare the u®-components of a vector with its u -components ¢;q): However,
the u®-components and the u -components are in di erent spaces: {;q) is in
T S, and o ' (t;q)isin T Syo; they cannot be compared directly.
To obtain a convenient formula, we have to relate Syo and S, ; we have agreed
that such a relation is established by the corresponding Lorentz boost Thus,
leaving invariant the rst component, we shall transform the second @mponent

of Lo o' (t;9) by L(u;u9:
De nition.  Let u;u®2 V(1): Then

wou = 17 L(U;Uo)jsuo (o ul)
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is called the vector transformation rule from u -splitting into u©-splitting. m

Proposition. Forall (t;9)2 T S, we have

0
1
uOu (t;q): @q:(t Vu0u q);
. .2
1] vyoj
2 0 q — 13 1
1 1] vyouj
q1774 VUOU@t - J.2u UJ (VUOU q)A5+qA |
1 j vy Wuou]

In connection with this formula we mention the following frequently useful
relation: q
11§ vyoj? 1
- 2 = G
Wuou) 1+ 1] Vuouj2

7.1.5. The previous formula is a bit fearsome. We can make it more apparent
decomposingq into a sum of vectors parallel and orthogonal to vy o, :

(t;a)=(t;ax) +(0;0-)

where gy is parallel to vyo,; i.e. thereisa 2 T such that qx = vyo, and
g, is orthogonal to vyo,; i.e. vyou @ = O:
Then we easily nd that

uOu (O;Q?)=(0iQ?);

1
uSu (thk): q:z t VUOU qk, Vuout+ qk .
1 vyoyj

7.1.6. The last formulalin a slightly di erent form|appears in the literature
as the formula of Lorentz transformation. To get the usual form we put v :=
vyou; let (t;q) denote the u-components of a vector and let {%q% denote
its u®-components mapped by the Lorentz boostL (u;u9 into T Sy; then
supposing q is parallel to v we have

0_ 1 . 0_ 1 .
t=g—=( v 9, g=a—=(Vvi+aq)
1jvj 1jvi

This (or its equivalent in the arithmetic spacetime model) is the usual "Lorentz
transformation' formula.
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We emphasize thatq® is not the u®-spacelike component of the vector having
the u -components ¢;q); it is the Lorentz-boosted u®-spacelike component.

Lorentz transformations (see Section 9) are transformations of vectors, i.e
mappings from M into M ; the transformation rule is a mapping from T S,
into T S,: Transformation rules and Lorentz transformations are di erent
mathematical objects. Of course, there is some connection betweendm. We
easily nd that

udu = u L(U;uo) ul

where L (u;u9 is the Lorentz boost from u® into u:

In the split spacetime modelM and T S, coincide: the special structure
of the split spacetime model (and the arithmetic spacetime modeinvolves the
possibility of confusing transformation rules with Lorentz transformations.

7.1.7. Using a matrix form of the linearmaps T S, ! T S, (see IV.3.7)
we can write

— 1 Vuoy .
utu = (VUOU) Vuoy D(Vuou) ,
where
1
(v):= q72;
1] vj
!
_ 1 (v)°
D(V) Pl W 1Su + mv

for v2 S jvj< Lt

7.2. Splitting of covectors

7.2.1. For u 2 V(1); M is split by the transpose of the inverse of | :

JS Lt ML (T Ss) TS,

0
Thenforall k2 M ; (t;q) 2 Sy we have
(v K (tay=k ' (@)=k (u+ag)=(k ut+k a

Of course, instead ofk in k g we can write Kjg =i, k=k i, 2 S;:
Then we can state that

L k=(k uik iy)=(u ki, k) (K2M ):
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This form is suitable for a comparison with the nonrelativistic case. Havever,
we can get a form more convenient from the point of view of applications.
Applying the usual identi cations we have i, = | (see 1.3.6), thus

L k=(u ki oy k) (k2 M ):
Recall the identi cation M M- which implies that k can be split as a
vector of cotype T T, too:
L k=( u ki 4 k) (k2 M ):

The two splittings are nearly the same. In the literature (in a somewhat
di erent setting) the splitformof k2 M by , and  are called thecovariant
and the contravariant components of k; respectively.

Of course, inviewofM T T M ; also the elements ofM can be split
by : avector, too, has covariant and contravariant components.

Introducing the notation

ju: T Su! T Sy (t;a) 70 ( t;q)
we have (with the usual identi cations)
u=Ju ul
Note that 1= 1 j,;ie.

Jto(ep)= eu+p (e2T;p2S,):

7.2.2. The covector transformation rule is de ned to be

wou = 1r L(uiu9ig, 4o o

It can be easily deduced from the vector transformation rule that, apart from
a negative sign, they are the same. Indeed,

1y L(U;Uo)jsuojuozju 17 L(U;uo)jsuo;

thus
Wu = Ju uou Ju:

Consequently, if g;p)2 T S, and p is parallel to v,o, then

1
uou (B5P) = G—=——= e+ Vyo P;Vyyye+p:
1 vyoyj
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7.2.3. It is worth mentioning that S, can be considered to be a linear

subspace ofM ; sinceS, - M- M and

S,=fk2M jk u=0g;

in other words, S, is the annihilator of u T:

In the nonrelativistic case S is not a linear subspace oM : Forall u 2 V(1)
there is a linear subspaceS u of M ; the annihilator of u T; but it is not
the dual of any linear subspace inM :

Observe that the special relativistic vector transformation rule which is nearly
the same as the covector transformation rule resembles a combination ohé
nonrelativistic vector and covector transformation rules.

We emphasize that in the special relativistic casahere is no absolute spacelike
vector and there is no absolute timelike covectorjn contradistinction to the
nonrelativistic case.

7.3. Splitting of vector elds

7.3.1. In applications vector elds M M and covector elds M M
appear frequently. Evidently, a covector eld can be considered avector eld
of cotype T  T: Their splitting according to standard inertial frames can be
treated analogously to the nonrelativistic case (see 1.8.5).

The half u-split form of the covector eld K according to the standard
inertial frame u is

( Vu;Ay)= v K: M T S,; x7'= u KX); v KX):

The completely u -split form of K is

o KO yBT s TSy (kg)7 ou K(@?); o K(g?9
where q?t:= ,(t;q).

7.3.2. Potentials are covector elds. We can introduce the scalar potential
and the vector potential according to an observer by the previous splitforms.
Regarding the transformation rule concerning scalar potentials and veair po-
tentials we can repeat essentially what we said in 1.8.5.3; of course, theeansfor-
mation rule will be signi cantly more complicated.

An important di erence between the nonrelativistic spacetime model and the
special relativistic one is that herethere are no absolute scalar potentialbecause
there are no absolute timelike covectors. This forecasts that the d&ription of
gravitation in the relativistic case will di er signi cantly from it s description in
the nonrelativistic case where absolute scalar potentials are used.
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7.3.3. In contradistinction to the nonrelativistic case, force elds are split
di erently according to di erent observers.

Let us take a force eld f : M V(1) M?: Because of the property
f(x;x) x = 0 for all (x;x) 2 Domf ; the u-spacelike component and the
u -timelike component of f are not independent. Using the formula in 7.1.1 we
get

0=f(x;x) x= u f(xx) (u X+ o F5x (u X

which yields
u fxx)= o FXX) vk

7.3.4. Splittings of vector elds according to rigid observers in the nonret
ativistic case can be treated in the mathematical framework of a ne spaces
However, splittings according to general observers require the thaey of mani-
folds.

In the special relativistic case splittings according to noninertal observers can
be treated only in the framework of manifolds and they do not appear here.

7.4. Exercises

1. Showthat , x=(u”~x) u forall u2VvV(@);, x2M:
2. Take the arithmetic spacetime model. Give the completely splitform of
the vector eld

(% )7 '+ Zcos(® %00

according to the global inertial observer with the velocity value pﬁ(l; v; 0; 0):
v

8. Tensor splittings
8.1. Splitting of tensors

8.1.1. The various tensors|elementsof M M; M M ; etc.|are split ac-
cordingtou 2 V(1) bythemaps  ; u u, etc. asinthe nonrelativistic
case. However, now it su ces to deal with | v because the identi cation
M T'V'—T and | =jy o (see 7.2.1) allow us to derive the other splittings
from this one.

With the usual identi cations we have

u o u M M (T Sy) (T Sy) (T T) (T Sy (Su T) (Su Su);
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andforT2M M:
( u U) T = u T u = u T u ! =
uTu uT u(uT u)

Tu uw Tu T+u (u T)+(T u) u+u u(u T u) ;
forL2M M

ulL u u L
(LI u)L:uL LI:UL Ul= ULU UL :l '
for P 2 M M :
u P u u P
(u u)quP u=uP “lz uPU UP uu !
for F2 M M
u F u u F
( u W F=  F u= u F ul: F u . F uu

8.1.2. The splittings corresponding to di erent velocity values u and u® are
di erent. The tensor transformation rule that shows how the splitt ings depend
on velocity values is rather complicated, much more complicated thann the
nonrelativistic case. We shall study it only for antisymmetric tensors.

8.2. Splitting of antisymmetric tensors

8.2.1. If T is an antisymmetric tensor,i.e. T2M"*"M; thenu T u = 0;
uT ,= (, Tu ad , T ,2S,"S, which means (of course)
that the u -split form of T is antisymmetric as well. Thus u -splitting maps the
elements of M ~ M into elements of form

0 a .
a A a;A
wherea2S, T T S;; A2S,"S,:
The corresponding formula in 8.1.1 gives forT 2 M ~ M
T = T u;T+(T u™u:

u u
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De nition. T uand T+(T u)”u are called the u -timelike component
and the u -spacelike componentof the antisymmetric tensor T :

8.2.2. The following transformation rule shows how splittings depend on
velocity values.

Proposition. Let u;u®2 V(1): Then

uOu a;A =

uOu
0 q — 1
1 1§ vyoui
= @e% @a + vy o . ].Zu ) (Vuou @)+ A Vyo A
1§ Vyouj? Vuoy)
q 721 1
1 1§ vyoui
qlii@a A Vo _ ]_ZUUIA’\VUOU+AA:
1] Veouj? Nuoy])

Proof. Using the matrix forms we have
a;A =

ulu

= (Vu Ou )2

uu
1 Vyoy 0 a 1 Vyoy
Vyoy D (Vuou) a A Vyoy D (Vuou)

from which we can get the desired formula.

8.2.3. The previous fearsome formula becomes nicer if we writea; A as
the sum of components parallel and orthogonal to the relative velocity:

a=agt+ ar, A=A+A,

where ay is parallel to vyo,; a», is orthogonal to vo,; and the kernel of A
is parallel to vyo,; i.e. Ay vyo, = 0 and the kernel of A, is orthogonal to
Vyoy; .. (Ao Vyou) N Vyoy = vuoujzA? (see Exercise V.3.21.1). Then we
easily nd

uOu ak;Ak uOu = ak;Ak ;

1
uOu ar;A-» uoy = Giz ar» + A, Vvyou; ar Mvyoy + A,
1] vyoyj

8.2.4. The splitting and the transformation rule of antisymmetric cotensors
i.e. elements ofM ~ M are the same, apart from a negative sign. The details
are left to the reader.
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It is interesting that here, in contradistinction to the nonrelati vistic case,
M ~ M makes sense because of the identi cationM M_: The mixed

TT
tensorH 2 M ~ M has the u -split form

H 1_ 0 H u
u H u H+(H u”™u

u

which, as a matrix, is not antisymmetric. It need not be antisymmetric, because
the symmmetric or antisymmetric properties of matrices refer to these proper-
ties of linear maps regarding duals without any identi cations (see IV.15 and
V.4.19).

8.3. Splitting of tensor elds

8.3.1. The splitting of various tensor elds according to inertial observers
can be treated analogously to the nonrelativistic case.
The antisymmetric cotensor eld F has the half split form according to the
standard inertial frame u
Ew;By =  F M (S T) (S,"S,);
X7 F(X) u;F(x)+ F(xX) u ~u

and the completely split form

F T

u u

u S (S T) (8 rS);
(ta) 7! Eu(@?1);Bu(q?Y :

u

8.3.2. The electromagnetic eld is described by an antisymmetric cotensor
eld F which is the exterior derivative of a potential K; F =D ~ K: The
electric eld and the magnetic eld relative to the inertial observ er U are the
corresponding components of the completely split form off :

The relation between the completely split form ( V& AS) of K and the
completely splitform ES;BS of F isexactly the same as in the nonrelativistic
case:

ES= @A r V5 BS=r" AL:

Since the force eld de ned by the potential K equals
f(x;x)= F(X) x x 2 DomK ; x2 V(1) ;

where F := D ~ K; we can state again that a masspoint in the world point
x having the velocity value u® “feels' only the u®-timelike component of the
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eld; a masspoint always “feels' the electric eld according to its instantaneous
velocity value.

Because of the more complicated transformation rule in the special relatistic
case the Lorentz force is expressed by th&J -electric eld and the U -magnetic
eld more complicatedly than in the nonrelativistic case.

8.4. Exercises

l.letx2M; T2M M andL 2M M : Give the u -split form of
T x and L x using the u -split form of x; T and L:

2. Let T and L as before. Give theu -splitformof T L and L T using
the u -split form of T and L:

3. Recall the nondegenarate bilinear form (see V.4.15)

(MAM ) (MAM )L R (FiH)TIF Hi= _TrF H:

Express F H using the u -timelike and the u -spacelike components ofF
and H :

9. Reference systems
9.1. The notion of a reference system

9.1.1. We can repeat word by word what we said in I. 7.1.1 with the single
exception that instead of (absolute) time now we have to consider an (dr cial)
time derived from a synchronization.

Recall that a reference frame §; U) i.e. a synchronization S together with
an observer U establishes the splitting s.y =( s;Cu): M Ts Su:

De nition. A reference systemis a quartet (S;U;Ts;Sy) where
(i) S is a synchronization,
(it) U is an observer,
(i) Ts: Ts R is a strictly monotone increasing mapping,
(iv) Su:Sy R® is a mapping
suchthat (Ts Suy) su=(Ts s;Su Cuy): M R R3 is an orientation
preserving coordinatization. =

We call Ts and Sy the coordinatization of S-time and U -space, respec-
tively, in spite of the fact that we introduced the notion of coordinat ization only
for a ne spaces and, in general, neither Ts nor Sy is an a ne space. (We men-
tion thatin any case Ts and S, can be endowed with a smooth structure and in
the framework of smooth structures Ts and Sy do become a coordinatization.)
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Note that condition (iii ) involves that Ts is de ned on a subset of Ts where
the ordering “later' is total; consequently, the coordinatization of gacetime is
de ned on a subset of DomU where the synchronization is well posed.

9.1.2. De nition. Let us consider a coordinatization K : M R RS.

As usual, we number the coordinates ofR R3 from zero to three. Accord-
ingly, we nd convenient to use the notation K =( % ): M R RS2 for the
coordinatizations of spacetime. Then the equality

D (x) @K *K(x) =0

well-known and used in the nonrelativistic case will hold now as weé] since its
deduction rests only on the a ne structure of M :

We say that a coordinatization K is referencelikeif there is a reference system
(S;U;Ts;Suy) suchthat K =(Ts Sy) s:u: Inthat case

0=Ts s; =Sy Cy:

9.1.3. Proposition. A coordinatization K = ( % ): M R RS
corresponds to a reference system if and only if

(i) K is orientation preserving,

(i) @K ' K(x) is a future directed timelike vector,
(iii ) D © (x) is a future directed timelike vector
for all x 2 DomK:

Then

@K ! K(x)

@K TK(x)

is the corresponding observer and the corresponding synchronizatio8 is deter-
mined as follows:

U(x)= (x 2 DomK); 1)

X is simultaneous with y if and only if °(x) = °(y) ()

moreover,
Ts(t)= °(x) (t2Ts;x21);  (3)
Su(@= (x) (2 Sy;x20q9: (4

Proof. If K =(Ts Suy) s:u then (i) is trivial.
0 is constant on the S-instants. In other words, S -instants|more pre-
cisely their part in DomK |have the form x2DomK °x)= : Then
x2M D 9 (x) x=0 is the tangent space of the corresponding world
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surface passing throughx: Since this tangent space is spacelike,D © (x) must
be timelike. If y x 2 T' ; then the properties of s and Ts imply that
Oty)  9xx)> 0;then D °(x) (y x)+ordo(y x)> O results in that
D %(x) x>0forall x 2 T' ; proving (iii ).

As concerns {i ), note that a world line function r satises r(s) = U r(s)

and takes values in the domain ofK ifand only if K r(s) = °%r(s); ie.
rs)=K * %r(s); fora 2R® andforall s2 Domr: As a consequence,
we have

U9 = 2K 1 019 =@ ' %1 DO i) )

which, together with condition (iii ), implies that U (x) is a positive multiple of
@K ! K(x) forall x2 DomK; proving (ii ) and equality (1):

Suppose now that K = ( %; ) is a coordinatization that ful Is conditions
(iO{(iii ).

Then condition (ii ) implies that U de ned by equality (1) is an observer.

According to (iii ), the simultaneity S is well de ned by (2) (i.e. the sub-

sets of form x 2 DomK  %(x) = are world surfaces andS is smooth).
Consequently, Ts is well de ned by formula (3) and it is strictly monotone
increasing.

If r is a world line such that r(s) = U r(s) then

@K K r(s)

d -— -—
— (r(s) =D r(s) U r(@) =D r(s) @K 1K 1(s)

ds

which means that  r is a constant mapping, in other words, is constant on
the U -lines; henceSy is well de ned by formula (4):
Finally, it is evidentthat K =(Ts Sy) s.u: H

9.2. Lorentzian reference systems

9.2.1. Now we are interested in what kind of ane coordinatization of
spacetime can correspond to a reference system.

Let us take an a ne coordinatization K : M! R*: Then there are

| an 02 M;

| an ordered basis ( Xg;X1;X2;X3) of M
such that

K(x)= k' (x 0 i=0;1;23 (x 2 M);

1 :)@ iy, 4y.
K () Xi ( 2R%;
i=0



9. Reference systems 247

where (k°;k?;k?;k3) is the dual of the basis in question.

Proposition. The ane coordinatization K corresponds to a reference
system if and only if
(i) (xo;X1;X2;X3) is a positively oriented basis,
(ii) xo is a future directed timelike vector,
(iii ) x1;X2;x3 are spacelike vectors spanning a spacelike linear subspacelf:
Then the corresponding observer is global and inertial, having the costant

value
_ Xo,

T iXoj’
and the synchronization is given by the hyperplanes directed by thespacelike
subspace spanned by ;; X2; X3.

Proof. We show that the present conditions ){(iii ) correspond to the
conditions listed in Proposition 9.1.3.
(i) The coordinatization is orientation preserving if and only if the corre-
sponding basis is positively oriented;
(i) @K * K(x) = xo;
(i) DO%(x)= kO forall x2 M: Sincek® x =0 ( =1;23);
kO is timelike if and only if x -s span a spacelike linear subspace; then, since
k® xo =1 > 0 and since xq is future directed timelike, k° must be future
directed. m

According to our result|putting s := jXoj |, we write an a ne reference
systemin the form (u;0;S;X1;X2;X3).

9.2.2. De nition. Let G denote the Lorentz form on R* treated in V.4.19
and recall that a linearmap L : M | R* iscalled g G -orthogonal if there is
ans2 T suchthat G(L x L y)= 9(272”) forall x;y 2 M:

A coordinatization K is called Lorentzian if

| K isane,

| K:M! R*isg G -orthogonal.

A reference system is Lorentzian if the corresponding coordinatizébn is
Lorentzian. =

From the previous result we get immediately the following:
Proposition. A coordinatization K is Lorentzian if and only if there are
(i)Yan 02 M;

(ii) a positively oriented g-orthogonal basis €o; e1; €2; e3); normed to an s;
of M such that eq is future directed timelike,

and
e (x 0

ef

K(x)= i=0;123 (x2 M): ]
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According to our result, a Lorentzian reference systemwill be given in the
form (u;o0;s;e;;e;e3) and we shall use the following names:u is its velocity
value, o is its origin, s is its spacetime unit, (e1; e,; e3) is its space basis,
Moreover, putting ep := su, we call (eg; e1; ez; e3) its spacetime basis

9.2.3. Let K be a Lorentzian coordinatization and use the previous nota-
tions.

We see from 1.6 that the Lorentzian coordinatization establishes an isomor-
phism between the spacetime model (MT;g) and the arithmetic spacetime
model. More precisely, the coordinatizationK and the mapping T! R; t 7! ‘g
constitute an isomorphism.

This isomorphism transforms vectors, covectors and tensors, cotensoretc.
into vectors, covectors etc. of the arithmetic spacetime model.

In particular,

K:M! R:  x7l e‘ezx i=0:1;23

is the coordinatization of vectors and
K ¥ M | R% k7! k eji=0:1;2,3;

is the coordinatization of covectors.
We can generalize the coordinatization for vectors (covectors) of typerocotype

A; ie. for elements inM A or % M A;M— ; too, where A is a

measure line. For instance, elements oi’% or TM—T are coordinatized by the
basis & i=0;1,2,3 and by the basis & i=0;1;2,3 ; respectively:

(Sh .
IR w7ls oW i-0:123

I R p7!s? i=0:123

9.2.4. As concerns subscripts and superscripts, we refer to V.4.19.

9.3. Equivalent reference systems

9.3.1. We can repeat, according to the sense, what we said in 1.10.5.1.
Recall the notion of automorphisms of the spacetime model (see 1.6.1). An
automorphism is a transformation that leaves invariant (preserves) the structure
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of the spacetime model. Strict automorphisms do not change time perids and
distances.

It is quite natural that two objects transformed into each other by a strict
automorphism of the spacetime model are considered equivalent (i.ethe same
from a physical point of view).

Recalling that O(g) denotes the set ofg-orthogonal linear maps in M (see
V.2.7) let us introduce the notation

Pt =
fL:M! MjLisane, L 20(g); L is orientation and arrow preservingg

and let us call the elements ofP*' proper Poincae transformations. We shalll
study these transformations in the next paragraph. For the moment it su ces
to know the quite evident fact that (L; 11) is a strict automorphism if and only
if L is a proper Poincae transformation.

9.3.2. De nition. The coordinatizations K and K are called equivalent
if there is a proper Poincae transformation L such that

K L=K:

Two reference systems areequivalent if the corresponding coordinatizations
are equivalent.

Proposition.  The reference systems $; U; Ts;Ey) and (S% U Tso; Eyo)
are equivalent if and only if

(i) L U=uU° L;

(i) Tgsb Ts s= g L
(i) Eys Ey Cy=Cuo L

Proof. Let K and K© denote the corresponding coordinatizations. It is
quite trivial that if the relations above hold, then K and K are equivalent.

If the relations above hold, for (i) we can argue as in 1.10.5.3, using x)2 =
x? for all x 2 M: As concerns {i ) and (iii ), we can copy the reasoning ofi{i )
in 1.10.5.3.

9.3.3. Now we shall see that our de nition of equivalence of reference systesn
is in accordance with the intuitive notion expounded in 1.10.5.1.

Proposition. Two Lorentzian reference systems are equivalent if and only if
they have the same unit of time (and distance).

Proof. Let the Lorentzian coordinatizations K and K° be de ned by the
origins 0 and o® and the spacetime bases €; e1;€,;e3) and (ed;ef;ed;ed);
respectively.
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Then L:= K%' K:M! Mistheane bijection determined by
L(o)= o* L ee=¢€e” (i=0;1,23):
Evidently, L is orientation preserving. Moreover, L 2 O(g) if and only if

jeoj = jedj and it is arrow-preserving if and only if e, and e have the same
arrow.

9.4. Curve lengths calculated in coordinates

9.4.1. In 6.3.3 we dealt with lengths of curves in the space of an observer
U at instants of a synchronization S: It is an interesting question how to
calculate these lengths in coordinates corresponding to a coordinaation K =

(Ts Eu) swu:
We shall use the notation P := K ! (P is the parametrization corresponding

to the coordinatization K):
Let L and L; be as in 6.3.3 and let ° be the coordinate of t 2 Ts; i.e.

0 — .
= s(b):
A parametrization p; of L; has the coordinatized form

a7 K(p@)=: % (@ =1;23) == %p(a)
from which we deduce

pe = P( %p);
o= @P( %p)p (Einstein summation).

Furthermore, we know (see 9.1.3)

_ar
VP = s@ry

Consequently,

I ueo BIP= Rt iUR) i° = ,
(@P_@P)(@P_@P)

0. .
i@P}? (“ppp:

= @P @P+

Let us put
gk = @QP @P (i;k =0;1;2;3):
Taking into account that goo is negative, we see that

h =9 M (; :1;2;3)
Yoo
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is the 'metric tensor' in the U -space, i.e. a curve in theU -space parametrized
by p atan S-instant coordinatized by ° has length
Zq

h %p(a) p (a)p (a)da:

9.4.2. Note that gy is a function from R* into T T:

We know that @P( )ji = 0;1;2;3 is a basis in M (the local basis at
P( ) (see VI.5.6)). Thus, according to V.4.21, gik( )ji;k =0;1,2;3 is the
coordinatized form of g corresponding to this basis. More precisely, we get those
formulae choosing ans 2 T* and putting
Oik ().

s?

gk ()=

9.5. Exercises

1. Let K be a coordinatization corresponding to a reference system whose
observerisU . Demonstrate that the coordinatized form of U according to K is
the constant mapping (1;0): (By de nition, ( DK U) K 1 isthe coordinatized
form of U according to K; see VL5).

2. Take the uniformly accelerated observerU treated in 6.5. Dene a
Lorentzian reference system with arbitrary spacetime units, origin o and with
a spacetime basis such thateg := sU(0); e; := sjg—gj; e, and ez are arbitrary.
Demonstrate that U will have the coordinatized form

q__

0. 1. 2. 3 7! 1+( 0)2; O’0,0

where is the number for which ja,j = % holds.

P
The U -line passing through o+ 'ej becomes
i=0

1 . 1
Zsinhs; 1+ Z(coshs 1); 2, ® s2R

3. Take the uniformly accelerated observerU treated in 6.6. Dene a
Lorentzian reference system with arbitrary spacetime units, origin o and with
a spacetime basis such thateg := sU(0); e; := sj‘;‘—gj; e, and ez are arbitrary.
Demonstrate that U will have the coordinatized form

(O; l; 2; 3)2R4 l> 0 ] R4,
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P
The U -line passing through o+ 'ej becomes
i=0

1 la. 1 1 1 . 2. 3
—gsinh *s; *+ —(cosh *s 1); % s2R

4. Take the uniformly rotating observer U treated in 6.7. De ne a Lorentzian
reference system with arbitrary spacetime units, origin o and with a spacetime
basis such that eg := sU(0); es positively oriented in Ker ; jesj=s; e; and
e, arbitrary. Demonstrate that U will have the coordinatized form

q
Lz 1+r2(H)?+( 275 1 % Lo
where ! is the number for which j j=! % holds.
P
The U -line passing through o+ 'e; becomes

i=0

q
s 1+12(D2+( 22 ; 1cosls  Zsinls; Isinls + 2cosls;

3

s2R

5. Take the uniformly rotating observer U treated in 6.8. De ne a Lorentzian
reference system with arbitrary spacetime units, origin o and with a spacetime
basis such that eg := sU (0); e3 positively oriented in Ker ; jesj=s; e; and
e, arbitrary. Demonstrate that U will have the coordinatized form

n o
0. 1. 2.3 op4 |2 (1)2+( 2)2 <1 | R*
1
0. 1. 2. 3 7! q 1’ 1 2,| 1'0
L1z +( 2’

where ! is the number for which j j=! é holds.

B

The U -line passing through o+ 'ej becomes
i=0

t(s); lcoslt (s) 2sin!t (s); lsinlt (s)+ 2coslt(s); ° s2R ;
where s .
Loz (yPe( 7

t(s) = ¢
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6. Find necessary and su cient conditions that two a ne reference systems
be equivalent.

7. Take the uniformly accelerated observer treated in 6.5, consideru, -
synchronization and nd a convenient reference system for them.

8. A reference system de ned for a uniformly accelerated observerannot be
equivalent to a reference system de ned for a uniformly rotating otserver.

10. Spacetime groups
10.1. The Lorentz group

10.1.1. We shall deal with linear maps from M into M ; permanently using
the identi cation Lin( M) M M

Recall the notion of g-adjoints, g-orthogonal maps, g -antisymmetric maps
(V.1.5, V.2.7).

De nition.
L:= L2M M jL> L=1y = 0(g)

is called the Lorentz group; its elements are theLorentz transformations.
If L is a Lorentz transformation then

+1 if L is arrow-preserving

arL := L .
1 if L is arrow-reversing

is the arrow of L and

+1 if Ljg, is orientation preserving

signL := e . . .
1 if Ljs, Is orientation-reversing

is the sign of L where u is an arbitrary element of V (1):
Let us put
L*' :=fL2Lj signL =arL =1g;

L* :=fL 2Lj signL = arL =1g;
L' :=fL2Lj signL = arL = 1g;
L =fL 2Lj signL =arL = 1g:

L*' is called the proper Lorentz group.

10.1.2. (i) From VIL.5 we infer that the Lorentz group is a six-dimensional
Lie group having the Lie algebra
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La(L)=A(g)= H2M M jH” = H

(i) S; T and L; the set of spacelike vectors, the set of timelike vectors and
the set of lightlike vectors are invariant under Lorentz transformations. The
arrow of a Lorentz transformation L is +1 if and only if T' ; the set of future
directed timelike vectors, is invariant for L:

(iii ) The sign of Lorentz transformations is correctly de ned. Indeed, if
u2 V(@) then L maps Sy onto Sy u; these two linear subspaces are
oriented according to 1.3.4. It is not hard to see that if the restriction of L onto
S, is orientation preserving for someu then it is orientation preserving for all
u:

(iv) The mappings L ! f 1;1g; L 7' arL and L !f 1;1g; L 7! signL
are continuous group homomorphisms. As a consequence, the Lorentz group
is disconnected. We shall see in 10.2.4 that the proper Lorentz group.*' is
connected. It is quite trivial thatif L 2L* thenL L*' =L* and similar
assertions hold forL' and L as well. Consequently, the Lorentz group
has four connected components, the four subsets given in De nition 10.1.

From these four components only L*' |the proper Lorentz grouplis a
subgroup; nevertheless, the union of an arbitrary component and of the mper
Lorentz group is a subgroup as well.

L' := L™ [L ' s called the orthochronous Lorentz group.

(v) The arrow of L is +1 if and only if T' ; the set of future directed
timelike vectors is invariant for L :

farL =1 then L[T' ]=T'; L[T ]=T ;
farL = 1 thenL[T']=T ; L[T ]=T":

Moreover, the elements of L*' and L preserve the orientation of M ;
whereas the elements ol.* and L' reverse the orientation.

10.1.3. M is of even dimensions, thus 1y is orientation-preserving. Evi-
dently, 1y isin L ;itis called the inversion of spacetime vectors.We have
that L =( 1y) L*':

We have seen previously that the elements oL.*  invert in some sense the
timelike vectors and do not invert the spacelike vectors; the elerants of L'
invert in some sense the spacelike vectors and do not invert the tielike vectors.
However, we cannot select an element oE*  and an element ofL'  that we
could consider to be the time inversion and the space inversion, rpgctively.

For each u 2 V(1) we can give au -timelike inversion and a u -spacelike
inversion as follows.
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The u -timelike inversion Ty, 2 L* inverts the vectors parallel to u and
leaves invariant the spacelike vectorsg -orthogonal to u :

T, u:= u and T, g:=q for q28S;:

In general,
Ty x=u(u x)+ y x=2u(u x)+ x x2M);
i.e.
Ty =1y +2u u:
The u -spacelike inversion P, 2 L' inverts the spacelike vectors g-

orthogonal to u and leaves invariant the vectors parallel tou :
P, u:=u and Py g:= q for q25S:
In general,

P, x= u(u x) u X= 2u(u x) X (x2M);

Po= 1y 2u u:

We easily deduce the following equalities:

T, '=Tu;  Py'=Py;

u
Ty = Py;
Ty Po=Py Ty = 1m:

10.1.4. For u 2 V(1) let us consider the Euclidean vector space $,;T;hy)
where h, is the restriction of g onto S, Sy: The hy -orthogonal group,
O(hy); called also the group ofu -spacelike orthogonal transformations,can be
identi ed with a subgroup of the Lorentz group:

O(hy) f L2L'"jL u=ug:

The Lorentz group is an analogue of the Galilean group and we have already
seen a number of their common properties. However, as concerns thailation
to three-dimensional orthogonal groups, they di er signi cantly.

In the nonrelativistic case there is asingle three-dimensional orthogonal group
in question, O(h); and it can be injected into the Galilean group in di erent ways
according to di erent velocity values. Moreover, L 7! Ljg is a surjective group
homomorphism from the Galilean group onto the three-dimensional orthogonal

group.
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In the relativistic case there are a lot of three-dimensional orthogonal goups,
being subgroups of the Lorentz group; one corresponds to each velocity vad.
Note that, for all u; L 7! Ljg is not a surjective group homomorphism from
L onto O(hy); indeed, S, is invariant for L ifand only if L u =(ar L)u:

As a consequence, there is not either a 'special Lorentz group' or au'-
special Lorentz group' which would be the kernel of the group homomorphism
L7 Ljg,:

10.1.5. The problem is that, in general, S, is not invariant for a Lorentz
transformation L; more closely, L maps Sy, onto Si ).y forall u 2 V(1):
Let us try to rule out this uneasiness with the aid of the correspondirg Lorentz
boost L (u;(arL)L u) which maps Sy v ONto Sy in a'handsome’ way. A
simple calculation yields the following result.

Proposition.  For all Lorentz transformations L and for all u 2 V (1);
R(L;u):=(arL)L(u;(arL)L u) L =
u+(@rL)L u (@arL)L) * u+u

= L)L + 2
@rt) 1 u (arL)L u v

is an element of O(h,): =

This suggests the idea that an orthochronous Lorentz transformation L
should be considered “special' iR (L ;u)jg, = 1s,; then L(u;(arL)L u) L =
1y and consequentlyL is a Lorentz boost.

Thus Lorentz boosts can be regarded as counterparts of special Galilean
transformations. That is why we call them special Lorentz transformations as
well. However, it is very important that the special Lorentz transform ations
(Lorentz boosts) do not form a subgroup(see 1.3.9).

Note that our result can be formulated as follows: given an arbitrary u 2
V (1); every Lorentz transformation L can be decomposed into the product of
a special Lorentz transformation and a u -spacelike orthogonal transformation,
multiplied by the arrow of L :

L=(rL)L (arL)L u;u R(L;u):

10.1.6. It is worth mentioning that the product of the u®-timelike (u°-
spacelike) inversion and the u -timelike (u -spacelike) inversion is a special
Lorentz transformation. Since

T,'=T,= P,=1y +2u u;

u

we nd|because of u 2(u u9u®= u p%lthat Tyo Tyt=
i Vi 0]

2v
1j vy sz

uu O .

P,o Py 1 is the Lorentz boost from u to u
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10.1.7. (i) Takean u 2 V(1) anda 06 H 2 A(g) for which H u =10
holds. ThenH®*= j H sz (V.4.18(i)) and we can repeat the proof of 1.11.1.8
to have I

2 2
el = v + _H - t _H =
JH] JH
which is an element of O(hy):

(i) Takean u 2 V(1) and a 06 H 2 A(g) whose kernel lies inS,: Then

H3=jH j2H (V.4.18(ii )) and we can prove as in 1.11.1.8 that
|

oo H
cosjH j+ ——sinjH j
JH |

H2  H?2
+
Hi?  jHj?

.o H o
el = 1y coshiH j + ——sinhjH j:
JH ]
We can demonstrate this is a Lorentz boost. Recall that there is ann 2 %“;
jnj=1suchthat H = u”n;where :=jHj: ThenH?2= 2(n n u u)
and executing some calculations we obtain:

Proposition. Let u2V(1); n2 %”; jnj=1; and 2 R: Then

exp (u”n) =L(ucosh + nsinh; u):

10.1.8. Originally the Lorentz transformations are de ned to be linear maps
from M into M : In the usual way, we can consider them to be linear maps from
'V'? into M? as we already did in the preceding paragraphs as well.

V (1) is invariant under orthochronous Lorentz transformations. However,
contrary to the nonrelativistic case, here V (1) is not an a ne subspace, hence
we cannot say anything similar to those in 1.11.3.8.

This, too, indicates that the structure of the Lorentz group is more comgi-

cated than the structure of the Galilean group.

10.2. The u -split Lorentz group

10.2.1. The Lorentz transformations, being elements ofM M ; are split
by velocity values according to 8.1. These splittings are signi canty more
complicated than the splittings of Galilean transformations.

Let us start with the splittings of Lorentz boosts. The map o, de ned in
7.1.4 is such a splitting:

sou = o L@uud ¢t u;u’2vQ) :

Fora u 2 V(1); it is convenient to introduce the notations

Su ..
By = VZ?U jvi< 1
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and , I
(v):= qli; D (v) := i 1Su + LV Vv
1 i vi2 (v) (v)+1
J V)
for v 2 By : It is worth mentioning the relation
(v)> _ (v) 1
(V)+1 iz

Applying the usual matrix forms we have

1 Vyoy

uou = (Vuou) Veow D (Vua)

A simple calculation yields that

1 Vuyoy

o 1= 1
u L(U,U) u - - (VUOU) Vyoy D(Vuou)

ulu

10.2.2. Now taking an arbitrary Lorentz transformation L andau 2 V (1);
we make the following manipulation:

s Lo t= , L@@l u) ' .Y, L(uiarL)L u) Lt

u
The rst factor on the right-hand side equals (arlL)L u.u: As concerns the
second factor, we nd that
o L(us@b)L u) Lt (ta)=  L(ui(@rL)L u) L (ut +q)=
= , f(arb)ut+ R(L;u) g (arL)t;R(L;u) ¢

forall (t;q)2 T S,; i.e. the second factor has the matrix form

arL 0
0 R(L;u)

As a consequence, we see that the following de nition describes ¢u -split
form of Lorentz transformations.

De nition.  The u -split Lorentz group is

1 v 1 0 .
(V) v D) 0 R v2By;R 2S0¢(hy)
Its elements are calledu -split Lorentz transformations. =

The u -split Lorentz transformations can be regarded as linear mapsl’ S, !
T Sy; the one in the de nition makes the correspondence

(t;g)7! (v) t v R g, vt D(V) R q:
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The u -split Lorentz group is a six-dimensional Lie group having the Lie
algebra

Su

0 .
y v2 A 2 ACh)

v
A

10.2.3. The splitting according to u establishes a Lie-group isomorphism
between the Lorentz group and the u -split Lorentz group. The isomorphisms
corresponding to dierent u® and u are di erent.

The di erence of splittings can be seen by the usual transformation rle which
is rather complicated; since here we need not it, we do not give theetails.

10.2.4. The u -splitting sends the proper Lorentz group onto
v) 1 % 1 0
v D (v) 0 R

which is evidently a connected set. Since theu -splitting is a Lie group isomor-
phisms, L*' is connected as well.

v 2 By; R 2S0(hy)

10.2.5. We easily verify that

1 v
v) v D (v)

is not a subgroup of the u -split Lorentz group; this re ects the well-known fact
that the Lorentz boosts do not form a subgroup.

v 2By

10.2.6. The Lie algebra of the Lorentz group, too, consists of elements of
M M ; thus they are split by velocity values in the same way as the Lorentz
transformations; evidently, their split form will be di erent.

If H isinthe Lie algebra of the Lorentz group|i.e. H is a g-antisymmetric
tensorland u 2 V (1); then

H 1_ 0 H u
“ " H uH u”H u
The splitting according to u establishes a Lie algebra isomorphism between

the Lie algebra of the Lorentz group and the Lie algebra of theu -split Lorentz
group. The isomorphisms corresponding to di erent u® and u are di erent.

u

10.3. Exercises

1. The Lorentz group is not transitive, i.e. forall x 2 M;fL xj L 2Lg &
M : What are the orbits of the Lorentz group?
2. The subgroup generated by the Lorentz boosts equals the proper Lorentz

group.
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3. Prove that the Lie algebra of O(h,) equalsfH 2 A(g)j H u = 0g which
can be identi ed with A( hy):

4. What is the subgroup generated byfT,ju 2 V (1)g?

5. Prove that

1 0
S ul— Uy 0 1s,
1 0
u Puo ul— Uy 0 1Su

where u%:= u 2 (vy o) Vyy o

10.4. The Poincae group

10.4.1. Now we shall deal with ane maps L: M! M, as usual, the linear
map under L is denoted by L:

De nition.

P:=fL: M! MjLisane, L 2Lg

is called the Poincae group; its elements are thePoincae transformations.
If L is a Poincae transformation then

arL :=arlL; signL :=signL:

P*'; P* : P' andP are the subsets ofP consisting of elements
whose underlying linear maps belong toL*' ; L* ; L' andL ; respec-
tively.

P*' is called the proper Poincae group. |

According to VII.3.2(ii ) we can state the following.

Proposition.  The Poincae group is a ten-dimensional Lie group; its Lie
algebra consists of the ane mapsH : M ! M whose underlying linear map is
in the Lie algebra of the Lorentz group:

La(P)=fH2A M ;M)jH 2A(g)g: [ ]

The proper Poincae group is a connected subgroup of the Poincae group.
As regards P* ; etc. we can repeat what we said about the components of the
Lorentz group.

P' :=P*" [P ' s called the orthochronous Poincae group.
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10.4.2. We can say that the elements ofP invert spacetime in some sense
but there is no element that we could call the spacetime inversion.
For every 02 M we can give the o-centered spacetime inversionin the well-
known way (cf. 1.11.6.2):
lo(X):=0 (X 0 (x 2 M):

Similarly, we can say that in some sense the elements &'  contain space-
like inversion and do not contain timelike inversion; the elementsof P*  contain
timelike inversion and do not contain spacelike inversion. Howeverthe space in-
version andthe time inversion do not exist.

For every 0 2 M and u 2 V(1) we can give the o-centered u -timelike
inversion and the o-centered u -spacelike inversionas follows:

Tuo(X):= 0+ Ty (X 0);
Pyo(X):=0+Py (X 0 (x 2 M):

10.4.3. The Poincae transformations are mappings of spacetime. They
play a fundamental role because the proper Poincae transformations carbe
considered to be the strict automorphisms of the spacetime model. fe following
statement is quite trivial.

Proposition. (F; 17) is a strict automorphism of the special relativistic
space time model (MT;g) if and only if F is a proper Poincae transformation.

10.4.4. The Lorentz group is not a subgroup of the Poincae group. The
mapping P 'L ; L 7! L is a surjective Lie group homomorphism whose kernel
is Tn(M); the translation group of M ;

Tn(M)=fTaja2Mg=fL2Pj L=1y0g:

As we know, its Lie algebra isM regarded as the set of constant maps from
M into M (VII.3.3).
For every 02 M;
o:=fL2Pj L(0)= og;

called the group of o-centered Lorentz transformations, is a subgroup of the
Poincae group; the restriction of the homomorphism L 7! L onto L, is a
bijection between L, and L:

In other words, given 02 M; we can assign to every Lorentz transformation
L the Poincae transformation

x7'o+L (x o)

called the o-centered Lorentz transformation by L :
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10.4.5. For every u 2 V(1) we can de ne the subgroup of u -timelike
translations
Tn(M), =fTwjt2Tg T n(M)

and the subgroup of u -spacelike translations

Tn(S,)=fT43ja2Sug T n(M)

10.4.6. Forevery u 2 V(1) and 02 M;
O(hu),:=fL2P' jL(O)=o0;L u=ug;

called the group of o-centered u -spacelike orthogonal transformations,is a sub-
group of P' :

In other words, given (u;0) 2 V(1) M; we can assign to everyR 2 O (hy)
the Poincae transformation

x7"o uu (x o +R | (x o)

called the o-centered u -spacelike orthogonal transformation byR:

10.5. The vectorial Poincae group

10.5.1. Recall that for an arbitrary world point o; the vectorization of M
with origin 0; O,: M! M; x 7! x 0 is an ane bijection.

With the aid of such a vectorization we can 'vectorize' the Poincae group
as well: if L is a Poincae transformation then O, L O,! is an ane
transformation of M ; represented by the matrix (see VI.2.4{(i) and Exercise
V 1.2.5.2)

1 0
L(oo o L

The Lie algebra of the Poincae group consists of ane mapsH: M! M
where M is considered to be avector space(the sum of such maps is a part
of the Lie algebra structure). Thus the vectorizaton H O, ! is an ane map
M ! M where the range is regarded as a vector space. Then it is represented
by the matrix (see VI.2.4(iii ))

0 0
H(o) H

10.5.2. Denition.  The vectorial Poincae group is

1 0

a2M;L2L : [ |
a L
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The vectorial Poincae group is a ten-dimensional Lie group, its Lie algeba
is the vectorization of the Lie algebra of the Poincae group:
0 O )
a H a2M;H 2La(L)
An advantage of this block matrix representation is that the commutator of
two Lie algebra elements can be computed as the di erence of their twproducts.

10.5.3. A vectorization of the Poincae group is a Lie group isomorphism
between the Poincae group and the vectorial Poincae group. The following
transformation rule shows how the vectorizations depend on the world pints
serving as origins of the vectorization. Leto and o be two world points; then

1 0
O O'=Tow= (o gy 1,
and
1 0 1 1 0 . .
To o0 a L Ty o = a+(L 1y) (& o L (@a2M;L2L):

As concerns the corresponding Lie algebra isomorphisms, we have

T 1= 0 0 (a2M:H 2 La(N)):

0 O
a H °©" a+H (0 o H

10.6. The u -split Poincae group

10.6.1. With the aid of the splitting corresponding to u 2 V (1); we send
the transformations of M into the transformations of T S,: Composing a
vectorization and a splitting, we convert Poincae transformations into a ne
transformations of T S

Embedding the a ne transformations of T S, into the linear transforma-
tionsof R (T Sy) (see VI.2.4(i)) and using the customary matrix represen-
tation of such linear maps, we introduce the following notion.

De nition.  The u -split Poincae group is

80 L o 0 10 Lo o 1 9
< . . Z

e W (v A@0 1 0 A v2t82 Thqzzs%(h ), ™
q (v)v (v)D(v) 0 0 R us u);
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The u -split Poincae group is a ten-dimensional Lie group having the Lie
algebra

80 1 9
< 0 00 S =
@t 0 vA t2T; q2S; va“; A 2 A(hy). :
q v A ’

Keep in mind that the group multiplication of u -split Poincae transforma-
tions coincides with the usual matrix multiplication and the commutat or of Lie
algebra elements is the di erence of their two products.

For u2 V() and 02 M put

uo:= u Op: M! T S;:

Then L 7! ,, L % isa Lie group isomorphism between the Poincae
group and the u -split Poincae group. Evidently, for di erent elements of
V(1) M; the isomorphisms are di erent. The transformation rule that shows
how the isomorphism depends on ; 0) is rather complicated.

Though the Poincae group and the u -split Poincae group are isomorphic
(they have the same Lie group structure), they are not ‘identical' : there is no
‘canonical' isomorphism between them that we could use to identify hem.

The u -split Poincae group is the Poincae group of the u -split special
relativistic spacetime model (T Sy; T; gu) (see 1.7). The spacetime model
(M;T; g) and the corresponding u -split spacetime model are isomorphic, but
they cannot be identied as we pointed out in 1.6.3. Due to the additional
structures of the u -split spacetime model, the u -split Poincae group has a
number of additional structures that the Poincae group has not.

10.6.2. The u -split Poincae group has the following subgroups:

80 1 9 80 1 9
< 1 0 O = < 1 0 O =
@ 1 0A t2T.; @ 1 0A q2s, ;
00 1Su ! ’ q 0 1Su ’
80 1 9
< 1 0 O =
@ 1 0A R20¢(hy) :
0 0 R '
In contradistinction to the nonrelativistic case,
80 1 9
< 1 0 0 =
@0 (v) (viv. A v2B,.

0 (v)v. (V)D(v) ’

is not a subgroup of the u -split Poincae group.
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The listed u -split Poincae transformations correspond by the isomorphism
established by u;0) 2 V(1) M to the following Poincae transformations:

X 7V X+ ut (t2T);

X7 X+ q (a2 Sy);
x7"o uu (x o +R |, (x o0 R20O(hy) ;
x7'o+L (v)(u+v);u u (X 0 (v2By):

10.6.3. Taking a linear bijection T! R and an orthogonal linear bijection
Su ! R®; we can transfer the u -split Poincae group into an a ne transforma-
tion group of R R3; called the arithmetic Poincae group which is the Poincae
group of the arithmetic spacetime model.

The arithmetic Poincae transformations can be given in the same form as
the u -split Poincae transformations: R; R3; O(3) and the open unit ball in
R® are to be substituted for T; S,; O(h,) and By ; respectively.

In conventional treatments one always considers the arithmetic Poinae group
and one speaks abouthe time translation subgroup, the space translation sub-
group, the space rotation subgroup,the time inversion etc. which in applications
can result in misunderstandings.

Since time and space do not exist and only observer time and observer ape
make sense, the Poincae group has no such subgroups; it containg -timelike
translations, u -spacelike translations, o-centered u -spacelike rotations etc.

10.7. Exercises

1. Let L be a Poincae transformation for which L = 1y : Then there is a
uniqgue 02 M such that L is the o-centered spacetime inversion.
2. Prove that for all 02 M;
O Lo O,'= O Lol

1
0

1 1.
and y,o Pupo 4

3. Find uo Tuo wi

4. Prove that the subgroup generated byfT,,ju 2 V(1); 0 2 Mg equals
P [P *

5. Prove that the derived Lie algebra of the Poincae group equals the Lie
algebra of the Poincae group, i.e. La(P);La(P)] = La(P):

6. Let L be a Poincae transformation. Consider the real number arL to be
alinearmap T! T; t 7! (arL)t:

If r is aworld line functionthen L r (arL) ! is a world line function, too.
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If C is a world line then L[C] is a world line, too; moreover, if C = Ranr
then L[C]=Ran L r (arL) L

11. Relation between the two types of spacetime models

11.1. One often asserts that nonrelativistic physics is the limit of speal
relativistic physics as the light speed tends to in nity.

Can we give such an exact statement concerning our spacetime modelshd
answer is no.

We have two di erent mathematical structures. There is no natural way of
introducing a convergence notion even on a class of mathematical strugtes of
the same kind (e.g. on the class of groups and to say that a sequence of groups
converges to a given one) and it is quite impossible to introduce a cwergence
notion on a class consisting of structures of di erent kinds (e.g. to ay that a
sequence of groups converges to an algebra).

There is no reasonable limit procedure in which a sequence of spaktrela-
tivistic spacetime models converges to a nonrelativistic spacatie model.

11.2. The following considerations show the real meaning of the usual state-
ments.

Let us x a special relativistic standard inertial frame with veloci ty value u:

Let us rename T to L; calling it the measure line of distances. Let us
introduce for time periods a new measure line, denoted byT: Let us choose
a positive elementc of L; it makes the correspondenceT ! L; t 7! ct:

If u®2 V(1) then vyo, 2 3= and v := cvyo, 2 2 will be considered the
relative velocity with respect to the observer. Evidently, jvj <c; thus c is the
light speed in the new system of measure lines.

Substituting ¢ for vyo, and ct for t in the formula 7.1.4 and letting ¢ tend
to in nitylwhich has an exact meaning because elements of nite dime nsional
vector spaces are involved in that formulajwe get the corresponding nonréda-
tivistic transformation rule in 1.8.2.4.

Similar statements hold for other formulae that concern relative velodgties; e.g.
for the addition formula of relative velocities, for the formula of light aberration
etc.

However, such a statement, in general, will not be valid for formulae tfat do
not concern relative velocities: e.g. the uniformly accelerated olesver treated
in 6.6 has no limit as ¢ tends to in nity.



[1l. FUNDAMENTAL NOTIONS OF
GENERAL RELATIVISTIC SPACETIME
MODELS

1. As we have already mentioned, the nonrelativistic spacetime modelsi
suitable for describing “sluggish’ mechanical phenomena. To desbe “brisk’
mechanical phenomena and electromagnetic phenomena we have to useeth
special relativistic spacetime model. Of course, the special rafivistic spacetime
model is good for “sluggish’ mechanical phenomena, too, but their relatistic
description is much more complicated than the nonrelativistic one andgives
practically the same results.

To avoid misunderstandings, we emphasize that the mechanical e estof elec-
tromagnetic phenomena (e.g. the history of charged masspoints in a giveres-
tromagnetic eld) can be well described nonrelativistically as well, provided that
the mechanical phenomena remain “sluggish’ (the relative velocigis of masspoints
remain much smaller than the light speed). The nonrelativistic spaetime model
is not suitable for the description of the electromagnetic phenomenan vacuum:
how charges produce electromagnetic eld, how an electromagnetic radtion
propagates etc.

Gravitational actions are well described in the nonrelativistic spacetime model
by absolute scalar potentials. Such potentials do not exist in the spdal rela-
tivistic spacetime model. Other potentials or force elds do not give convenient
(experimentally veri ed) models of gravitational actions.

The problem that faces us is that gravitational actions in “brisk' mechanical
phenomena and electromagnetic phenomena cannot be described and, of csry
gravitational phenomena (how do masses produce gravitational elds) annot be
treated in the framework of the special relativistic spacetime modé

There is only one way out: if we want to describe gravitational phenomea
as well, then we have to construct a new spacetime model. Howevett, is not
straightforward at all, how we shall do this.

2. Recall what we said about our experience regarding the structure of
our space and time: in our space we nd straight lines represented bylight
signals or stretched threads. We know, however, that a thread strathed in the
gravitational eld of the earth is not straight, it bends; if the thread i s short
enough and the stretching is strong enough then the curvature of the thead is
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negligible. However, for longer threads|imagine a thread (wire) across a river|
the curvature can be signi cant.

It seems, that a light signal is better for realizing a straight line. Indeed,
in terrestrial distances we do not experience that a light signal is ot straight.
However, the distances on the earth are small for a light signal. It may hapen
that light signals turn out to be curved in cosmic distances. Of courseto prove
or disprove this possibility we meet great di culties. A minor prob lem is that
cosmic distances are hardly manageable.

To state that a line is straight or not we have to know what the straight li nes
are. Straight lines in terrestrial distances are de ned in the most @nvenient way
by the trajectories of light signals. Have we a better way to de ne staight lines
in cosmic size? Can we de ne straight lines in this way? Can we de nestraight
lines at all?

We have to recognize that it makes no sense that a single line in itsik straight
or is not straight. We have to relate the trajectories of more light signak and
to test whether they satisfy the conditions we expect the set of gaight lines
have. For instance, if two di erent light signals meet in more than one point,
the trajectories of the signals cannot be straight lines. Unfortunately it is rather
di cult to execute such examinations in cosmic size.

Nevertheless, we have experimental evidence that shows that grastion in u-
ences the propagation of light. The angle between two light beams arrivindrom
two stars have been measured in di erent circumstances: rst the light beams
travel “freely', far from gravitational action; second, they travel near the Sun i.e.
under a strong gravitational action. The angles are signi cantly di erent.

Light travels along di erent trajectories in two circumstances. Evidently, the
trajectories cannot be straight lines in both cases.

The a ne structure of spacetime in the special relativistic model has been
based on the straight propagation of light. Thus if we want to construct a
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spacetime model suitable for the treatment of gravitational phenomenawe have
to reject the a ne structure.

We have to get accustomed to the strange fact: in general, the notion of
a straight line makes no sense. It is worth repeating why. Every notn in
our mathematical model must have a physical background. A straight line
would be realized by a light beam: we have no better possibility. Howver,
in strong gravitational elds (in cosmic size) the set of light beams mabe
does not satisfy the usual conditions imposed on the set of straight lire One
usually says that gravitation “curves' spacetime. The properties ofa curved
spacetime can be illustrated as follows: it may happen that two light keams
starting simultaneously from the same source in di erent directions meet again
somewhere (this is a “spacelike curvature') or that two light beams frting from
the same source in the same direction in di erent instants meet again@mewhere
(this is a “timelike curvature').

3. According to the idea of Einstein, spacetime models must re ect gavita-
tional actions, a spacetime model is to be a model of a gravitational actignthe
absence of gravitation is modelled by the special relativistic spa¢dame model.

The theory of gravitation, a deep and large theory, lies out of the scope of tis
book. That is why only the framework of general relativistic spacetime nodels
will be outlined.

In constructing a general relativistic spacetime model, we do not abere to
the a ne structure and we require only that spacetime is a four-dimensional
smooth manifold M:

A four-dimensional smooth manifold M is an abstract mathematical structure
similar to a four-dimensional smooth submanifold in an a ne space; it hasthe
following fundamental properties: every x 2 M has a neighbourhood which can
be parametrized by p: R*  M; if p and g are parametrizationsthenq ! p is
smooth. Then to each pointx of M a four-dimensional vector spaceT x (M) ; the
tangent space atx; is assigned; every di erentiable curve passing throughx has
its tangent vector in T x(M): A neighbourhood of zero of T x (M) approximates
a neighbourhood ofx in M: Smooth submanifolds of an a ne space (thus a ne
spaces themselves) are smooth manifolds.

The gravitational constant makes it possible to use real numbers for measing
spacetime distances in such a way that the gravitational constant is 1.

Our experience that gravitational action in small size does not contradct the
notion of a straight line suggests that a general relativistic spacetime rdel in
small size can be “similar' to a special relativistic spacetime moal. That is why
we accept that there is a Lorentz formgy: Tx(M) Tx(M) ! R is given for all
X 2 M in such a way that x 7! gx is smooth in a conveniently de ned sense. The
assignmentx 7! gy is called aLorentz eld and is denoted by g: Moreover, we
assume that everygy is endowed with an arrow orientation which, too, depends
on x in a conveniently de ned smooth way.
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De nition. A general relativistic spacetime modelis a pair (M;g) where
| M is a four-dimensional smooth manifold (called spacetimeor world),
| g is an arrow-oriented Lorentz eld on M:

Evidently, a special relativistic spacetime model { with T = R {is a general
relativistic spacetime model: M is an ane space (then every tangent space
equals M) and gy is the same for allx 2 M:

4. Take a general relativistic spacetime model (Mg): Then Sy; Tx and
Ly; the set of spacelike tangent vectors etc. inT (M) are de ned by gx for all
world points x and they have the following meaning:

| a world line (the history of a masspoint) is a curve in M whose tangent
vectors are timelike (i.e. the tangent vector of a world line C atx isin Ty);

| a light signal is a curve in M whose tangent vectors are lightlike.

Let us give an illustration of a general relativistic spacetime model. Léthe
plane of the page represent the spacetime Mand at the same time, every tangent
space is represented by the plane of the page as well. Then we draw tlfigture
light cone to every world point.

lllustrating the nonrelativistic and the special relativistic sp acetime models
we have got accustomed to the fact that the Euclidean structure of the pane
has to be neglected: the angles and distances in the plane of the page do not
re ect, in general, objects of the spacetime model. Now we have to rgect the
a ne structure of the plane as well: the straight lines of the plane, in general,
do not correspond to objects of the spacetime.

We call attention to the fact that in our illustration the spacetime mani fold
and its tangent spaces which are dierent sets, are represented byhe same
plane. The straight lines representing light cones in the previousgure are lines
in tangent spaces, they do not lie in the spacetime manifold.
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The following gures show a world line and a light signal in the general
relativistic spacetime model.

5. As we have said, a general relativistic spacetime model is to be a metlof
a gravitational action. The theory of gravitation has the task to expound how a
gravitational action is modelled by a spacetime model. We know that a pecial
relativistic spacetime model corresponds to the lack of gravitation.

There are di erent special relativistic spacetime models; howeer, all of them
correspond to the same physical situation: the lack of gravitation. Thisis
re ected in the fact that all special relativistic spacetime models are isomorphic.

It may happen that two general relativistic spacetime models correpond to
the same gravitational action; we expect that they must be isomorphic. Nev we
give the notion of isomorphism.

De nition.  The general relativistic spacetime model (M g)is isomorphic to
(M@ g9 if there is a di eomorphism F: M ! M? sucht that

92y DF(X) DF(x) = g (x2M): m

The phrase F is di eomorphism means that F is a bijection and both F
and F ! are smooth. The derivative of F at x; DF(x); is a linear map from
Tx(M) into Tg ) (MO9:

6. As examples we give a certain kind of general relativistic spacetime nuels
where the spacetime manifold is a submanifold of an a ne space, hence wean
use the well-known mathematical tools treated in this book.

Take a special relativistic spacetime model (MR;g); select an open subset
MA of M; MA is an open submanifold of M andT,(MA)= M forall x 2 M:
Give a smooth map A : MA IGL (M) (i.e. A(x) is alinear bijection M | M
forall x 2 M): Forall x 2 M” we de ne the Lorentz form g2 by

gp (X;y) = g A(X) X;A(X) Yy (x;y 2 M):

The Lorentz form g* is endowed with an arrow orientation as follows: let
T' be the future directed timelike cone of g; then the future directed timelike
cone of g is de ned to be A(x) [T' I:

Then (MA;g”) is a general relativistic spacetime model.
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IV. TENSORIAL OPERATIONS

In this section K denotes the eld of complex numbers or the eld of real
numbers, and all vector spaces are given oveK:

Tensors and operations with tensors are essential mathematical tools in
physics; the simplest physical notions|e.g. meter/secundum|requ ire tensorial
operations. Those being familiar with tensors will nd no diculty i n reading
this book.

0. Identi cations

Identi cations make easy to handle tensors.

Let X and Y be vector spaces over the same eld. If there is a linear
injection i: X ! Y which we nd natural (‘canonical’) from some point of
view, we identify x and i(x) for all x 2 X; i.e. we omit i from the notations
considering X to be a linear subspace ofY : Then we write

X1 Y; X i(x);
and if i is a bijection,

X Y; X i(x):

In practice, instead of x  i(x) an appropriate formula appears that allows
us to consideri to be natural.

Of course, 'natural' and ‘canonical' are not mathematical notions and it
depends on us whether we accept or reject an identi cation. There areommonly
accepted identi cations and there are some cases in which some peopled a
given identi cation convenient and others do not.

Later, using a lot of identi cations, the reader will have the opportunity to
see their importance.

1. Duality

1.1. Let V and U be vector spaces. Then Lin{ ;U) denotes the vector
space of linear mapsV ! U; Lin(V):=Lin(V;V):
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The value of L 2 Lin(V;U) at v2V isdenoted byL v:

The composition of linear maps is denoted by a dot as well: forL 2
Lin(V;U); K 2 Lin(U;W) we write K L:

V = Lin( V;K) is the dual of V: The elements of V are often called
linear functionals or covectors.

The dual separatesthe elements of the vector space which means that if
v2V;andp v=0forall p2V ; then v =0 or, equivalently, if vi; and v,
are di erent elements of V; thenthereisap2V suchthat p vi6 p vy

If fvij i21gis abasis ofV thenthereisaset p' i21 inV ; called
the dual of the basis,such that
1 ifi=j o)

o ifiej 12

If V is nite dimensional, then the dual of a basis is a basis inV ; hence

dim(V )=dim V:

Vv =

and fp!; ;pNgisitsdual thenforall v2V and p2V we have
o
v=" (p' V)vi;
i=1
p= (p vip"

i=1

1.2. To every elementv of V we can associate a linear mag(v): V ! K;
p7'p v;ie. anelementofV : The correspondenceV ! V ; v 7!i(v) is
a linear injection which seems so natural and simple that we nd it corvenient
to identify v and i(v) forall v2V:

AV VA v ooi(v);

vp pv (v2V;p2V )

If V is nite dimensional then this correspondence is a linear bijecton be-
tween V and V ; i.e. the whole dual of V can be identi ed with V :

vV V ; vp pvVv:

1.3. The Cartesian product V U of the vector spacesV and U is a vector
space with the pointwise addition and pointwise multiplication by numbers:

(visug) +(vasug): =(vi+ v ug + Uy),;
(v;u): =( v; u)
for vi;vo2V; ug;u2U and 2 K:
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We have the identi cation
v U (Vv U); (pa) (v;u) pv+qg u
(ps@)2V U ; (v;u)2V U):

1.4. The transposeof L 2 Lin(V;U) is the linear map
L :U ! V; f7Mf L;

ie.
(L f)y v=f~f (L v)

or, with the identi cation introduced in 1.2,
vL f=f 1LV f2U;v2V):
If L;K 2Lin(V;U); 2K; then

(L+K) =L +K ;
(L) =1L:

If L 2Lin(V;U); K 2Lin(U;W); then
K L) =L K

If V and U are nite dimensional, then
| L isinjective if and only if L is surjective,
| L is surjective if and only if L is injective.
Moreover, in this case|because of the identi cation V V; U U|
we have
L =1L:

If L is bijective, then
LY =()*"

1.5. Let V be a nite dimensional vector space andL 2 Lin(V;V ): Then
L isalinearmapfromV into V ; i.e. because of the identi cation V Vv
we haveL 2 Lin(V;V ):
The linearmap L : V ! V s called symmetric or antisymmetric if L = L
or L = L ; respectively.
In general, the symmetric and antisymmetric parts of L 2 Lin(V;V ) are
L+L L L

5 and 5 ;

respectively.
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Similar de nitions work well for linear maps V | V:
On the other hand, the notions of symmetricity, symmetric part etc. make no
sense for linear mapsV! V andV ! V :

1.6. KN: the set of ordered N -tuples of numbers, is a well-known vector
space. It is known as well that the linear maps fromKN into KM are identi ed
with the matrices of M rows and N columns, in other words, Lin(KN;KM)
KM N: As a consequence, we have the identi cation

KN =Lin(KV:K) K! N =kN
X A
p X px (pix 2 KN):
i=1
We adhered to the trick used in physical applications according to wich
KN is identied with KN in such a way that they are distinguished in
notations as follows.
The components of the elements oKN are indexed by superscripts:

Moreover, for the sake of simplicity, we often shall not write that the indices
run from 1 to N (orto M); denoting the elements in the form ') and (x;);
respectively.

The fundamental rule is that a summation can be carried out only for indices
in opposite positions: up and down. Accordingly, the matrix entries areindexed
corresponding to the domain and range of the matrix as a linear map:

Ly kN1 KM,

(Li): KN T KM
Li* © kKN 1 KM
Lk . kKN 1 KM

This trick works well until actual vectors are not involved; this notat ion does
not show for instance whether the ordered pair of numbers (12) is an element
of R2 or R? : and whether the matrix

10
2 1
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maps from R? into R? or from R? into R? etc.

The set of vectors ; = (1;0;:::;0); 2 = (0;1;::;0); :::; N =
(0;0;:::;1) is called the standard basisof KN : In the mentioned identi catio
KN KN the dual of the standard basis is the standard basis itself.

According to this identi cation the transpose of a matrix as a linear map is
the usual matrix transpose.

The above notation shows well that symmetricity, symmetric part etc. make
sense only for matrices i) and L

1.7. The symbol Bilin(U V;K) stands for the vector space of bilinear maps
U V! K; often called bilinear forms.
We have that
i:Lin(V;U)! Bilin(U V;K)

de ned by
i(L) (f;v):=f L v

L 2Lin(V;U);f2U ;v2V

is a linear injection which we use for the identi cation
Lin(v;U) I Bilin(U V;K); f L v L(f;v):

If the vector spacesU and V have nite dimension then i is a bijection,
hence stands instead of !

The reader is asked to examine this identi cation in the case of matries i.e.
for Lin(KN;KM):

1.8. Abilinear form h:V V! K is called symmetric or antisymmetric if
h(v;u)= h(u;v) or h(v;u)= h(u;v); respectively, for all v;u 2 V:

Similar de nitions are accepted for bilinear forms V vV I K:

Observe that for nite dimensional V the notions introduced here and in 1.5
coincide in the identi cation Lin( V;V ) Bilin(V VvV ;K):

2. Coordinatization
2.1. Let V be an N -dimensional vector space overK:
An ordered basis of V induces a linear bijection K : V ! KN dened
by K vi:= i (i=1;:::;N) where ( 1;::: n) is the ordered standard

basis of KN: K is called the coordinatization of V corresponding to the given
ordered basis. The inverse of the coordinatization,P := K !; is called the
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parametrization of V corresponding to the given ordered basis. It is quite
evident that

P (x)= x'v; (x') 2 KN
i=1
Thus, in view of 1.1 we have
K v= p vji=1;:::;N (v2V)
where (p!;:::;pN) is the ordered dual basis of ¢1;:::;vn):

Obviously, every linear bijection K : V I KN s a coordinatization in the
above sense: the one corresponding to the ordered basis (:::;vn) wWhere
vii=K 1 (i=1;::5;N):

2.2. A coordinatization of V determines a coordinatization of V ; that is
induced by the corresponding ordered dual basis. Using the previousotations
and denoting the coordinatization in questionby C:V ! (KN) we have

C p=(p viji=1;::15N) (p2V )

2.3. In the coordinatization K ; alinearmap L:V ! V is represented by
the matrix

To deduce this equality argue as follows:
X

K L K 1'xX
k=1

K L K ! x'=

_ X X
p' L vz (p' L ovi)xS:
k=1 k=1
The linearmap T :V I V s represented by the matrix

It is left to the reader to nd the matrix of linear maps V ! V and
vV IV

3. Tensor products
3.1. We start with an abstract de nition of tensor products that may seem

strange; the properties of tensor products following from this de ntion will
clarify its real meaning.
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De nition. Let V and U be vector spaces (over the same eldK): A
tensor product of U and V is a pair (Z;h); where

(i ) Z is a vector space,

(it)y h:U V! Zisa bilinear map having the property that

| if W isavector space andc: U V! W is a bilinear map,

| then there exists a unique linearmap L:Z! W such that

c=L h:

Proposition.  The pair (Z;h) satisfying (i) and (ii) is a tensor product of
U and V if and only if
1) Z is spanned € is the linear subspace generated) by Rah;

P
elements of U then h(ui;v;) = 0 implies u; = =u,=0:
i=1
Proof. Exclude the trivial casesV = 0 or U = O:
Suppose 1) is ful lled. Then every element ofZ is of the form
kh(ug;vk): Since h(u;v)= h( u;v); we conclude that the elements
k=1
p
of Z can be written in the form h(uk;vk):
k=1
Suppose 2) is ful lled, too. Take a bilinear mapc: U V! W and de ne
themapL:Z! W by
I
X ' X
L h(uk;vk) = C(uk; Vvk):
k=1 k=1

If L is well-de ned, then itis linear, L h = c¢; and it is unique with this
property. To demonstrate that L is well-de ned, we have to show that
X3 o X x
h(uk;vk) = h(x;;yj) implies c(uk;vk) = c(Xj;yj);
k=1 =1 k=1 j=1

which is egivalent to

x
h(ui;vi)= 0 implies c(ui;vi) = O
i=1 i=1
Let us choose a largest set of linearly independent vectors fromivy;:::;vimg;

P P
n m)lIfvs= ivi then h(u;v) = h( ju;v;) and a similar formula
i=1 i=1
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holds for c(u;v) as well. Consequently, a rearrangement of the terms in the
previous formulae yields that L is well-de ned if

X
h(ui;vi)= 0 implies c(uj;vi)=0
i=1 i=1

We have proved that conditions 1) and 2) are su cient for a tensor product.

SinceL h = c¢ can dene L only on the linear subspace spanned by the
range of h; condition 1) is necessary for the uniqueness of :

If condition 2) is not satis ed then we can nd a bilinear map r such that

P
independent, h(ui;v;) = 0; and at least one of theu; -s is not zero. Without
i=1

loss of generality we can assume thaui;:::;uy, (where m n) are linearly
independent and all the other u; -s are their linear combinations. Complete
fvy;iii;vpg to a basis in V and fuj;:::;ung to a basis in U: De ne the

bilinearmap r : U VI K insuchawaythat r(us;vy):=21 and r(u;v):=0
for all other basis elementsu and v: Then for all linear maps L:Z ! K we

P P
have L h(ui;vi) =061= r(ui;vi):
i=1 i=1

3.2. Inthe next item the existence of tensor products will be proved Observe
that in the case W = Z; c¢ = h; the identity map of Z fulls h = 1, h;
according to the de nition of the tensor product this is the only possibility, i.e.
if L2Lin(Z)yand h=L h then L = 1;:

As a consequence, if Z%h9 is another tensor product of U and V then
there is a unique linear bijection L : Z!  Z% such that h®= L h: This means
that the tensor products of U and V are “canonically isomorphic' or “essentially
the same', hence we speak dhe tensor product and applying a customary abuse
of language we call the corresponding vector space the tensor produc¥ (in the
de nition) denoting it by U V; and writing

u v! U V; (u;v) 7Mu v

for the corresponding bilinear map ¢ in the de nition); u v is called the
tensor product of u and v:

An actual given tensor product is called arealization of the tensor product
and the following symbols are used:U V ! W or U V W denote
that the tensor product of U and V s realized as a subspace ofV or as the
whole vector spaceW ; respectively.

It is worth repeating the results of the previous paragraph in the new rota-
tions.
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P
Every element of U V can be written in the form ui Vvi where
i=1

then uq, = = Up = 0: In particular, if u6 0 and vé 0 thenu v 6 O:

3.3. Foru2 U and v 2V we de ne the linear map

u v:VvV I U; p7'(p v)u:

Proposition. U V I Lin(V ;U); (u;v) 70 u v is a bilinear map
satisfying condition 2) of Proposition 3.1. As a consequence, the linear map
u v is the tensor product of u and v (that is why we used in advance this
notation) and U V s realized as a linear subspace of Lin{ ;U) spanned by
such elements.

Proof. Itis trivial that ( u;v) 7! u v is bilinear.

P
Suppose thatvy;::::; vy are linearly independent vectors inV and Ui
i=1
v; = 0: Then for arbitrary p2V andf 2 U we have

X0
(f u)p vi)=p (f up)y

i=1 i=1 i=1

o
I

-
£
=
o
I

P
Since V  separates the elements ofV; this means that ~ (f ui)vi = O:

i=1
Because of the linear independence of/; -s this involves f u; = 0 for all
i=1;:::;n: Since U separates the elements olJ; it follows that u; = u, =
= u, =0:

3.4. Proposition. If fviji2lgisabasisinV andfu;jj 2 Jgis abasis
in U then fu; vijjj2Ji2lgisabasisinU V: m

According to Propositions 3.3 and 1.7 we have
U V! Ln(V;U)! Bilin(U V ;K):
If U and V are nite dimensional then
dm(U V) =(dim U)(dim V):

Moreover, in this case dimQy V) = dim(Lin( V ;U)); hence the present
proposition on the bases implies that for nite dimensional vector spacs

U VvV Lin(V ;U) Bilin(U V ;K)
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and because ofV V; U uU;
u Vv Lin(V;U) Bilin(U V; K);
U V Lin(V ;U ) Bilin(U V ;K);
U \% Lin(vV;U ) Bilin(U V;K):

3.5. We have the following identi cations.

(i) K V V; Y, V;

(i) U vy w U w) (Vv W;)
(u;v) w (U w;v w);
w U V) (W U (W V)
w o (u;v) (woou;w V),
(iii) If U and V are nite dimensional then
u v U V); (f pu v) (f u)p v)
f2U; p2V ; u2U; va2v)

where we found convenient to write the symbol : for the bilinear map & duality;
we shall give an explanation later.

3.6. In mathematical books the tensor product is often said to be commu-
tative which means that we have a unique linear bijectonU V! V U;
u v 7!'v u admitting an identi cation. However, we do not nd convenient
to use this identi cation because of two reasons:

1)if U=V; u;v2V and u 6 v then,ingenerabu vév u;

22u v2U VvV ! Lin(V;U)y;v u2Vv U! Lin(U,;V)
Lin(U ;V ), itis not hard to see that the transpose ofu v equalsv u:

(u v) =v u:

Hence the unique linear bijection betweenU V and V. U thatsendsu v
into v u is the transposing map. We do not want, in general, to identify a
linear map with its transpose (e.g. a matrix with its transpose).

However, if one of the vector spaces is one-dimensional, we accept theem
tioned identi cation, i.e.

AV V A a v v a if dimA=1:
Moreover, in this case we agree to omit the symbol

av:.=a Vv (@a2A;v2V;dmA=1):
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Note that if dim A =1 then every element of AV has the form av:

Though, in general, AV 6 V; it makes sense (if dimA = 1) that an
element z of AV s parallel to an elementv of V : if thereisan a 2 A
such that z = av:

3.7. It is well known that a linear map L:V; V,! U; U, can be
represented in a matrix form:

Ly L1

L =
Los L2

where L 2 Lin(Vi;Ux) (i;k=1;2) and
L (vy;vo)=(Lyr vi+ L Vo, Lo vi+ Lo Vo)
This corresponds to the nite dimensional identi cations (see in particular
3.5(ii))
Lin(V1 VU1 Uyp)
(Ur Uz) (Vi Vz) (Ui Uz (Vi Vy)
(Ur Vy) (Ur Vy) (Uz Vy) (Uz Vy)
Lin(V1;U1) Lin(Vy;Up) Lin(V1;Uz) Lin(Va;U»):
Accordingly, we nd convenient to write

Us P1 U1 P2

Usuz) (pup2) (o,

for (ui;uz) 2 (Ug;U2) and (pa;p2) 2V, V!
Of course, a similar formula holds for other tensor products, e.g. for e
elements of U1 Ujy) (V1 V)

up Vi Up V2

: ViV
(ug;u2)  (vi;va) Up Vi Us Vo

It is not hard to see then (cf. 3.6) that

up Vi Uy Va2 Vi Ui Vi Uz
u Vi Uz V2 V2 Ui V2 U2

3.8. If A is a one-dimensional vector space then LirK) is identi ed with
K: the number corresponds to the linear mapa 7! a: As a consequence,
we have the following identi cation, too:

A A Lin(A) K; a a( a )
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(remember: a = a ): Indeed, by denition, a : A! A; b7! ( Db)a: If
a=0thena =0-= a: If a 6 0 then there is a uniqueg 2 K for all
h 2 A such that b= 2a: Thus ( b)a=( 2a)a=( a)2a=( a)band
we see thata (= a ) equals the multiplication by a.

For one-dimensional vector spaces we prefer the symbol of (tensor) pdact
to the dot for expressing the bilinear map of duality i.e. the symbola to a

3.9. SinceV V | K; (v;p) 7! p v is a bilinear map, the de nition of
tensor products ensures the existence of a unique linear map

Tr:Vv VvV I K such that Tr(v p)=p v:

If V is nite dimensional then V V Lin(V); hence TrL; called the
trace of L; is de ned for all linear maps L:V ! V:

Since foru;v2V and p;q2V wehave U p) (v g =(p V)u q;
we easily deduce that for allL;K 2 Lin(V) (if dm V < 1)

Tr(L K)=Tr(K L):

If fviji=1;:::;NgisabasisinV and p' i=1;:::;N isitsdual then
forall v2V andp2V
X X
pv=_(p v)p vi)= p (v p) Vi
i=1 i=1
which gives
X
TrL = p' L v (L 2 Lin(V)):
i=1
Note that the trace of linear mapsV ! V and V ! V makes no sense;

on the other hand, we have (for nite dimensional V)
Tr:Lin(V ) V V! K; p v7lp v
and we easily seebyy{ p) =p v that
Tr(L )=TrL (L 2 Lin(V)):
Moreover, if Z is a nite dimensional vector space, we de ne
Tr:Lin(V;Z2 V) Z V V | Z; z v p7(p v)z:

3.10. Let V be nite dimensional. Then, according to 3.5(ii ) and V V;
we haveV V. (V V); (° v9:(v p) (p° v)(Vv° p):
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It is not hard to see that in other words this reads
Lin(V ) (Lin(V)) ; B:L Tr(B L);

where L 2 Lin(V); B 2 Lin(V ) andsoB 2 Lin(V):

Since a single dot means the composition of linear maps, we denoted the
bilinear map of duality by the symbol : to avoid misunderstandings.

3.11. In accordance with our results we have

KM kKN Lin (KN) ;KM
By de nition, for y =(y') 2 KM and x = (xk) 2 KN ;
y x:(KN) 1 KM p7H(p x)y;
from which we deduce that
(y x)®=yx¥ (=1;::5;M;k=1;:::;N):

Moreover, KN KN Lin(KN;KN); (x  p)'k = x'pg; and so
T Liyjick =1;::;N = Li:

Our convention that a summation can be carried out only for a pair of indices
in opposite positions shows well that the trace of matrices L and (Li)
makes no sense.

It can be proved without di culty that

_ X _
BJi : Lkl = BkiLkIZ

3.12. Let L 2 Lin(U;X) and K 2 Lin(V;Y): Then U V! X Y;
(u;v) 7! Lu  Kv is a bilinear map, hence there exists a unique linear map
L K:U V! X Y suchthat

(L K) (u v)=Lu Kv (uU2U;v2V)

It is a simple task to show that (L;K ) 7! L K satis es condition (ii) in
3.1, henceL K is the tensor product of L and K ; in other words,

Lin(U;X) Lin(V;Y)! Lin(U V;X Y):
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If the vector spaces are nite dimensional then  stands instead of !
It is not hard to show that

(L K) (B A)=(L B) (K A)
and if both L and K are bijections then L K is a bijection and

(L K)'=L ! K &

3.13. For natural numbers n 2 the de nition of n-fold tensor products
of vector spaces is similar to de nition in 3.1, only n-fold linear maps should
be taken instead of bilinear ones. We can state the existence and essiah

n
unigueness ofn -fold tensor products similarly. We use the notation ~ V and
k=1

n
vy for the n-fold tensor product of vector spacesV and vectors vg 2 Vg

m n n
Vi Vi Vi;
k=1 k=m+1 k=1
m n n
Vi Vi Vi
k=1 k=m+1 k=1

If the vector spaces are nite dimensional then " V is identi ed with the
k=1

vector space Lin( " Vi ;K) of n-linear maps " Vi ! K; called n-linear
k=1 k=1
forms, such that
n 1 n ¥ k
Vi (pTiiinpt) (P vk):
k=1 k=1

3.14. For natural numbers n  2; the n-fold tensor product of n copies of
1
the vector spaceV is denoted by " V; for convenience we put V = V;
0
V := K: Then we have for all natural numbersn and m

n m n+m

\% \%

We de ne the n-fold symmetric and antisymmetric tensor products of ele-

ments of V as follows:
n X n
V. = \" (kﬁ
2Perm

. n
(sign ) Vv ();
2 Perm , k=1

1 >
<
~
1
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where Perm, denotes the set of permutations off1;::::;ng and sign is the
sign of the permutation : sign =1 if isevenand sign = 1 if isodd.
For instance,

Vi_V2=Vi Vot Vy Vg ViNVo=V1i Vo Vo Vil

The linear subspaces of "v spanned by the symmetric and antisymmetric

tensor products are denoted by i V and A V ; respectively.

We mention that
Lo Y and i\ %
nlk=1 k n'k=1 K

n
are called the symmetric and antisymmetric part of Vi, respectively. It is
k=1

worth mentioning that the intersection of AV and i V is the zero subspace;
moreover, for n = 2 the subspace of antisymmetric tensor products and that of
symmetric tensor products spanV V'

3.15. Let V be nite dimensional, dimV = N: Then V V; and we
have the following identi cations:

"v ot n-linear forms onV g; RVARE' n-linear forms onV g;
i V f symmetric n-linear forms onV g;
"V of symmetric n-linear forms onV g;

Rv ot antisymmetric n-linear forms onV g;

Rv o f antisymmetric n-linear forms onV g:

It is worth mentioning that

n @
vie (phiinph) = P (vaiiiiva) = T (PN k)
k=1 k=1 k=1
Cove (Phip = R (vaiiive)
X
= ? (e % vy
2 Perm , k=1
/Q Vi (pl ..... pn): /Q pk (Vl ..... v )_
k=1 R k=1 peeln
X

. Q
= sign (p © vy):
2 Perm ,, k=1
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are bases in V; iV and A V; respectively. Accordingly,

. . N + 1
dim nV:N”; dm "V = n :

- n
X n N if n N
dm AV = n )
0 ifn>N

Similar statements are true for V instead of V:

3.16. The reader is asked to demonstrate that forn = 2 the notions
of symmetricity, symmetric part, etc. coincide with those intr oduced earlier.
Moreover, using the formulae in 3.7 we have
up vy up V2 Vi Uz

Uuq;us)”™ (vy;Vvo) =
(ug;u2) ™ (v1;v2) Uy Vi Vs Uy Uz ™ vy

for vi;u1 2 Vi va;uz 2 V,; and a similar equality holds for symmetric tensor
products, too.

3.17. We have the following identi cations:

\Y AVAR p Vi p*  (V1;:i:ii;Vvn);
k=1 k=1 k=1

v v Dk " v P (vi;iiiiva);
- - k=1 k=1 k=1

Avo Ry Rpl o Ry, APk (vaiiiiive)
k=1 k=1 k=1

3.18. Let V be an N -dimensional vector space. Ifd is an n-linear
n
(symmetric, antisymmetric) form on V (i.e. d is an element of V ) and
L 2 Lin(V); then

n

d L :vV"! K; (V;iinvp) 7V d(L vyt Lovy)
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is also an n -linear (symmetric, antisymmetric) form.

N
Since "~ V ; the vector space of antisymmetric N -linear forms is one-
dimensional, for L 2 Lin(V) there is a number (an element ofK) detL ; called
the determinant of L; such that

N
c L =(detlL)c

N
forall c2 "V :

Proposition. For all vq;vy;:::;vny in V we have

N N
N Loovg = (det L)k’_‘lvk:

k=1

As a consequence, we have fok ;K 2 Lin(V) that

det(L K)=(det L)(detK)=det(K L):

(pt;:::;pN) be the corresponding dual basis inV :

detL

I
~
o
[0)
~—+
—
N
I >z
-O_
~~
<
e
<
z
p—
1
I >z
-U_
—~~
=
<
-
=
<
z
g
11

X W _
sign  (p @ L vp):

2Perm y i=1

The last formula is the determinant of the matrix representing L in the
coordinatization corresponding to the given ordered basis. Thus for alcoordi-
natizations K of V we have

detL =det(K L K 1):
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3.20. Proposition. Let V and U be nite dimensional vector spaces.
SupposeA ;B 2 Lin(V;U) and B is a bijection. Then

det(A B YHy=det(B ! A):

Proof. Observe that if U = V then this equality follows from that given at
the end of 3.18. However, ifU 6 V; the determinant of A and B ' make no
sense.

V and U have the same dimensionN since B is a bijection between them.
Let K and L be coordinatizations of V and U; respectively. Then

det(A B Y)=det(L A B ' L Y.

SinceL A B 1L =L AKU11KB?L YandbothL A K 1
and K B ' L ! are linear maps KN | KN: hence their determinant is
meaningful, we can apply the formula given at the end of 3.18 to get
det(L AB 'L Y)=det (L AKHY K B?IL?Y =

=det (K B *LYH (L AKW1D=det(k B*!AK1D
=det(B ! A): m
Our result has the following corollary: if L 2 Lin(V) and B:V ! U isa

linear bijection then
det(B L B 1)=detlL:

3.21. For L 2 Lin(V) we de ne

n n
L: V! V; Vi 7! L wvg:
k=1 k=1
It is trivial that A V and i V are invariant for L; the restrictions of

" L onto these linear subspaces will be denoted by’Q L and i L; respec-
tively.

3.22. Exercises

X _ X
vi p' 1y; P
i=1 i=1

v 1y
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where the symbols on the right-hand sides stand for the identity ofV and of
V ; respectively.

2. The linear subspacesS and T of V are complementaryif S\ T = fOg
and the linear subspace spanned byS[ T equals V; then for every v there
are uniquely determined elementsvs 2 S and vt 2 T such that v = vg + vr:
The linear map V! V; v 7! vg is called the projection onto S along T:

Let v2V; p2V :

(i)If p v 60 then "p Vp is the projection onto Kv (the linear subspace
spanned by v) along Kerp:

(ii)yIf 2K suchthat p v 61 then 1y Vv p is a linear bijection and

1 _ .
(1v v p) —1v+71 IOVv p:

3. Demonstrate that
L (v p=(L v) p; (v. ppL=v L p

forv2V,; p2V andL 2Lin(V):
4. Prove that

Aok g e — K oy ileri m qeeen-
k_lp (vi;:ii;vp) =det p* vijkii=1;:::;n
for pl;iio;p" 2V o and vy iiivy 2 V:
5. Prove that if V is a vector space overK then KN v VvN; v

4. Tensor quotients

41. Let U;V and Z be vector spaces (over the same eld). A map
g:V (Unf0g)! Z is calledlinear quotient if

(i) v 7! g(v;u) is linear for all u 2 U nf0g;

(i) q(v; u)= Lq(v;u) forall v2V andu2UnfOg, 2 KnfOg:

De nition. Let V and A be vector spaces, dinA = 1: A tensor quotient
of V by A is a pair (Z;q) where
(i) Z is a vector space,
(i) q:V (AnfOg)! Z is a linear quotient map having the property that
{if W isavectorspaceandr:V (AnfOg)! W is a linear quotient
map
[then there exists a unique linear map L:Z! W such that
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Proposition. The pair (Z;q) is a tensor quotient of V by A if and only if
1) Z=Rangq;
2)ifv2V; a2Anf0g and q(v;a)= 0 then v = 0:

Proof. Since A is one-dimensional, fora;b 2 A; a 6 0 let g denote the

number for which 2a = b: Observe that if b6 0 then 2 is the inverse of 2:
Condition 2) in the proposition is equivalent to the following one: if v;u 2 V
and a;b 2 AnfOg then q(v;a) = q(u;b) implies v = Fu: Conversely, it is
trivial, that if r is a linear quotient map and v = {u then r(v;a) = r(u;b):
Moreover, r(v;a)+ r(u;b)=r gv+ u;b :
Suppose 1) is fullled. Then every element ofZ has the form g(v;a): If 2)
is valid as well and r is a linear quotient map then the formula

L (a(v;a)):=r(v;a)

de nes a unique linear map L :

If 1) is not ful lled, the uniqueness of linear maps L for which r = L q
holds fails. If 2) is not valid one can easily construct a linear quotient nap for
which no linear map exists with the desired composition property.

4.2. We shall see in the next item that tensor quotients exist. In the sane
way as in the case of tensor products, we can see that the tensor quotisnof
V by A are canonically isomorphic, that is why we speak othe tensor product
and applying a customary abuse of language we call the corresponding vector

space the tensor quotient Z in the de nition) denoting it by % and writing

\% Y
I —- . | —
V (AnfOg)! A (v;a) 7! a

for the corresponding linear quotient map ( in the de nition); % is called the
tensor quotient of v by a:

We use the termrealization and the symbol in the same sense as in the
case of tensor products.

It is worth repeating the preceding results in the new notation: eery element
of ¥ is of the form ¥ and ¥ = 0 if and only if v = 0:

4.3. For v2V and a2 Anf0Og we de ne the linear map

Vial v b7 2y
a a
where 2 is the number for which 2a = b holds.

Proposition. V AnfOg! Lin(A;V) is a linear quotient map which
satis es conditions (i) and (ii ) of proposition 4.1. As a consequencey- is the
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tensor quotient of v by a (that is why we used in advance this notation) and
Y Lin(A;V): =

We have Lin(A) K where 2 K isidenti ed with the linearmap a 7! a:
Thus, according to the previous result, 2 K and 2 is the number for which

ga = b holds, hence our notation in 4.1 used in the present proposition as well,
is in accordance with the generally accepted notation for tensor quotiers.

4.4, Since for all a 2 Anf0Og the map V ! %; v 7! ¥ is a linear
bijection, if fviji2lgisabasisinV then % 21 isa basisin VK; and
dim ¥% = dim V:

4.5. Let V;U;A and B be vector spaces, dinA =dim B =1: We have the
following identi cations (recall 3.4, 3.5 and 3.8):

. K . e b
) N Lin(A;K)= A ; 3 b 3
(i) % Lin(K:V)) V: Y =y
Vv . v 1

— Lin(A;V vV A — —;
(iii ) y in(A;V) : 3 v >

. \ A p v p Vv,
(V) A A a a
V) A V.. i v

B A B’ h ab’

. \Y vV U V

(vi) A B A B A B U etc
V U Vv u v
a b a ab U4 °F€

In particular,

\% AV B K
AR A Vi A B A

(vii) v U v.u
A A A’ a a'a
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Note that according to (v) and (vi) the rules of tensorial multiplication and
division coincide with those well known for numbers.

4.6. Let V;U;A and B be vector spaces, dinA = dmB = 1: If L 2
Lin(V;U) and 06 F 2 Lin(A;B) then V. (AnfOg) ! 4g; (v;a) 7! % is

linear quotient, hence there exists a unique linear map,';— : VK ! % such that

Lov_ Ly
F a F a
It is not hard to see that % is really the quotient of L by F; in other words,

Lin(v;u) . V.U
Lin(A;B) A’ B

(v2V;a2Anf0g):

5. Tensorial operations and orientation

In this section V denotes anN -dimensional real vector space andA denotes
a one-dimensional real vector space.

V if the set fvy;:::;vng is abasisinV:
De nition.  Two ordered bases {1;:::;vy) and (v$;:::;v3) of V are
called equally oriented if the linear map de ned by v; 7! v® (i =1;:::;N) has

positive determinant. An equivalence class of equally oriented basds called an
orientation of V: V is oriented if an orientation of V is given; the bases in the
chosen equivalence class are callgmbsitively oriented, the other ones are called
negatively oriented. (More precisely, an oriented vector space is a pair \{;0)
where V is a vector space and o is one of the equivalence classes of bases.)

A linear bijection between oriented vector spaces i®rientation preserving or
orientation-reversing if it sends positively oriented bases into positively oriented
ones or into negatively oriented ones, respectively. B

It is worth mentioning that there are two equivalence classes of equédl ori-
ented bases.
Observe that the two bases in the de nition are equally oriented if ard only
N N
if _’\l v? is a positive multiple of _"l Vi (see Proposition 3.18).
1= i=
If V is oriented, we orientV by the dual of positively oriented bases ofV :
If U and V are oriented vector spaceslJ V is oriented by joining positively

(0;vn) is de ned to be a positively oriented basis inU V'
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The reader is asked to verify that the orientation of the dual and the Cartesian
products is well-de ned.

5.2. Two basesa and a° of the one-dimensional vector spaceA are equally
oriented if and only if a® is a positive multiple of a; in other words, & isa
positive number.

and a° are equally oriented bases ofA; then (avi;:::;avy) and (a%9;:::;
a%Q) are equally oriented bases ofA V: Indeed, according to our convention

N N
A V V A; we have 2~ @wvd (@9 "‘1vi0 which is evidently a positive
1= 1=

. N
multiple of aN ii‘l Vi:
As a consequence, an orientation oV and an orientation of A determine a
unique orientation of AV ; we considerA V to be oriented by this orientation.
We can argue similarly to show that an orientation of V and an orientation
of A determine a unique orientation of %: we take this orientation of the tensor

quotient.

5.3. A nonzero element a of the oriented one-dimensional vector spaceA
is called positive, in symbols 0 < a; if the corresponding basis is positively
oriented.

Moreover, we write a b if 0 b a: Itis easily shown that in this way
we de ned a total ordering on A for which

(i)ifa bandc dthena+c b+d;
(i)ifa band 2R* then a b:
We introduce the notations

A" :=fa2 Aj0< ag; A; = A' [f Og:
Furthermore, the absolute value ofa 2 A is

8 .

> a ifa2 A"
jaj=_0 fa=20
a ifazA*:

5.4. Even if A is not oriented, A A has a “canonical' orientation in which

the elements of the forma a are positive. If A is oriented, the orientation of
A A induced by the orientation of A coincide with the canonical one. Then

ALY (A Ay a7la a ()

is a bijection. Indeed,a a = 0 ifand only if a = 0: The elements of @ A)*
has the forma b where a;b2 A*; since h = a for some positive number



298 IV. Tensorial operations

. we havea b= P ‘a P “a ; i.e. the above mapping is surjective. If
06a a=b bthena a= 2a a whichimpliesthat 2=1; thus =1;
a = b: the mapping in question is injective.

In spite of our earlier agreement, in deducing the present resultwe preferred
not to omit the symbol of tensorial multiplication. However, in applicat ions of
the present result we keep our agreement; in particular, we write

a2

'=aa ((=a a):
p__
The inverse of the mapping is denoted by the symbol and is called
the square root mapping.
Note that p__
az=jaj (a2 A):



V. PSEUDO-EUCLIDEAN VECTOR SPACES

1. Pseudo-Euclidean vector spaces

1.1. De nition. A pseudo-Euclideanvector space is a triplet (V;B;b)
where
(i) V is anonzero nite dimensional real vector space,
(if) B is a one-dimensional real vector space,
(ii) b:V V! B B isanondegenerate symmetric bilinear map.

Remarks. (i) Nondegenerate means that ifb(x;y) = 0 for all x 2 V then
y = 0:

(ii) b(x;y) is often called the b-product of x;y 2 V: The elements x and
y of V are called b-orthogonal if their b-product is zero.

(iii ) In mathematical literature one usually considers the caseB = R; i.e.
when|because of R R R]|the pseudo-Euclidean form b takes real values.
Physical applications require the possibility B 6 R:

1.2. Denition. Abasisfejji=1;:::;Ng of V is called b-orthogonal if
b(ej;ex) = 0 for i 6 k:

An b-orthogonal basis fejji=1;:::;Ng is normed to a 2 B if either
b(ei;e) = a® or b(ej;e)) = a2 forall i: If B= R; an b-orthogonal basis

normed to 1 is called b-orthonormal. m

Since B B has a canonical orientation, it makes sense thab(x;y) is negative
or positive for x;y 2 V:
We can argue like in the case of real-valued bilinear forms to have the flawing.

Proposition. b-orthogonal bases inV exist and there is a non-negative

b(ej;ej) < 0 for neg() indices i
b(ej;ej) >0 for N neg(®) indices i: ]

An b-orthogonal basis can always be normed to an arbitrary0 6 a 2 B:
Further on we deal with b-orthogonal bases normed to an element oB and
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such a basis will be numbered so thatb takes negative values on the rst negp)
elements, i.e.
b(ei;e) = ()a%
1 ifi=1;:::;negb)
1 ifi=neg(b)+1;:::;N:
We say that b is positive de nite if b(x;x) > 0 for all nonzero x: b is
positive de nite if and only if neg(b) = 0O:

(i) =

1.3. An important property of pseudo-Euclidean vector spaces is that a
natural correspondence exists betweerv and ﬁ: Note that every element of

ﬁ is of the form ayT) wherey 2V and a;b2 Bnf0g: Take such an element
of g5 Then
ViR x7 2%
ab

is a linear map, i.e. an element ofV ; which we write in the form %:

Proposition. g5 ! V ; X 71 2% s alinear bijection.

Proof. Itis linear and injective becauseb is bilinear and nondegenerate, and
surjective because the two vector spaces in question have the sardenension. m

We nd this linear bijection so natural that we use it for identifyin g the vector

spaces:
\ . y  bly;).
Vi ab ab -

1.4. (i) In the above identi cation the dual of an b-orthogonal basis

€
b(ei; ei)
which equals
(ei . _ ...
Sz 1=LnN

if the b-orthogonal basis is normed toa:
As a consequence, foralk 2 V (see IV.1.1),

_ X blex)
B i=1 b(ei;e)
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(i) If V is oriented then both V and ﬁ are oriented. The above iden-
ti cation is orientation preserving if neg( b) is even and is orientation-reversing
if neg(b) is odd.

1.5. Let us take a linear map F:V ! V: As we know, its transpose is
alinearmap F :V ! V ; according to the previous identi cation we can
consider it to be a linear map F : ¥z | gY5: Consequently, we can de ne
the b-adjoint of F;

y

F>:V! V; 71 (ab) F 2
; y 7' (ab) b

Observe that this is equivalent to

F~ oy _ y - :
e =F b (y2V; a;b2Bnf0g):
According to the de nition of the transpose we have
y _ y _F vy .
ab F x= F b X = b X;

which means
b(y;F x) _ b(F” y;x).

ab ab ’
i.e. b(y;F x)=b(F” y;x)=b(x;F” y) (x;y 2 V):
The de nition of b-adjoints involves that the formulae in IV. 1.4 remain valid
for b-adjoints as well: if F;G 2 Lin(V); 2 R; then

(F+G) =F”+G7;

(F)Y = F7;
(F G =G> F~:
Moreover,
detF~> =detF:

1.6. Let (V;B;b) and (V%B:°b% be pseudo-Euclidean vector spaces. A
linear map L : V ! V0 is called b-h%-orthogonal if there is a linear bijection
Z:B! B%suchthat b® (L L)=(Z 2Z) bie.

bYL x;L y)=(Z Z)b(x;y) (x;y 2V):
Note that according to our identi cation, Z is an element of %O:

It is quite trivial that there is a b-b%-orthogonal linear map between the
pseudo-Euclidean vector spaces if and only if dinv = dim V° and neg®) =

neg(®?):
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In particular, if fe;jji=1;:::;Ng is an b-orthogonal basis, normed to a;
of V; and felj i =1;:::;Ng is an bP-orthogonal basis, normed toa® of v°
then 0 ]

L g :=ej (i=1;:::;N)

determine an b-b°-orthogonal map for which Z = %0:

1.7. Let n and N be natural numbers, N 1; n N: The map

Ho: RN RV 1 R; (x;y) 7! X'y + x'y' = (i)x'y'
i=1 i=n+1 i=1
(where (i):= 1 fori=1;:::;nand (i):=1for i = n+1;:::;N) isa

nondegenerate symmetric bilinear map, i.e. RN;R;H ) is a pseudo-Euclidean
vector space and negi ,) = n:

The standard basis of RN is H ,, -orthonormal.

According to 1.3, we have the identi cation RN RN but we must pay
attention to the fact thatif n 6 0 it di ers from the standard one mentioned in
IV.1.6.

The standard identi cation is a linear bijection S:RN ! (RN) ; and the
present identi cation is another one: J,: RN I (RV) ; x 7! Ha(x; ): We
easily see that

(xiji=1;:::0N):= 3, xjizd;:N = (Xxji=1;:::N

The standard identi cation coincides with Jg; the one corresponding toH g:

According to the identi cation induced by H ,; the dual of the standard basis
f yji=21;::0;Ngisf (i) jji=1;:::;Ng

It is useful to regard H , as the diagonal matrix in which the rst n elements
in the diagonal are 1 and the others equal 1.

For the H |, -adjoint of the linear map (matrix) F we havex H, F> y =
(F Xx) H, y=x F H, y forall x;y 2 RV; where F denotes the usual
transpose of the matrix F; thus F H,=H, F> or

F>=H, F Hy:

1.8. Exercises

1. Let ey;:::;e, be pairwise b-orthogonal vectors in the pseudo-Euclidean
vector space { ;B;b) such that b(ej;e) 6 0 forall i =1;:::;n: Prove that
the following statements are equivalent:

(i) n=dim V (i.e. the vectors form a basis),
(i) if b(e;x)=0 forall i=1;:::;n then x =0;
(iii ) JFbE) o x o

., beise)
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X blei;x) bei;y)
iv b(x;y) = L D forall x;y2V;
(iv) (x;y) B b(er &) y
(v) b(x;X) = ¥ oblerx) beix) oy ooy
' i=1 b(ei;ei) '
2. Demonstrate that the set fes;:::;e,g of pairwise b-orthogonal vectors
can be completed to anb-orthogonal basis if and only if b(e;j;e;) 6 0 for all

I=17000n

2. Tensors of pseudo-Euclidean vector spaces

2.1. Let V and A be nite dimensional vector spaces, dimA = 1: Suppose
F:V ! V isalinear map. Then we can de ne the linear maps

FAX:A VI A V; av7la (F v);

V V \ F v
Fa: — ! —: -7
ATA A’ a a
(FA=1a F; Fa= ; seelV.3.12 and IV.4.6).

According to the usual identi cations
Lin(A V) (A V) (A V) AV A V
A A vV V R V V vV V
Lin(V);
we have FA F and similarly Fo  F: Therefore we shall write F instead of
FA and Fa:
for s2A V we have F s2A V;

Vv V
f 2— h F 2 —:
or n A we have n A

2.2. Let us formulate the previous convention in another way. V.. A
Lin(A ;V); hence we have the compositionk s of F 2 Lin(V) V V
and s2 Lin(A;V) V A:

More generally, if U and W are nite dimensional vector spaces, thedot
product of an element fromU V and an element fromV W is de ned to
be an elementinU W ; this dot product can be regarded as the composition
of the corresponding linear maps and is characterized by

(u p) (v w)=(p Vju w:
The scheme is worth repeating:
u Vv dot vV W results in u Ww:
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Evidently, we can have U = % or W = %; thus similar formulae are valid

for tensor quotients as well.

2.3. What we have said in the previous paragraph concerns any vector spaces.

In the following (V ;B;b) denotes a pseudo-Euclidean vector space.

The identi cation described in 1.3 and the corresponding formula sggests us
a new notation: ‘removing' the denominator from both sides we arrive at tre
de nition

X Yy = b(x;y);

i.e. in the sequel we omitb; denoting the b-product of vectors by a simple dot.
The dot product of two elements of V is an element of B B: Then we can
extend the previous dot product formalism as follows:

u Vv dot vV W results in B B U Ww,;

(u vy (v w):=(v® viu w:

2.4. The b-adjoint of F 2 Lin(V) is characterized in the new notation of
dot products as follows:

y F x=(F> y) x=x F’y (y;x 2V):

2.5. According to our convention we have

n x isin B for nZ% and x2V;

n m isin R for n;mZVE:

If fejji=1;::;Ng isan b-orthogonal basis, normed toa 2 B; in V; then

n; := % i=1;::;N is an b-orthonormal basis of Vg:

ni ng= (i) i (bk =155 N):
It is more convenient to use this basis instead of the original one; for alk 2 V
we have

X = )(n; x)n;:
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H H 7 T \ \ \Y V..
2.6. (i) We have the identi cations 5 B BBE £ the element
n of VE is identi ed with the linear functional VE ' Ry m7I'n m:
e . . . . . V V V .
(ii) In view of the identi cations Lin( V) V V V g8 ® B0
in view of our dot product convention, for n;m 2 %;

m n:V!I V; X 7' (n x)m

is a linear map, and every element of Lin{) is the sum of such linear maps.
Evidently,

(m n) (mM° n%=(n m%m n®

and
(m n)=n m
2.7. De nition.  For the pseudo-Euclidean vector space \( ; B;b) we put
O(b):= L2Ln(V) L>=L t;
A(b): = A 2Lin(V) A= A ;

and the elements ofO(b) and A(b) are called b-orthogonal and b-antisymmet-
ric, respectively.

Proposition. (i) For L 2 Lin(V) the following three statements are equiv-
alent:

| L isin O(b);
| (L y) (L x)=y X forall y;x2V;
| ( L x) (L x)=x x forall x2V:
(ii) For A 2 Lin(V) the following three statements are equivalent:
|

A isin A(b);
| v A x= (Ay)x= x Ay forall y;x2V;
| x A x=0 forall x2V:
2.8. Proposition.
(i) jdetLj=1 for L 20O(b);
(i) rA=0 for A 2 A(b):

Proof. It is convenient to regard now the linear maps in question as linear
maps % ! ¥

£ according to our identi cations described in 2.1. It is not hard
to see that this does not in uence determinants and traces.
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(i) Let fny;:::;nNyg be a b-orthonormal basis in VE: According to 1V.3.15
and to the identi cation % L we have
N N
08 "~ nx (ngnny)= k’_‘lL ng (L ngy;:isL ny)=
N
=(detL) k’_‘lL ng (ng;:i:ii;ny)=
2 N
=(detL) k’_\lnk (ng;:iny)
(i) We know that the dual of the preceding basis isf (i)n;ji=1;:::;Ng;
thus in view of 1V.3.9,
X
TrA = ()n;i A n;=0:

29. Alinear map S:V ! V s called b-symmetric if S> = S or,
equivalently, x S y =y S x forall x;y 2 V: The set of b-symmetric
linear maps is denoted by S(b):

A(b) and S(b) are complementary subspaces of Linf) V V ; i.e. their
intersection is the zero subspace and they span the whole spasde V : Indeed,
only the zero linear map is both symmetric and antisymmetric, and for ary linear
map F:V ! V we have that

F+F> F F>
SET T AE T
are b-symmetric and b-antisymmetric, respectively, and F = S + A

Taking the identi cation V. VvV ¥ L wecaneasilyseethaty %  S(b)
and Vg A VE A(b); since these subspaces are complementary, too, equalities
hold necessarily:

vV VvV _ ] A _ V.V _ ]
VvV _V .—B_B—S(b), VAV =3 B—A(b).
As a consequence,
+
dim S(b) = w; dim A(b) = W:
Recall that for m;nzvgwe have
m_n=m n+n m; m”2 n=m n N m:

2.10. Proposition.
VvV V) (Vv V) R (F;G)7'F:G:=Tr(F> G)
is a nondegenerate symmetric bilinear form, which is positive de iite if and only
if b is positive de nite.
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Proof. It is trivially bilinear and symmetric because of the properties of Tr
and b-adjoints.
Suppose that Tr(F> G)=0 forall F2V V ;ie.

X
0= (i)ni F> G n;
i=1

for all b-orthonormal basesfng;:::;nyg of VE: Then taking F := n; ny
for all j;k = 1;:::;N; and using (n; n)” = ng n; we conclude that
nj G ny =0 forall j;k which resultsin G = 0:

Since

X
T(F~ F)= ()(F ni) (F ni);
i=1
we see that if b is positive de nite then Tr( F> F) > 0; if b is not positive
de nite then we can easily construct an F such that F : F < O:

Remark. (i) Compare the present bilinear form with that of the duality

treated in 1V.3.10; take into account the identi cation V =V V ﬁ
a5 V V. oV

(ii) The bilinear form is not positive de nite, in general, either on the
linear subspace ofb-symmetric linear maps or on the linear subspace ofb-
antisymmetric linear maps.

(ii ) For ki;kz;ng;n, 2 ¥ we have

(k1 n1) (k2 n2)=(ky kz)(n1 ny);
(k1_n1):(ka_n2)=2 (k1 ka)(ny np)+(ky na)(kz ny);
(ki1 ng):(ka”ny)=2 (kg kp)(ny np) (ki na)(kz ny);

which shows that sometimes it is convenient to use the half of this linear form
for b-symmetric and b-antisymmetric linear maps:

1 1 1
F G:= E|:;G:§Tr(|:> G)= 5T (F G) F;G 23(b) ;
F G:= %F:G:%Tr(F> G)= %Tr(F G) F;G 2 A(b) :

2.11. Proposition. Let L be an b-orthogonal map. Then for all F;G 2
Lin(V)

(i)(L F LY.L GLY=F:G;

(i) if F is b-symmetric or b-antisymmetricthen L F L ! is b-symmetric
or b-antisymmetric, respectively.
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2.12. Proposition. If (ny;:::;ny) and (n9;:::;nQ) are equally oriented
b-orthonormal bases in V@ then
N N
Anj= And
i=1 i=1
Proof. Evidently, L n;:=n? (i =1;:::;N) determines an b-orthogonal

map L whose determinant is positive since the bases are equally oriented@hen
proposition in IV.3.18 gives the desired result. =

SupposeV and B are oriented; then VE is oriented as well and theLevi-Civita
tensor of (V;B;h);

N
N NeE, N VY
i=t ' iz1a i=1 B NB,
is well-de ned,where f11;:::;ny) is a positively oriented orthonormal basis in % ;
and (1;:::;en) is a positively oriented orthogonal basis inV ; normed toa 2 B*:

2.13. Exercises

1. According to the theory of tensor quotients, the Levi-Civita tensor can be
considered to be a linear map

N N N N
. B! NV aj 7! aj
i=1 i=1
N N . . .
Prove that a; = ,"1 ei where (e1;:::;en) is a positively oriented
i=1 i=

b-orthogonal basis such thatje; ejj=ja?j (i=1;:;N): .
2. The previous linear map is a bijection whose inverse is- 2 B regarded
\%

N
A

N
) N N N X
as a linear map ~ V! B; ."1Xi =
N 1
AP @
Prove that ==— = sign (N @y Xi)=: (X1;:iiiXN):
2 Perm y i=1

3. Euclidean vector spaces

3.1. A pseudo-Euclidean vector space Y ;B;b) is called Euclidean if b is
positive de nite or, equivalently, neg(b)=0:

For a clear distinction, in the following (S;L;h) denotes a Euclidean vector
space.
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The notations introduced for pseudo-Euclidean vector spaces will besed, e.qg.
Xy = h(x;y) (x;y 2°9);
note that if x;y 2 S and k;n 2 2 then
X y2L L; n x2L; k n2R:

Moreover, we put
jxj2 = h(x;x) (x 28):

Lastly, we say orthogonal, adjoint etc. instead of h -orthogonal, h -adjoint
etc.

3.2. Recall that a canonical order is given inL L (IV.5.4) and so in
(L L) (L L) aswell Thus the absolute value of elements inL L and
the square root of elementsin L L) (L L) make sense.

Proposition (Cauchy{Schwartz inequality). For all x;y 2 S we have

g 2. .2
xoyi iy

and equality holds if and only if x and y are parallel.

Proof. Exclude the trivial cases x = 0 or y = 0: Then the positive
de niteness of h yields

2
X - Lo X )(X
jyi2 = 2 Y00 Y)

y'y 1yl

2
y X 2 LY X

—Yy =jX 2——(x +
yyy iXj yy( y)

<

where equality holds if and only if x = %y: ]

In general, the right-hand side of the Cauchy inequality cannot be writen in
a simpler form becausejxj and jyj make no sense, unles& is oriented.

3.3. Suppose now that L is oriented as well. Then we can de ne the
magnitude or length of x 2 S as a non-negative element of_ :
49—
ixji= jxj%

The following fundamental relations hold:
(i) jxj= 0 ifand only if x = O;
(i) j xj=1] Jixj;
(i) jx+yj Jxj+ijyj
forall x;y 2 S and 2 R: The third relation is called the triangle inequality
and is proved by the Cauchy{Schwartz inequality.
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Moreover, the Cauchy{Schwartz inequality allows us to de ne the angle
formed by x 60 and y 6 0:

Xy,
arg(x;y) := arccos -
xiiyi’
3.4. The identi cation
S S
L L
(see 1.3) is a fundamental property of the Euclidean vector spaceS(L;h):
The dual of an orthogonal basis e;;:::;en; normed to m 2 L; in this
identi cation becomes nﬁlz iy %
Accordingly, n; := == (i =1;:::;N) form an orthonormal basis in % which
coincides with its dual baS|s in the identi cation % %
ni Nk= i (bk =1;:::;N):
For all x 2 S we have
X
X = (ny x)n;

i=1
In the following % will be used frequently, so we nd it convenient to introduce
a shorter notation:

3.5. If S is a linear subspace ofS then
S?:=fx2Sjx y=0 foral y2Sg
is called the orthocomplementof S: It can be shown that S” is a linear subspace,
complementary to S; i.e. their intersection is the zero subspace and they span
the whole S:

Every vector x 2 S can be uniquely decomposed into a sum of two vectors,
one in S and the other in S”; called the orthogonal projections of x in S and
in S?; respectively.

Let n be a unit vector in N; i.e. jnj>:=n n =1: Then

n L:=fndjd2Lg
is a one-dimensional subspace of: Furthermore, its orthocomplement,
fx2Sjn x=0g=(n L)?
isan (N 1)-dimensional subspace. The corresponding projections of 2 S in
n Landin(n L) are
(n x)n and X (n x)n;
respectively.
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3.6. Proposition. For F 2 Lin(S) we have KerF> = (Ran F)?:

Proof. x isin KerF>;i.e. F> x=0ifandonlyif y F> x = 0 for all
y 2 S; which is equivalentto x F y =0 forall y 2 S; thus x isin KerF~>
if and only if it is orthogonal to the range of F:

3.7. We know that a linear map L:S ! S is orthogonal, ie. y x =
(L y) (L x)forall x;y 2 S ifandonlyif jL xj%= jxj° forall x 2 S (see
2.7). Because of the Euclidean structure we need not assume the linégrof L;
according to the following result.

Proposition. Let L:S! S beamapsuchthatL(y) L(x)=1y x forall
X;y 2 S: Then L is necessarily linear.

Proof. First of all note that if fes;:::;eng is an orthogonal basis inS then
fL es;:::;L eng is an orthogonal basis as well. As a consequence, Rian
spans S:

If L(y)= L(x) then jyj>= jxj°=y x andsojy xj?= 0; hencel is
injective.

Writing x°:= L(x); y°:= L(y) and then omitting the prime, we nd that
L ¥y) L Y(x)=y x forall x;y2RanL and L %(y) x =y L(x) forall
Xx2S;y2RanL:

Consequently, for ally 2 RanL and x;;X2 2 S we have

y L(xi+x2)=L y) (xi+x2)=1L *y) xa+L *y) x2=
=y L(xa))+y L(x2)=y (L(x1)+ L(X2));

since y is arbitrary in Ran L which spans S; this means that
L(x1+ X2) = L(x1)+ L(x2) (X1;X2 2 S):
A similar argument shows that
L( x)= L(x) ( 2R;x2S): m
This has the simple but important consequence that ifL:S! S is a map
such that jL(y) L(x)j?=jy xj forall x;y2S and L(0)= O then L is
necessarily linear. The proof is left to the reader as an exercise.
3.8. In the following, assuming that
dimS =3;

we shall examine the structure of the antisymmetric linear maps ofS: As we
know, (see 2.9) Ah) 2~ 2 = N " N is a three-dimensional vector space
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endowed (see 2.10) with a real-valued positive de nite symmetric Binear form|
an inner product]:

1 1
A B= Tr(A> B)= ZTr(A B):
2 2
The magnitude of the antisymmetric linear map A is the real number
p___
jAj= A A
Recall that for kq;ko;nq1;n2 2 N we have

(k1M k2) (N1 n2)=(ky k2)(ny n2) (ki n2)(ka ni);
in particular, if k; = ko, =:k; ny=n,=:n;

ik~ nj? = jki%inj®  (k n)*

39. If A2N~N then A = A; thus proposition 3.6 yields that KerA
is the orthogonal complement of RarA :

Proposition. If 06 A 2 N~ N then RanA is two-dimensional, conse-
quently, Ker A is one-dimensional.

Proof. Since A 6 0; thereisa 0 6 x 2 RanA: Then x 62KerA; thus
06 A x 2 RanA: x and A x are orthogonal to each other becauseA is
antisymmetric. Consequently, the subspace spanned byw and A x is two-
dimensional in the range of A: RanA is at least two-dimensional, KerA is
at most one-dimensional. Suppose Kek = f0g: Take a 0 6 y; orthogonal to
both x and A x: S is three-dimensional, A y is orthogonal to y; so it lies in
the subspace generated byx and A x; i.e. A y= x+ A x: Multiplying
by x andusingx A x=0; x A y= y A x=0;,weget =0: Asa
consequenceA (y x)= 0;thevectory x isin KerA;thusy x = 0;
y = X; a contradiction.

3.10. Let us take a nonzeroA 2 N ~ N: There is an orthonormal basis
fni;no;nggin N suchthat ng L =KerA: fni?ny;ng®ny;ny,®nsgisa
basis in N * N; thus there are real numbers 1; 2; 3 such that

A= 3(ng”ny)+ 2z ng)+ 1(n2” na):
Since A n3 = 0; we easily ndthat , = ; = 0 and, consequently,

j 3j = jAj: Renaming n; and n; and taking their antisymmetric tensor product
in a convenient order we arrive at the following result.
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Proposition. If 06 A 2 N~ N and n is an arbitrary unit vector in N;
orthogonal to the kernel of A ; then there is a unit vector k; orthogonal to the
kernel of A and to n such that

A=jAjk~An: m

As a consequence, we have

A= | Aj°A:
Moreover, for nonzero A and B in N ~ N the following statements are
equivalent:
| A is a multiple of B;
| Ker A =KerB;

| Ran A =RanB:
3.11. If A;B 2 N~ N; their commutator
[A;B]:=A B B A

isin N ~ N; too. Moreover, the properties of the trace imply that for all
C2NAN
[A;B] C=[C;A] B =[B;C] A:

Proposition.
j[A;B1*=jAj%Bj* (A B)%

Proof. If A and B are parallel (in particular, if one of them is zero) then
the equality holds trivially. If A and B are not parallel, dividing the equality
by jAjszj2 we reduce the problem to the casgAj = jBj = 1: The ranges of
A and B are di erent two-dimensional subspaces, hence their intersectin is a
one-dimensional subspace (becausg is three-dimensional). Let n be a unit
vector in N such that n L = RanA \ RanB: Then there are unit vectors
k and r in N; orthogonal to n; such that A = k~ n; B =r ~ n: Simple
calculations yield

[A;Bl=r"k;  jABY* =1 (k 1)
which gives the desired result in view of 3.8.

3.12. According to the formula cited at the beginning of the previous para-
graph, [A;B] is orthogonal to both A and B: Consequently, if A and B are
orthogonal, jAj= jBj=1 then A;B and [A;B] form an orthonormal basis in
N " N:
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Proposition. Forall A;B;C 2 N~ N we have
[[A;B];C]=(A C)B (B C)A:

Proof. If A and B are parallel, both sides are zero. IfA and B are not
parallel (in particular, neither of them is zero) then B = A + B® where is
a number and B°6 0 is orthogonal to A: A results in zero on both sides,
hence it is su cient to consider an arbitrary A; a B orthogonal to A; and
three linearly independent elements in the role ofC; they will be A; B and
[A;B1:

For C =[A;B] the equality is trivial, both sides are zero.

For C = A; the right-hand side equalsjAj’B; [[A;B];A] on the left-hand
side is orthogonal to both [A;B] and A; hence it is parallel to B : there is a
number such that [[A;B];A]= B : Take the inner product of both sides by
B ; apply the formula at the beginning of 3.11 to havej[A; B]j2 = ij2 which
implies = jAj2 according to the previous result.

A similar argument is applied to C = B:

3.13. Let us continue to consider the Euclidean vector space §;L;h);

dim S = 3; and suppose thatS and L are oriented. Then N = % is oriented

3
as well (see 1V.5.2). According to 2.12, there is a well-dened in ~ N such

that
3
= _/\ nij
i=1
for an arbitrary positively oriented orthonormal basis (ni;n,;n3) of N: is
called the Levi-Civita tensor of (S;L;h):

The Levi-Civita tensor establishes a linear bijection
jiNAN! N; k~A~n7 (;k;n):

Let us examine more closely what this is. The dual ofN is identi ed with
N; thus can be considered to be a trilinear map

X e
Nl R; (k1;ko;ks) 7! sign n o ki
2Perm 3 i=1
(see 1V.3.15). Thus, for givenk and n; (;k;n) is the linear map N ! R;
r 7! (r;k;n); i.e. itis an element of N N:
In other words, j (k * n) is the element of N determined by

rojkrn)y= (r;k;n)

forall r 2 N:
The Levi-Civita tensor is antisymmetric, hence j (k" n) is orthogonal to both
k and n:
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If (n1;n2;n3) is a positively oriented orthonormal basis in N ; then
j(n1” n2) = ng; j(n2" n3) = ny; j(ng”" n1) = ny:

Proposition. Forall A2 N~ N we have

(i) A j(A)=0;
(i) Jj(A)i=jAj;
(i) if A 60 then (j(A);n;A n) is a positively oriented orthogonal
basis in N for arbitrary non zero n; orthogonal to KerA:

Proof. There is a positively oriented orthonormal basis (11;n,;n3) such
that A = jJAjin1~ n, (and so A n3 = 0); then j(A) = j Ajnz from which
(i) and (ii ) follow immediately. Moreover, we can choosen; := JQ—J where n is
an arbitrary nonzero vector orthogonal to KerA: =

The kernel of a nonzeroA is one-dimensional; according toi(), j (A) spans
the kernel of A: The one-dimensional vector space Kek will be oriented by
J(A):

Sincej is linear, (ii) is equivalentto j(A) j(B)= A B forall A and B
which can also be proved directly using thatA = jAjk~ n; B = jBjr ~ n:

3.14. De nition.  The map
N N! N; (k;n) 7'k n:=j(k”n)

is called the vectorial product. =

It is evident from the properties of j that the vectorial product is an anti-
symmetric bilinear mapping, kK n = 0 if and only if k and n are parallel,
k n is orthogonal to both k and n;

jk nj? = jki%nji® (k)%

If k and n are not parallel then k; n and k n form a positively oriented
basis in N; moreover, if (n1;Nn2;n3) is a positively oriented orthonormal basis
in N then

ni Nz=ngs; N N3 =Ngy; Nz Ni1=nNoy:

Proposition.
(i) J((A;BD=(A) j(B) (A;B 2N"N)
or, equivalently,
j(A)"j(B)=[A;B];
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(i) A n=j(A) n (A2NA~AN;n2N)
which implies

A j(B)=]j(A;B]) (A;B 2N~ N):

There is an orthonormal basisfni;nz;nzg in N such that A =

Proof.
jAjn 1™ no:
(i) N1~ ny, ny”n3z and n3” n; form a basisin N~ N; thus it is su cient
to consider them in the role of B ; then a simple calculation yields the desired
[ |

result. bek(ii) Take ny; ny, and nj in the role of n:

As a consequence of our results we have
(k n)y r=(n r) k=(r k) n= (r;k;n)
and
(k n) r=(k r)n (n r)k

forall k;n;r 2 N:
3.15. The Levi-Civita tensor establishes another linear bijection as well

ot ANT R A7 (Karkaika):

It is quite trivial that j o *( )= forall 2 R:
3.16. An orthogonal map R:S! S (also regarded as an orthogonal map

N I N; see 2.1) sends orthogonal bases into orthogonal ones, preserves and

changes orientation according to whether deR =1 or detR = 1: In view of

Iv.3.18,
3
R =(detR) :

Then one proves without di culty that
(k;n 2 N):

k"R n)=(detR)R j(k”n)

J(R
SinceR k"R n=R (k~n) R ! the previous result can be written in
the form
j(R A R Y)=(detR)R j(A) (A 2N”"N):
Moreover,
jo AR ki =(detR)jo *k
i=1 i=1

3.17. In the usual way, the linear bijection j can be lifted to a linear bijection
. ; y 2
N | N | N
sSAS! S L de ned by XNy 7 m

where m is an arbitrary nonzero element of L:
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Similarly, the linear bijection j , can be lifted to a linear bijection

X

L mé:

>w

3
] . ANox. Tl
S! L; i:1x. 7 o o

3

We have utilized here that S= N L: Evidently, similar formulae are valid
for N A where A is an arbitrary one-dimensional vector space.

3.18. Let us consider the Euclidean vector space R%;R;H ) where

X
H(x;y)= Xy =:xy

(i,e. H = Hg in the notation of 1.7).

The identi cation R3 R® s the usual one: the functional corresponding
to x and represented by the usual matrix multiplication rule coincides with
x: In customary notations x considered to be a vector has the components
(x1;x2;x3) and x considered to be a covector has the componentsx{; X»; X3);
the previous statement says thatx; = x'; i =1;2;3:

That is why in this case one usually writes only subscripts.

The adjoint of a 3 3 matrix (as a linear map R3! R3®) coincides with the
transpose of the matrix.

R® and R are endowed with the usual orientations: the naturally ordered
standard bases are taken to be positively oriented.

The Levi-Civita tensor is given by a matrix of three indices:

=( ik J Bk =1;2,3);
X3
(x;y;2) = ik XiYj Zc;

ik =1

8 U :

2 1 ifijk is an even permutation of 123

ik = 1 ifijk is an odd permutation of 123
0 otherwise

Then it is an easy task to show that
0 1

S 1 X .
P ik =123)=0@ 5 by ji=1;28A;

jik =1
!

x3
i Txjk=1;23)= ik Xk ] 3] =1;2,3
k=1
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in other notation,
0 1
0 X3 X2
i Mxuxxa)= @ x3 0 x A
X2 X1 0

Moreover, 0 1
x y=@ ik XjYkji=1;2,3A:

3.19. Consider the Euclidean vector space $;L;h); dimS=3:
A linear coordinatization K of S is called orthogonal if it corresponds to an

ordered orthogonal basis €;;e,;e3) normed toan m 2 L:

Since the dual of the basis is = j i =1;2;3 (see 3.4), we have
K x= & 2X ji=1;2,3 =2 xLx%x3
m
Consider theidenticaton S L L S % ; then x; as an element
of the dual of -3; has the coordinates
€i .. _.oq _. iy .
X le_llzis _'(X1!X2:X3)'

We see, in accordance with the previous paragraph, that' = x; (i =1;2;3)

and we can use only subscripts.
Then all the operations regarding the Euclidean structure can be repegsented

by the corresponding operations in R3;R;H ); e.g.
[the h -product of elements x;y of S is computed by the inner product of

their coordinates in R3:

if K x=(x1;x2;x3) and K 'y =(yi;y2;Y3)
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| the matrix in the coordinatization of an adjoint map will be the transpose
of the matrix representing the linear map in question:
if K L K Y=(Likjik=1:23)
then K L> K l=(Lygjik=1;23);
lif both S and L are oriented and the basis establishing the coordinatization
is positively oriented then the vectorial product can be computed ly the vectorial

product of coordinates:
0 1

K (x y)=@ ik XjYkji=1;23A":

These statements fail, in general, for a nonorthogonal coordinatization.

3.20. Let (vi;Vvp;v3) be an arbitrary ordered basis in S; chose a positive
element m of L and put

Vi v _ h(viivi)
: 2

h'k =
| m2

2R (ik =1;2;3):

The dual of the basis can be represented by vectors*;r2;r® in >-

usually called the reciprocal system of the given basis|in such a way that
rovie= i (i:k =1:2:3):
It is not hard to see that

VoV
1.2 _(Vaive) 3); etc.

where = (Vv1;Va;V3):
Put . .
hk :=(r' r'Ym22R  (i;k =1;2;3):

Let us take the coordinatization K of S de ned by the basis (vi;Vv2;V3):
Now we must distinguish between subscripts and superscripts. #agree to write
the elements ofR® inthe form x' and the elements of R®  in the form (x;):
Then . .

K x=r'"x = x

Consider the identicaton S L L S =r then X, ji=1;23
is an ordered basis in 2 and x; as an element of the dual of -;; has the
coordinates v

1

X 3 =:(xp):
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i P k R K 2
Writing x = xKvy = Xkr*m< we nd that
i=1 k=1

x k k ki
hiex;  x= h9;;
k=1 i=1

Xi

i.e., in general, x' 6 x;:

Now if ‘ .
K x= x and K y= Yy
X X
i.e X = x'vi; y = y'vi
i=1 =1
then
0 1 I I
. X3 x3
x y=@  hygx'ykAm?= Xy m?2= x'yi m?:
ik =1 k=1 i=1

3.21. Exercises

In the following we keep assuming that dimS = 3:

1. Let A be a nonzero element of Alf): If x is a nonzero vector in S;
orthogonal to KerA; then

(i) A% x = j Aj’x;

(i) JA xj = jAjix];
(iii) — (A x)"x.

2. Show that Ker(A?)=Ker A for A2 N~ N A(h):
3. Prove that

(i) ik rst = ir js ket s jt ke t it jr ks
it js kr is jr kt ir jt ks
B x3
(i) ijk rsk = ir js is jr s
k=1
(iii ) ik ik =2 ir:
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4. Let A and B be one-dimensional vector spaces. De ne the vectorial
product
(N A (N B)!' N A B:

4. Minkowskian vector spaces

4.1. A pseudo-Euclidean vector space \(;B;b) is called Minkowskian if
dimV > 1 and negp)=1:
For a clear distinction, in the following (M ;T;g) denotes a Minkowskian
vector space, and
dmM =1+ N

where N 1

We call attention to the fact that g is usually called a Lorentz metric; since
g does not de ne a metric (distances and angles, see later) we prefeotcall it a
Lorentz form.

The notations introduced for pseudo-Euclidean vector spaces will besed, e.qg.

Xy = 9(x;y) (x;y) 2 M);
note that if x;y 2 M and u;v 2 % then
X y2T T; u x2T; u v2R:

Moreover, we put
x2:=x x (x 2 M):

In contradistinction to Euclidean spaces, here we keep saying -orthogonal,
g -adjoint etc.
The elements of ag -orthogonal basis will be numbered from 0 toN; in such

4.2. Recall that there is a canonical orientation on T  T; hence it makes
sense that an element ofT T is positive or negative. Let us introduce the
notations

S:= x2M x?>0 ; So := S[f Og;
T:= x2M x%2<0 ; To:=TI[f Og;
L:= x2M x?=0;x60 Lo := L[f Og:

The elements of Sp; T and L are calledspacelike, timelikeand lightlike vectors,
respectively.
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Neither of Syg; To and Lg is a linear subspace.
The bilinear map g is continuous (see VI.3.1). ThusS and T are open
subsets, Lg is a closed subset.

4.3. Take a nonzero elementx of M : The Lorentz form g is hondegenerate,
hence the linear mapM ! T T; y 7! x y is a surjection, i.e. it has an
N -dimensional kernel. In other words,

Hy =fy2Mjx y=0g

is an N -dimensional linear subspace oMM : Let gx be the restriction of g onto
Hyx Hy;itisan T T -valued symmetric bilinear map.

(i) Supposex 2 Sor x 2 T: Then x isnotin Hy: Rx and Hy are com-
plementary subspaces. As a consequencgy is nondegenerate, i.e. i ;T;0x)
is an N -dimensional pseudo-Euclidean vector space. Thus there is ajy -
orthogonal basis in H, ; such a basis, supplemented by ; will be a g-orthogonal
basis in M :

if x isin S then x? > 0; so one and only one element of a, -orthogonal
basis belongs toT; the other ones belong toS: Consequently, Hyx;T;0x) is
an N -dimensional Minkowskian vector space.

lif x isin T then x? < 0; so all the elements of ag, -orthogonal basis
belong to S: Consequently, H So and (Hx;T;gx) is an N -dimensional
Euclidean vector space.

(i) Supposex 2 L: Then x itself is in Hy; in other words, Rx is contained
in Hy: One cannot give naturally a subspace complementary tdH  : Moreover,
Ox is degenerate.

Let ep be an element of T; let s be an element of T such that e5 = s
As we have seenH, is contained in Sp; soey x 6 0; and e := ee%—e;x €
belongs t0 S; ey e; = 0 and e;? = s?: fep;e1g can be completed to a

This has the immediate consequence that every element dfl , which is not
parallel to x belongs to Sy:

4.4, It follows from 4.3(i) thatif x 2 T then x y 6 0 forall y 2 T and
forall y 2 L:

Moreover, the results in the preceding paragraph imply that

[there are N -dimensional linear subspaces inSy;

[there are at most one-dimensional linear subspaces inTo and Lg ,

[there is a one-to-one correspondence betweenN -dimensional linear sub-
spaces inSy and one-dimensional linear subspaces ifT o in such a way that
the subspaces in correspondence arg-orthogonal to each other.



4. Minkowskian vector spaces 323

4.5. The identi cation M

1 M
(see 1.3) is a fundamental property of the Minkowskian vector spaceM ; T; g):
The dual of a g-orthogonal basisfeg;e;;:::;eng; normedto s 2 T; in this
€0 €1 ennnn en_

identi cation becomes Sy
M

Accordingly, n; := es—' (1=0;1:::;N) form a g-orthonormal basis in % :

No No= 1 nNi Ng= i (bk =1;:::;N):

The corresponding dual basis in the identi cation 'V'? ’V'f isf ngo;nqiiii;
nyg:
Forall x 2 M we have
X
X = (ng X)ng+ (nij x)nj:

i=1

4.6. The following relation will be a starting point of important results. If
X;¥y2T[ L, x isnotparallelto y; z2 T; then

2(x y)y z)(z x)< (x 2)’y2+(y z)°x? O

This is implied by the simple fact that a := ;=>x y is g-orthogonal to z;
thus a isin S: a?> 0:

4.7. Since T T is canonically oriented (see IV.5.4), the absolute value of
its elements makes sense.
Proposition (reversed Cauchy inequality). If x;y 2 T then

Xyl X%y >0
and equality holds if and only if x and y are parallel.

Proof. Put z := x in the previous formula, and recall that we have the
square root mappingfrom T T) (T T)into T T: =

In general, the right-hand side of this equality cannot be written in a simpler
form becausejxj and jyj make no sense, unles3 is oriented.

4.8. De nition. The elements x and y of T have the same arrowif
X y<o0:

Proposition.  Having the same arrow is an equivalence relation onl and
there are two equivalence classes (calledrrow classes).
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Proof. The relation having the same arrow is evidently re exive and sym-
metric. Suppose now thatx and y as well asy and z have the same arrow.
Then 4.6 implies that x and z have the same arrow as well, hence the relation
is transitive.

Let x be an element of T: It is obvious that x and x have not the same
arrow: there are at least two arrow classes. On the other hand, since& y 6 0
forall y2 T; y and x or y and x have the same arrow: there are at most
two arrow classes.

4.9. Proposition. The arrow classes of T are convex cones, i.e. ifx and
y have the same arrow then x + vy is in their arrow class forall ; 2 R*:

Proof. Itis quite evident that ( x + y)2 <0Oand ( x+ y) x<O0; thus
X+ y isin T; moreover, X+ Yy and x have the same arrow. B

The arrow classes are open subsets & because the arrow class ok 2 T
isfy2Tjx y<O0g:

4.10. Suppose now that T is oriented. Then we can take the square root of
non-negative elements ofT T; so we de ne the pseudo-lengthof vectors:

ixj= " X3 (x 2 M):

The length of vectors in Euclidean vector spaces has the fundamental pp-
erties listed in 3.3. Now we nd that
(i) jxj=0if x = 0 but jxj= 0 does not imply x = 0;
(i) j xj=1j jjxj forall 2 R;
(iii ) there is no de nite relation between jx +yj and jxj+ jyj:
lif S Sp is alinear subspace then S;T; gjs ¢ is a Euclidean
vector space, consequently, foi;y 2 S the triangle inequality jx +yj | Xj+jyj
holds,
[for vectors in T a reverse relation can hold, as follows.

Proposition (reversed triangle inequality). If the elements x and y of T
have the same arrow then

X +yj g xjtjyi
and equality holds if and only if x and y are parallel.

Proof. According to the previous statement x + y belongs to T; thus we
can apply the reversed Cauchy inequality:

X +yj2= (x+y)?=jxj? ) 2(x y)+ jyj?
i xji2+20 xFyiz+ jyi = (ixj+ jyp*:  m
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The triangle inequality and “nonzero vector has nonzero length' are inpens-
able properties of a length; that is why we use the name pseudo-length.

4.11. De nition. The elements x and y of L have the same arrowif
xy O

Proposition.  Having the same arrow is an equivalence relation oL and
there are two equivalence classes (callearrow classes).

Proof. Argue as in 4.8.

4.12. Now we relate the arrow classes oL to those of T: It is evident that
the elementsx and y of L have the same arrow if and only if x + y arein
T and have the same arrow for all ; 2 R*:

Proposition. (i) Let x;y 2L; z2 T: Then x and y have the same arrow
ifand only if x z and y z have the same sign (in the ordered one-dimensional
vector spaceT T):

(i)Let x 2L; y;z2 T: Then y and z have the same arrow if and only if
X y and x z have the same sign.

Proof. Apply the inequality in 4.6. =

As a consequence, the arrow classes @f and those of L determine each other
uniquely. We say that the elementsx of L and y of T have the same arrow
if X y < 0: According to the previous proposition, if we select an arrow class
' from T then there is an arrow classL' in L such that all the elements of

T.
' and L' have the same arrow:

T.
L' =fy2Ljx y<0;x2T' g
It can be shown that L' [f Og is the boundary of T' :

4.13. We say that (M ;T,;qg) is arrow-oriented or an arrow orientation is
associatedwith g if we select one of the arrow classes of : More precisely, an
arrow-oriented Minkowskian vector space is ¥1;T;g;T' ) where (M ;T;g) is a
Minkowskian vector space andT' is one of the arrow classes off :

A linear isomorphism between arrow-oriented Minkowskian vector spces is
called arrow-preserving or arrow-reversing if it maps the chosen arrow classes
into each other or into the opposite ones, respectively.

4.14. In the following we assume that M and T are oriented and g is
arrow-oriented; moreover

dmM =4:
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We introduce the notation

M .
V(1) := UZ?JUZ: Lu T T

If u2V(1) then

u T:=futjt2Tg To;
Sy =fx2Mju x=0g S

are complementary subspaces. The corresponding projections®&f2 M inu T

and in S, are
(u x)u and X +(u x)u:

Let hy denote the restriction of g onto S, Sy ; then (Sy;T;hy) is athree-
dimensional Euclidean vector space.

4.15. We shall examine the structure of g -antisymmetric linear maps of M :

As we know (see 2.9) AQ) ""?" M? is a six-dimensional vector space endowed

(see 2.10) with a real-valued nondegenerate symmetric bilinear form:
1 . 1
H G:= ETr(H G)= ETr(H G):

In particular, for kqi;ko;ni;ns 2 M? we have
(k1M k2) (N1 nz)=(ki ni)(kz n2) (ki n2)(kz ny):
If fno;ni;n,;nsg is a g-orthonormal basis of M? then

No” Ny; No” Nnoy; No” Ng;

ng” no; nx” ns; nz3”™ ng

constitute a basis in ¥~ ¥ (see IV.3.15). We can takei := ng2 V (1); then every

B
g -antisymmetric map can be written in the form u™n; + kinkg "
i=1 i=1 k<i
ni: The vectors ni;n,;ns span the three-dimensional Euclidean vector space
%“ (more precisely, % R; ); hence according to the results of the previous

chapter there are a real number and unit vectors k and n; g-orthogonal

B P
to each other and to u such that KNk ny = k" n: Furthermore,
i=1 k<i

P . .
iurni=un ini; thus we arrive at the following result.
i=1 i=1
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Proposition. Let H be an element of'\"?" M?: Then for all u 2 V(1) there
are ; 2R; r:k;n?2 Sf“; r2=k?2=n2=1; k n =0 such that

H= u®r+ k~n: nm

Observe that then
H H= 2+ %

4.16. Proposition. Takean H 2 'V'?" 'V'? in the form given by the previous
proposition. Then KerH = fOg ifandonlyif 60; 60 and r is linearly

independent from k and n:

Proof. If r is linearly independent from k and n then u; r; k; n are
linearly independent vectors. Furthermore, if neither of and is zero then
forall x 2 M

H x= (r x)u (u xX)r+ (n x)k (k x)n=0

impliesr x=u x=n x =Kk x = 0; as a consequencex = 0: This means
that Ker H = f0g:

If =0then H u=0;if =0then H m:OformZM?; u m=0;
r m=0:1f 60and 60 but r is a linear combination of k and n
then H m:OformZ'V'?; u m=k m=n m = 0: This means that

KerH 6 fO0g: =

Since if k® and n° are g-orthogonal unit vectors in the plane spanned by k

and n (do not forget that % is a Euclidean vector space) therk® n®=  k~n;
we can choosen = r if KerH 6 fOg; thenforall u2 V(1) thereare ; 2R

and k;n 2 %; k2=n2=1; k n =0 such that

H=(u+ k)*n:

4.17. Proposition.  SupposeH 2 M-~ M- KerH 6 fOg and put jHj:=
jH Hj: Then
(i) H H >0 ifandonly if there areau 2 V(1); k;n 2 3&; k?=n2=1;
k n =0 such that
H=jHjkAn:

(H is the antisymmetric tensor product of two g -orthogonal spacelike vectors.)
(i) H H <O ifandonlyifthereareau 2 V(1); ann 2 % n? =1 such
that
H =jHju”"n:



328 V. Pseudo-Euclidean vector spaces

(H is the antisymmetric tensor product of a timelike vector and a spacéke
vector, g-orthogonal to each other.)
(ii)H H =0; H 60 ifandonly if thereare w;n 2 ™; w6 0; w2=0;
n?=1; w n =0 such that
H=w"n:

(H is the antisymmetric tensor product of a lightlike vector and a spacdike
vector, g-orthogonal to each other.)

Proof. Let us write the formula of the precedmg paragraph in the form

H=( u’+ k9~n%thenH H= 2+
: u+ k° u+ k°

(i) Put U= —5 k := —5 7 N n®
, u®+ kO 0

(i) Put u:= ———-; h:i=nx

(iii ) Putt w:= u’+ k% n:=n®

4.18. (i) We see that KerH 6 fOg and H H > 0 is equivalent to the
statement that thereisa u 2 V(1) suchthat H u = 0:

Note that then H3= j Hj?H :

(i ) On the contrary, if Ker H 6 fOgand H H < 0 then H ® = jH j2H :

4.19. According to our convention introduced in 4.1, let us number the
coordinates of elements oR*2 from 0 to 3 and let us consider the Minkowskian
vector space R*?;R;G) where

x3 .
G(x;y)= x%°%+ X'y = x y

(i.,e. G = H inthe notation of 1.7).

Now the identi cation R*3 R induced by G is described in usual
notations as follows. x 2 R!*® regarded as a vector has the components
(x%; x1;x2;x3); x regarded as a covector has the componentsx{; X1; X2; X3);
and the values of the linear functional x are computed by the usual matrix
multiplication:

Then we have
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As usual, we apply the symbols k') and (x;) for the vectors and covectors
and we accept theEinstein summation rule: a summation from 0 to 3 is to be
carried out for equal subscripts and superscripts.

Introducing
8 .
2 1 ifi=k=0
Gi := GX =, 1 ifi=k2f123g
"0 ifigk
we can write that
x'= G*xx; X = GyxK (summation!).
Observe that Gix = G( i; k) where f o; 1; 2; 30 is the standard basis of

R1+3 :

According to the identi cation induced by G; the dual of the standard basis
foo; 15 20 39isf o 1 27 30

It is useful to regard G as the diagonal matrix in which the rst ( “zeroth’)
element in the diagonal is 1 and the other ones equal 1

For the G -adjoint L> of the linear map (matrix) L we have

L>=G L G

where L is the transpose ofL (see 1.7). .

A linear map L : R*3 1| R s given by its matrix L'y ;

a linear map P : (R1*3) | (R'3) s given by its matrix P;* etc. see
IV.1.6.

For the transpose of L : R1*3 | R*3

(L)%= LK;
holds, thus for the G -adjoint we have
(L") = G™L"m G (summation!).

Consequently, a G -antisymmetric linear map has the form

00 1 2 31
1 0 3 2

%2 3 0 1X
3 2 1 0

If (x') isin T;ie. x' x; < 0 then x?60: Itis not hard to see that (x')
and (y') have the same arrow if and only if x° and y° have the same sign. As a
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consequence, an arrow class is characterized by the sign of the zerothneponent
of its element. One usually takes the arrow orientation in such a way hat

T = xH2RY™ x'xi<0;x°>0:

4.20. Consider the four-dimensional Minkowskian vector space N1 ;T;g): A
linear coordinatization K of M is called g -orthogonal if it corresponds to an or-
dered g-orthogonal basis €p;e1;€e2;e3) normed to an s 2 T: According to the
identi cation M M_: the basis in question has the dual $;%;%;% ;
thus we have

€ X €1 X € X €e3 X i

K x= R e ™ = X (x2M):
Consider the identi cation M T T M M- then x; as an
element of the dual of M~; has the coordinates
e ..
X S—'ZJ i=0;1,2,3 =:(x):
We see, in accordance with the previous paragraph, thatx® = x, and

x'=x (i=1;23):

Then all the operations regarding the Minkowskian structure can be r@re-
sented by the corresponding operations in R**®;R; G); e.g.

[the g-product of elements x;y of M is computed by the G -product of
their coordinates in R*3 :

x x3
i.e X = x'ei; y = y'e
0=1 0=1
!
then x y= x%°+ Xy s%

[the matrix in the coordinatization of a g -adjoint map will be the G -adjoint
of the matrix representing the linear map in question:

if K L K '= Liyjiik=1;23
then K L> K '= LKjik=1;23":
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4.21. Let (vo;Vv1;V2;Vv3) be an arbitrary ordered basis in M; choose a
positive element s of T and put

Vi Vko._ 9(viiVk)

Gy =

2R (iik =0;1,2;3):

The dual of the basis can be represented by vectors %;rt;r?;r3 in Mo

|usually called the reciprocal systemof the given basis|in such a way that

r i

Vi = ik (bk =0;1,2;3):

It is not hard to see that

V1, Vo,V
p0.= (Vaivaiva) oo

where s the Levi-Civita tensor (see V.2.12) and := (Vg;V1;V2;V3):
Put

G :=(r' s?22 R (i;k =0;1;2;3):

Let us take the coordinatization K of M de ned by the basis (vo;V1;V2;V3):
Then

K x=r1 Xx = X
Consider the identi cation M T T M M- then %iji =
0;1;2;3 is an ordered basis in{“+; and x; as an element of the dual of M+;
has the coordinates
Vi ) :
X ) =1 (%)
o P« R )
Writing x = xKvy = Xkr s we nd that
i=0 k=0
X; = Gy xX; xK = GN x; (summation!).
Now if
K x= x and K y=y
i.e.
x x
X = x'vi; y = y'vi
i=0 i=0
then

X y= Gix'y* s2= xy* s?2= xly; sZ
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4.22. EXxercises

1. Let T' and L' be the arrow classes corresponding to each other accord-
ing to 4.12. Prove that
TH+L =T

L'+ =T [ L'
2. 1f x isin T' andy isin S then x +y isnotin T : (Hint: suppose
(x+y)2T' anduseT' +T' =T'))

3. If H is a linear subspace inSy then H;T;gj, 4 isaEuclidean vector
space. Consequently, the length of vectors and the angle between vecs in H
makes sense. Since every 2 Sy belongs to some linear subspace i, (e.g. to
the linear subspace generated byx); the length of every element in S; makes
sense. On the other hand, ifx;y 2 Sp; the linear subspace generated byx
and y need not be contained inSy; as a consequence, the angle between two
elements of S may not be meaningful.

X :=2e; + gg are vectors in S that do not satisfy the Cauchy inequality and
the triangle inequality.
4. Suppose dimM =4; M and T are oriented. Then the Levi-Civita tensor

3
of (M;T;g) can be dened by := _"0 £ where (eo; e1;€2;€3) is a positively
1=
oriented ordered basis, normed tos 2 T:
Prove that M s M
_—1 A n7! (;;:n
T T y ( L L L )
and

M M M M
. A 1 N . N | PR P
J'T T T T kAn 7 (ikin)

are linear bijections. Moreover,
JUMH)= H; H J(G)=J(G) G;

thus J(H) J(G)= H G forall H;G2Y~M:
5. Give the actual form of the previous bijections in the case R'*3;R;G):
6. Let be the Levi-Civita tensor of the Minkowskian vector space M ; T;Q);

dmM =4:1If u2V(@) then (u; ; ;) isthe Levi-Civita tensor of the three-

dimensional Euclidean vector space %,;T;h,) where h, is the restriction of

gonto S, Sy:
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1. Fundamentals

1.1. Denition.  An ane space is a triplet (V;V; ) where
(i) V is a nonvoid set,
(if) V is a vector space,
(iii ) isamap from V V into V; denoted by
(Gy) 7t x oy,
having the properties
1) forevery 02 V themap Op: V! V; x7! x o0 is bijective,
2) (x y)+(y 2)+(z x)=0forall x;y;z2V: =

O, is often called the vectorization of V with origin o:

As usual, we shall denote an a ne space by a single letter; we say that V is
an a ne space over the vector spaceV and we call the map subtraction.

The dimension of an a ne space V is, by de nition, the dimension of the
underlying vector spaceV: V is oriented if V is oriented (in this case V is
necessarily a nite-dimensional real vector space).

Proposition. Let V be an ane space. Then
(i) x y=0ifandonlyif x=y (x;y 2 V);
(i) x y= (y x) (xy2V);
(iii ) for a natural number n 3 and X1;Xo;:::;Xn 2 V;

(X1 X2)+ (X2 X3)+ :iii+(x, Xp1)=0:
Proof. (i) Put z:= x; y := x in 2) of the above de nition to have x x = 0:
Property 1) says thenthat x y 6 0 for x 6 y:
(i) Put z:= x in 2) and use the previous result.
(iii ) Starting with 2) we can prove by induction. =
As a consequence, we can rearrange the parentheses as follows:
x y)+(u v)=(x v)+(u vy) (xy;uv2Vv): (1)

1.2. Observe that the sign in (ii ) of the previous proposition denotes two
di erent objects. Inside the parantheses it means the subtractionin the a ne
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space, outside it means the subtraction in the underlying vector spce. This
ambiguity does not cause confusion if we are careful. We even nd it corenient
to increase a bit the ambiguity.

For given y 2 V; the inverse of the map O, is denoted by
V! V; X 7ly+ Xx: 2)
Hence, by de nition,
y+(x y)=x Xy 2V); (3
and a simple reasoning shows that
X+ x)+y=x+(x+y) (x2V;x;y 2 V): 4

Here the symbol + on the left-hand side stands twice for the operation itro-
duced by (2), on the right-hand side rst it denotes this operation and then the
addition of vectors.
Keep in mind the followings:
(i) the sum and the di erence of two vectors, the multiple of a vector are
meaningful, they are vectors;
(i) the dierence of two elements of the a ne space is meaningful, it is a
vector (sums and multiples make no sense);
(iii ) the sum of an a ne space element and of a vector is meaningful, it is an
element of the a ne space.
According to (1){(4), we can apply the usual rules of addition and subtraction
paying always attention to that the operations be meaningful; for instance, the
rearrangement (y + x) vy in (3) makes no sense.

1.3. Linear combinations of a he space elements cannot be de ned in general,
for multiples and sums make no sense. However, a good trick allows s de ne
convex combinations.

Proposition. Let Xq1;:::;Xn, be elements of the ane space V and let
1;:::; n be non-negative real numbers such that k =1: Then there is a
k=1
unigue X, 2 V for which
X
k(Xk  Xo)= 0: ()



1. Fundamentals 335

Proof. Let x be an arbitrary element of V; then a simple calculation based

on Xk  Xo=(Xk X)+(X Xo) shows that x, := x + k(Xk X) satis es
k=1
equality ( ): Supposey, is another element with this property. Then

X X X
0= k(XK Xo) k(Xk  Yo) = k(Xk  Xo) Xk Yo)) =
k=1 k=1 k=1
X
= k(Yo Xo)= Yo Xo: u
k=1

Remove formally the parentheses in () to arrive at the following de nition.

De nition.  The element X, in the previous proposition is called the con-

vex combination of the elements x1;:::; X, with coecients ;:::; , andis
denoted by
xX
kXk: W
k=1

Correspondingly we can de ne convex subsets and the convex hull of sgbts
in a ne spaces as they are de ned in vector spaces.

. P

If 4;:::; n are non-negative real numbers, = k > 0; then we
k=1

can take the convex combination of x1;:::; X, with the coecients | = &

1.4. (i) A vector space V; endowed with the vectorial subtraction, is an
a ne space over itself.

(ii) If M is a nontrivial linear subspace of the vector spaceV and x 2 V;
X2ZM then x+M = fx+yjy 2 Mg endowed with the vectorial subtraction
is an a ne space but is not a vector space regarding the vectorial operationgn V:

(ii ) If I is an arbitrary nonvoid set and V; is an a ne space over V; (i 2 1)

then Vi; endowed with the subtraction
i21

Xi)izi )iz == (X Yi)ig

is an a ne space over  V;:
i21
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1.5. Denition. A nonvoid subset S of an a ne space V is called ana ne
subspaceif there is a linear subspaceS of V such that fx yj x;y2 Sg=S:

S is called directed by S and the dimension of S is that of S:

One-dimensional and two-dimensional a ne subspaces of a real a ne space
are called straight lines and planes, respectively. Hyperplanes are a ne sub-
spaces having the dimension of V but one, in a nite dimensional a ne space V:

Two a ne subspaces are said to beparallel if they are directed by the same
linear subspace. ®

An a ne subspace S directed by S; endowed with the subtraction inherited
from V; is an a ne space over S:

If S is alinear subspace of¥ and x 2 V then x+ S:= fx+ sj s2 Sqg is
the unique a ne subspace containing x and directed by S:

Points of V are zero-dimensional a ne subspaces.

1.6. A pseudo-Euclidean (Euclidean, Minkowskian) a ne space is a triplet
(V;B;b) where V is an a ne space over the vector spaceV and (V;B;b) is a
pseudo-Euclidean (Euclidean, Minkowskian) vector space.

1.7. Exercises

1. Prove that the following de nition of a ne spaces is equivalent to t hat
given in 1.1.

A triplet (V ;V;+) is an ane space if

(i) V is a nonvoid set,
(if) V is a vector space,
(i) + isamapfrom V V into V; denoted by

(X;x) 7V x+ x
having the properties

1) (x+x)+y=x+(x+y) (x2V;x;y2V);

2)forevery x 2V themap V! V; x 7! x + x is bijective.

2. Let V be an ane space over V: Let V=N denote the set of ane
subspaces in V directed by a given linear subspaceN of V: If M is a linear
subspace complementary toN then V=N becomes an a ne space overM if
we de ne the subtraction by

S T=x Yy xX2S,y2T;x y2M):

In other words, if P denotes the projection onto M along N then

(x+N) (y+N):=P (x )

lllustrate this fact by V := R? N := f(; 0)j 2Rg M := f(;m )]
2 Rg where m is a given nonzero number.
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3. Prove that the intersection of a ne subspaces is an a ne subspace, thus
the a ne subspace generated by a subset of an a ne space is meaningful.

4. Let V be a vector space over the eldK: Then fl1g V is an ane
subspace of the vector spacK V:

5. Let T be a one-dimensional oriented a ne space over the vector space':
Then an order can be dened on T bya<b ifandonly if a b < 0: De ne
the intervals of T:

2. Ane maps

2.1. Denition.  Let V and U be a ne spaces over V and U ; respectively.
Amap L:V! U iscalledane ifthereisalinearmapL:V ! U such that

Lly) Lx)=L (y x) (X;y;2 V):

We say that L is an ane map over L: If L is a bijection, V and U are
oriented, L is called orientation preserving or orientation-reversing if L has
that property. =

The formula above is equivalent to
L(x+x)=L(XxX)+L X x2V;x2V):

It is easy to show that the linear map L in the de nition is unique.

2.2. Proposition. Let L:V! U be an ane map. Then
(i) L is injective or surjective if and only if L is injective or surjective,
respectively; if L is bijective then L ! is an a ne bijection over L 1;
(i) L =0 ifand only if L is a constant map;
(iii ) RanL is an a ne subspace of U; directed by RanL;
(iv) if Z is an a ne subspace of U; directed by Z; and (RanL)\ Z6 ; then

1 1
L (2) is an a ne subspace of V; directed by L (2);
(v) L preserves convex combinations. B

1
Observe that according to (v), for all u 2 RanL; L (fug) is an ane
subspace of V directed by KerL:

2.3. Proposition. (i) If L and K are ane maps such that K L exists
then K L isane mapover K L;
(i) Let I be anonvoid set. IfLij:V; ! U; (i 2 1) are ane maps, then
L; is an a ne map over Li;
i21 i21
(ii)If Li:V! U (i 21) are ane maps then (Lj)j2, is an a ne map over

(Li)i21s
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(iv) If L and K are ane maps from V into U then
K L:VvV! U; X7V K(x) L(x)

is an ane map over K L (recall that the vector space U is an a ne space
over itself).

2.4. (i) Let V and U be vector spaces and consider them to be a ne spaces.
Take alinearmapL:V! U andana2U;thenV ! U; x7'a+L x is
an ane map over L:

Conversely, supposeL : V ! U is an a ne map over the linear map L: Put
a:=L(0): Then L(x)=a+L x forall x2V:

Thus we have proved:

Proposition. We can identify the set of a ne maps from V into U with
f(a;L)ja2U;L 2 Lin(V;U)g= U Lin(V;U) in such a way that

(a;L)(x):=a+L x (x2L): m

Suchananemap (a;L): V! U can be represented in more suitable ways,
as follows.

(ii)yV! K V; x 7! (1;x) (see Exercise 1.7.4) is an a ne injection. We often
nd convenient to identify V; considered to be an a ne space, with flg V:

Take an ane map (a;L):V ! U and consider it to be an ane map
from flg V into flg U: It can be uniquely extended to a linear map
K V! K U; (;x)7(; a+L x):

Representing the linear maps fromK V into K U by a matrix (see IV.3.7),
we can write the extension of the ane map (a;L) in the form

1 0
a L

(iii ) It often occurs that the vector space V is regarded as an ane space
(i.e. we use only its a ne structure, the subtraction of vectors) but the vector
space U is continued to be regarded as a vector space (i.e. we use its vectorial
structure, the sum of vectors and the multiple of vectors).

In this case we identify V with f1g V and U with fOg U; and so we
can conceive that @;L) maps from f1g V into fOg U: This map can be
uniquely extended to a linear mapK VI K U; (; x) 7' (0; a+ L x):
Then the ane map ( a;L) in a matrix representation has the form

0 0
a L
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2.5. Exercises

1. Let o be an element of the ane space V. Then Oy,: V! V; x7!'x o0
is an ane map over 1y :
Consequently, if V is N -dimensional then there are a ne bijections V !
KN :
2. letL:V! V beananemapand o anelementof \ Then O, L O, ?
isananemap V ! V: Using the matrix form given in the preceding paragraph

show that
1 0

1
O L O "= 15 oL

3. Let H:V! V beananemapand o anelementof \ Then H O, 1
isananemap V! V: Then the vector spaceV as the domain of this a ne
map is considered to be an a ne space (representing the a ne space V); ad
V as the range is considered to be a vector space. Using the matrix form giwe
in the preceding paragraph show that

1_ 0 0
H O "= o H
4. The matrix forms of ane maps V ! V are extremely useful for ob-
taining the composition of such maps because we can apply the usual matrix

multiplication rule. Find the composition of
(i) (a;L):flg V!f 1g V and (b;K):flg V I!f 1g V;
(i) (a;L):flg Vv If 1g V and (b;)K):flg V !f Og V:
5. Let V be an ane space over V:
(iYIf a2V then T,:V! V; x7! x+ a isan ane map over 1y:
(ii)If L:V! Visanane map over 1y thenthereisana 2 V such that
L=Tj:
(i) For all x;y 2V we have Oy Oy =Ty :
6. 1f L:V! Visanane map over 1y thenthereis an o2 V such that
Lx)=0 (x 0 (x2V):
7. Let K and L be ane maps between the same a ne spaces. Show that
K =L ifandonly if K L is a constant map.
8. Let K;L;A : V! V beanemaps. Showthat A K A L=A (K L):

3. Di erentiation
3.1. Let V be a vector space. Anorm on V is a map

k k:V! Ry ; xT7'kxk
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for which (i) kxk=0 ifand only if x = 0;
(i) k xk=1j jkxk forall 2K; x2V;
(iii ) kx + yk k xk+ kyk for all X;y2V:

The distance of x;y 2 V is de ned to be kx yk ; the map
V VI R; (x;y) 7'kx yk

is called the metrics associated with the norm.

The reader is supposed to be familiar with the fundamental notions of anajsis
connected with metrics: open subsets, closed subsets, convergen continuity,
etc.

It is important that if V is nite-dimensional then all the norms on V are
equivalent, i.e. they determine the same open subsets, closedtmets, convergent
series, continuous functions etc.

As a consequence, in nite-dimensional vector spaces|e.g. in pseudd=uclidean
vector spaces|we can speak about open subsets, closed subsets, contity etc.
without giving an actual norm. Linear, bilinear, multilinear maps betwe en nite-
dimensional vector spaces are continuous.

3.2. If V is an ane space over V and there is a norm onV then
V V! R; (x;y) 7Tkx  yk

is a metrics on V: Then the open subsets, closed subsets, convergence etc. are
denedin V:

In the following we deal with nite dimensional real a ne spaces; hence we
speak about the fundamental notions of analysis without spéging norms on the
underlying vector spaces.

As usual, if V and U are nite-dimensional vector spaces, ordo V U
denotes a function such that

(i) itis de ned in a neighbourhood of 02 V;

(i) Ii|m0 °r‘|’(‘;(kx) = 0 for some (hence for every) normk k on V:
X!

3.3. De nition. Let V and U be ane spaces. Amap F:V U is
called di erentiable at an interior point x of DomF if there is a linear map
DF(x): V! U and a neighbourhoodN (x) DomF of x such that

F(y) F(xX)=DF(x) (y x)+ordo(y x) (y 2N (x)):

DF (x) is the derivative of F at x:

F isdi erentiable on a subset S of DomF if it is di erentiable at every point
of S: F isdierentiable if it is di erentiable on its domain (which is necessarily
open in this case). F is continuously di erentiable if it is di erentiable and
DomF ! Lin(V;U); x 7! DF(x) is continuous.
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If the real ane spaces V and U are oriented, a dierentiable mapping
F:V U is called orientation preserving if DF(x): V ! U is an orientation
preserving linear bijection for all x 2 DomF: =

The dierentiability of F at x is equivalent to the following: there is a
neighbourhood N of 02 V suchthat x+ N DomF and

F(x+x) F(Xx)=DF(x) x +ordo(x) (X 2N):
This form shows immediately that DF (x) is uniquely determined.

3.4. If the ane spaces in question are actually vector spaces, i.e.F is a
map between vector spaces then the above de nition coincides withhie one in
standard analysis. Hence in the case of vector spaces we can apply the well
known results regarding di erentiability. Moreover, for a ne spac es one proves
without di culty that

(i) a di erentiable map is continuous;

(ii)yif F:Vv Uand G: U W are dierentiable then G F is dieren-
tiable, too, and

D(G F)(x)=D G(F(x)) DF(x) (x 2 Dom(G F));

(ii)if F;G:V U aredierentiablethen F G:V U; x7!' F(X) G(x)
is di erentiable and

D(F G)(x)=DF(x) DG(x) (x 2 DomF \ DomG):

(iv)Ananemap L:V! U isdierentiable, its derivative at every x equals
the underlying linear map:
DL(x)=L (x2V):

3.5. Let V and U be ane spaces. If F:V U is di erentiable and its
derivative map V Lin(V;U); x 7! DF(x) is dierentiable then F is called
twice di erentiable.

Di erentiability of higher order is de ned similarly. An in nitel y many times
di erentiable map is called smooth.

The second derivative of F at x is denoted by D’F(x); by de nition, it is
an element of Lin(V;Lin(V;U)):

The n-th derivative of F at x; D"F(x) is an element of

This rather complicated object is signi cantly simpli ed with the aid of tensor
products.

We know that Lin(V;U) U V : Thus DF(x)2U V :

Further,

Lin(V;Lin(V;U)) Lin(V;U V) (U V) V u v VvV ;

thus D°F(x)2U V  V :
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Similarly we have that D"F(x)2 U Vv
Moreover, a well-known theorem states that the n -th derivative is symmetric,
ie. D'"F(x)2U "V

3.6. We often need the following particular result.

Proposition. Let V; U and Z be ane spaces, A:V ! Z an ane
surjection. A mapping f : Z U is ktimes (continuously) di erentiable if
and only if f A is k times (continuously) di erentiable ( k 2 N):

Proof. The rst part of the statement is trivial.

Suppose that F := f A is k times (continuously) di erentiable. We know
that there is a linear injection L:Z ! V suchthat A L = 1;: Then for
z2 Domf Z; in aneighbourhood of 0 2 Z we have

f(z+ ) f(z2)=F(x+L ) F(X)=DF(x) L +ordo(L )

if A(xX) = z: Since ordoC ) = ordo( ); we see thatf is (continuously)
di erentiable and

1
Df(z)=DF(x) L (z 2 Domf; x 24 zQ):

Moreover, Df : Z U Z is a mapping suchthat Of A=DF L and
we can repeat the previous arguments to obtain that if F is twice (continu-
ously) di erentiable (i.e. D F is (continuously) di erentiable) then f is twice
(continuously) di erentiable (i.e. D f is (continuously) di erentiable).

Proceeding in this way we can demonstratek times (continuously) di eren-
tiability.

3.7. (i) Let C:V V be a dierentiable mapping (a vector eld in V):
Then DC(x) 2V V forall x 2 DomC; thus we can take its trace:

D C(x):=Tr(D C(x)):

The mapping V. R; x7! D C(x) is called the divergenceof C:

If Z is a vector space, the divergence of di erentiable mappings V. Z2 V
is de ned similarly according to IV.3.9.

(iiyLet S:V  V be adierentiable mapping (a covector eld in V): Then
DS(x) 2 V VvV for all x 2 DomS; and we can take

D™ S(x):=(D S(x)) DS(x):

The mapping V.V ~V ; x7! D" S(x) is called the curl of S:
(iii ) Keep in mind that a vector eld has no curl and a covector eld has no
divergence.
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3.8. (i) Let V;1; V, and U be ane spaces and consider a di erentiable
mapping F:V: V; U: Take an (X1;X2) 2 DomF and x X,: Then
Vi U; y1 7! F(y1;Xp) is a dierentiable mapping; its derivative at Xx; is
called the rst partial derivative of F at (X1;X2) andis denoted by Dy F (X1;X2):
By de nition, D 1F(X1;x2) isalinearmap V1! U:

The second partial derivative D,F (x1;Xx2) of F is de ned similarly, and an

of a mapping kn Ve U

Foravector eld C:V; V> V1 V5 we de ne the componentsC': V,
Vo, Vi (i =1;2) such that C = (C?;C?): Then DC(x1;x») is an element
of (Vi1 V3) (V1 V) (Vi V2) (Vi V,): Itis not hard to see
that using a matrix form corresponding to the convention introduced in IV.3.7

we have
D;C! D,C!?

DC (x1;%2) = D,C2 D,C?2 (X1;X2);

where the symbol 1;X,) after the matrix means that every entry is to be taken
at (Xq;X2); shortly,
D;C! D,C!?

DC = pc? p,c?

Furthermore, we easily nd that
D C=D; C'+D, C%

(i) Similar notations for a covector eld S = (S;1;S2): V1 V2 (V1
Vy) V; V, yield

_ DiS; DSy
DS="pis, DS,
and
DAS = D1”" Sy (D1S2) D25y
(D2S1) DiS» D,"S,

3.9. Avector eld C:RN RN is given by its componentsC': RN R
(i=1;:::;N); C =(CY:::;CN): Its derivative at  is a linear map RN |
RN; one easily nds for its matrix entries

(DC()'k=@C'() (ik=1;:::;N)

where @ denotes the k -th partial di erentiation.
Then
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A covector eld S: RN RN s given by its components S; : RN R
(i=21;:::;N); S=(S1;:::;Sn): We have
(DS( ))ik = @Si()

(D~ S)ik =@ @S

3.10. If T is a one-dimensional a ne space, V is an ane space and

r:T V is dierentiable, then, for t 2 Domr; Dr(t) is an element of
v T ¥
It is not hard to see that in this case
dr(t) _

=r():=Dr(t)= I!mo

rie+1t) (0.
T t '

t2T

Similarly we arrive at £ = ¢ (t) := D 2r(t) 2 Y=

3.11. Let V and T as before and suppose T is real and oriented. Recall
that then T* and T denote the sets of positive and negative elements of;
respectively.

Then r: T V is called di erentiable on the right at an interior point t of
Domr if there exists
rie+t) r(t).

+ I
C (0= i, T

called the right derivative of r at t:
The di erentiability on the left and the left derivative _r (t) are de ned
similarly.

De nition. Let V and T be as before, T is oriented. A functionr: T V
is called piecewise di erentiable if it is

(i) continuous,

(ii ) di erentiable with the possible exception of nite points where r is dif-
ferentiable both on the right and on the left.

r is called piecewise twice di erentiable if

(i) it is piecewise di erentiable,
(ii) it is twice di erentiable where it is di erentiable,
(iii ) if a is a point where r is not di erentiable then there exist

o 1210 @y ar) L@

t2 Tt t2T
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3.12. Recall thatfor a nite dimensional vector space V; Lin(V) V V is
a nite-dimensional vector space as well. Hence the di erentiabilty of a function
R:T Lin(V) makes sense. It can be shown without di culty that R is
di erentiable (and then its derivative at t is R(t) 2 ¥-¥ Lin ¥V ) if
andonlyif T V; t7! R(t) v is dierentiable forall v 2V and then

d _d _
F RO V= ZRM v

Moreover, if r : T V is a di erentiable function then R r is di erentiable
and
(Rr) =R r+R r:

4. Submanifolds in a ne spaces
In this section the a ne spaces are real and nite dimensional.

4.1. The inverse mapping theorem and the implicit mapping theorem are
important and well-known results of analysis. Now we formulate them fora ne
spaces in a form convenient for our application.

The inverse mapping theorem. Let V and U be ane spaces, dimU =
dmV: If F:V U is n 1 times continuously di erentiable, e 2 DomF
and DF(e): V ! U is a linear bijection, then there is a neighbourhoodN of
e; N DomkF; such that

(i) Fjy isinjective,

(i) F[N] is openin U;
(i) (Fijy) Lis n times continuously di erentiable.

The implicit mapping theorem. Let V and U be ane spaces, dimU <
dimV: SupposeS:V Uis n 1 times continuously di erentiable, e 2
DomS and DS(e) is surjective.

Let V; be alinear subspace oV such that the restriction of DS(e) onto V1
is a bijection betweenV ; and U and supposeV g is a subspace complementary
to V.

Then there are

| neighbourhoods Ny and N; of the zero in Vo and in Vi; respectively,
e+ Ng+ N; DomsS;

| a uniquely determined, n times continuously di erentiable mapping G:
No ! N 1such that

S(e+ xo + G(xo0)) = S(€) (X02Np): =
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Observe that Vg := KerD S(e) and a subspaceV ; complementary to Vg
satisfy the above requirements.

4.2. De nition. Let V be an ane space, dmV:= N 2 Let M and
n be natural numbers, 1 M N; n 1: A subset H of V is called an
M -dimensional n times di erentiable simple submanifold in V if there are

| an M -dimensional a ne space D;

| a mapping p:D V; called aparametrization of H; such that

(i) Domp is open and connected, Rap= H;

(i) p is n times continuously dierentiable and Dp( ) is injective for all

2 Domp;

(i ) p is injective and p ! is continuous. m

Recall that Dp( ) 2 Lin(L;V):

Since p is di erentiable, it is continuous.

The parametrization of H is not unique. For instance, if S is an a ne space
and L:S! D is an ane bijection then p L is a parametrization, too. In
particular, we can take S := RM (see Exercise 2.5.2); as a consequence, D can
be replaced by RM in the de nition.

The inverse mapping theorem implies that the N -dimensional, n times dif-
ferentiable simple submanifolds are the connected open subsets of. V

Evidently, an M -dimensional a ne subspace of V is an M -dimensional n
times di erentiable simple manifold for all n:

4.3. Denition. Let N 2: Asubset H of the N -dimensional a ne space
V is called an M -dimensional n times di erentiable submanifold if every x 2 H
has a neighbourhoodN (x) in V such that N (x)\H is an M -dimensional n
times di erentiable simple submanifold.

A subset which is an n times di erentiable submanifold for all n 2 N is a
smooth submanifold.

A submanifold means amtimes di erentiable submanifold for somen:

A submanifold which is a closed subset of V is called &alosed submanifold.

One-dimensional submanifolds, two-dimensional submanifolds andN 1) -
dimensional submanifolds are callecturves or lines, surfacesand hypersurfaces,
respectively. =

By de nition, every point of a submanifold has a neighbourhood in the aub-
manifold that can be parametrized. A parametrization of such a neighbourhad
is called alocal parametrization of the manifold.

4.4. Proposition. Let H be an M -dimensional n times di erentiable
submanifold in V; M <N; and let p: RM V be a local parametrization of
H: If e2 Ranp then there are

| a neighbourhood N of e in V;
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| continuously n times di erentiable mappings
F:N! RM; s:N! RV M

such that

(i) N\H Ranp;

(i) F(p( )= ; S(p())=0 forall 2 Domp; p( ) 2N ;
(iii ) DS(x) is surjective for all x 2 N :

Proof. There is a unigue 2 Domp for which p( )= e: Dp( ): RM 1
V is a linear injection, hence V; := RanDp( ) is an M -dimensional linear
subspace. LetV, be a linear subspace, complementary toV;: Evidently,
dmVy=N M:

Let P:V I V be the projection onto V; along Vg (i.e. P is linear and
P x1=x1 forx2V;and P xp=0 for x 2 Vy): Then

P (p :R" vy TP (p() e

is n times continuously di erentiable, its derivative at equals P Dp( ); it
is a linear bijection from RM onto V 1: Thus, according to the inverse mapping
theorem, there is a neighbourhood of suchthat P (p €)j is injective,
its inverse is continuously di erentiable, (P (p €)[ 1= P[p[ ] €] is open
in Vq:
For the sake of simplicity and without loss of generality we can suppose
=Dom p (considering pj instead of p):

1
Then the continuity of P involvesthat P (P[p[ ] €]) is an open subset of
1
V andsoe+ P (P[p[ ] €]) isanopen subsetof V Since p ! is continuous,
1
p[ ] isopenin Ranp and p[ ] e+ P (P[p[ ] €]); thus there is an

1
open subsetN in e+ P (P[p[ ] €]) V suchthat p[ ]= H\N
Let L:Vo! RN M pe alinear bijection and

F=(P (p & ' P (v ®jy; S:==L (v p F):

1
N e+ P (P[p[ ] €]) impliesP[etN] P[p[ ] €f=Dom(P (p e€)) L
hence both F and S are dened on N: It is left to the reader to prove that
properties (ii ) and (iii ) in the proposition hold.

4.5. Proposition. Let p: RV V and q: RM V be local parame-
terizations of the M -dimensional n times di erentiable submanifold H such
that Ranp\ Ranq6 ;: Then p ! q:RM RM is n times continuously
di erentiable and

D(p * d(a *(x) =D p(p ') * Da(a *(x))  (x2 Ranp\ Rang):
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Proof. If M = N then the inverse mapping theorem implies that p !
is n times continuously di erentiable; as a consequence,p * q is n times
continuously di erentiable as well and the above formula is valid in view of the
well-known rule of di erentiation of composite mappings.

If M < N; the dierentiability of p ! makes no sense becausd contains
no open subsets in V Nevertheless,p * q is continuously di erentiable as we
shall see below.

Let e be an arbitrary point of Ranp\ Ranq: According to the previous
proposition, there are a neighbourhoodN of e and an n times continuously
di erentiable mapping F for which N \H Ranp and F p 1gw holds.

Then := d(N) Dom(p ! ) is open and
(Pt a =(Fp (P"d =F q;

the mapping on the right-hand side is n times continuously di erentiable being
a composition of two such mappings. Thus we have shown that each point of
Dom(p ' @) has a neighbourhood inwhich p ¥ g is n times continuously
di erentiable.

Let x be an element of Rap\ Rang; :=q (x)and := p ! q: Then
p gand 2 Dom(p ) : Thus

Dg(g *(x))=Dqa()=Dp(( ) D( )=Dp(p *(x)) D( ) ()

which gives immediately the desired equality. ®

Evidently, then q ! p is n times continuously di erentiable as well. Since
gl p=(p! g '; this means that the derivative of p * g at every point
is a linear bijection RM | RM:

As a consequence, the dimension of a submanifold is uniquely deteined.
Supposing that a submanifold is both M -dimensional and M °-dimensional we
getM = M

We have proved the statement for parametrizations fromRM : Obviously, the
same is true for parametrizations with domains in a ne spaces.

4.6. Proposition. Let p and g be local parametrizations of a submanifold
such that Ranp\ Ranqgé6 ;: If x 2 Ranp\ Ranq then

Ran Dp(p '(x)) =Ran Dq(q *(x)) :

Proof. Equality ( ) in the preceding paragraph involves that the range of
Dq(g) (x)) is contained in the range of Dp(p 1(x)): A similar argument yields
that the range of Dp(p (x))is contained in the range of Dg(q) *(x)):
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De nition. Let H be an M -dimensional submanifold, x 2 H: Then
T«(H):=Ran Dp(p *(x))

is called the tangent spaceof H at x where p is a parametrization of H such
that x 2 Ranp: The elements of T, (H) are called tangent vectorsof H at x:
[ |

The preceding proposition says that the tangent space, though it is dened
by a parametrization, is independent of the parametrization.

The tangent space is anM -dimensional linear subspace ofV: x+ T, (H) is
an a ne subspace of V which we call the geometric tangent spaceof H at x:

4.7. Let M < N: We have seen in Proposition 4.4. that every pointe of
an M -dimensional n times di erentiable submanifold H has a neighbourhood
N in V and an n times continuously di erentiable mapping S:N! RN M

such that N\H = Sl (fog) and DS(x) is surjective. Evidently, RN M and
02 RV M can be replaced by an arbitrary ane space U; dmU= N M;
and a point 02 U; respectively.

Now we prove a converse statement.

Proposition. Let V and U be ane spaces, dimV =: N;dmU=: N M;
and S:V U an n times continuously dierentiable mapping. Suppose
02 RanS: Then

1
H:=fx2 S (fog)j RanDS(x) is (N M)-dimensionalg

is either void or an M -dimensional n times di erentiable submanifold of V:

Proof. SupposeH is not void and e belongs to it. Then Vg := KerD S(e)
is an M -dimensional linear subspace ofV: Let V; be a linear subspace,
complementary to V o: Then we can apply the implicit mapping theorem: there
are neighbourhoodsNgy and N; of the zero in V¢ and in V 1; respectively, an
n times continuously di erentiable mapping G: Ng ! N ; such that

S(e+ xo+ G(xo0)) = S(e) (X0 2 Ny):

Let us de ne
p:Vo V; Xo7!e+ xg+ G(Xg) (X0 2 Ny):

Evidently, p is n times continuously di erentiable and Ranp Sl (fog):

We can easily see thatp is injective, its inverse isx 7! P (x €) where P
is the projection onto V along V 1: Consequently, p ! is continuous.

These mean that p is a parametrization of H in a neighbourhood of e:
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4.8. Proposition. Let H & ; be the submanifold described in the previous
proposition. Then
Tx(H) =KerD S(x) (x2H):

Proof. Let p be alocal parametrization of H: Then S p = const:; thus for
x 2 Ranp we have DS(x) Dp(p *(x)) =0 from which we deduce immediately
that T,(H) := RanDp(p (x)) KerDS(x): Since both linear subspaces on
the two sides of are M -dimensional, equality occurs necessarily.

4.9. De nition. Let p and g be two local parametrizations of a subman-
ifold, Domp RM:; Domg RM and Ranp\ Rang6 ;: Then p and g are
said to be equally oriented if the determinant of D(p * q)( ) is positive for all

2Dom(p ! q):

A family (pi)i2) of local parametrizations of a submanifoldH is orienting if
H = [i21Ranp; and, in the case Ramp; \ Ranp; 6 ;; pi and p; are equally
oriented (i;j 2 1):

Two orienting parametrization families are called equally orienting if their
union is orienting as well.

The submanifold is orientable if it has an orienting parametrization family. =

To be equally orienting is an equivalence relation. If the submanifd is
connected, there are exactly two equivalence classes.

An orientable submanifold together with one of the equivalence classes of
the orienting local parametrization families is an oriented submanifold. A local
parametrization of an oriented submanifold is called positively oriented if it
belongs to a family of the chosen equivalence class.

A simple submanifold is obviously orientable.

Connected N -dimensional submanifolds|i.e. connected open subsets|are
orientable.

4.10. Let p be a local parametrization of the submanifoldH; Domp RM:
If ( 1;:::; wm) is the standard ordered basis ofRM then Dp( ) = @p( )

In other words, @p(p *(x));:::;@ p(p *(x)) isan ordered basis inT 4 (H)
(x 2 Ranp):

If q is another local parametrization, with domain in RM; and x 2 Ranp\
Rang 6 ; then @q(q) *(x));:::;@ q(gt(x)) is another ordered basis in
T« (H):

Evidently,

@i(a *(x)) =D q(a *(x)) [Dp(p *))  @(p *(x))
forall i=1;:;M:
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We know from 4.5 and 1V.3.20 that
det D(p * a)(q (x)) =det [Dp(p ()] ' Dag X(x)) =
=det Dq(q *(x)) [Dp(p 0 * :

We have proved the following statement.

Proposition. Let p and g be local parametrizations of the submanifold
H; Domp RM; Domg RM and Ranp\ Ranq6 ;: p and q are equally
oriented if and only if the ordered bases

@p(p *(x));:in@ pp (X))

and

in Tx(H) are equally oriented for all x 2 Ranp\ Ranq:

4.11 Observe that in the caseM =1; i.e. when the submanifold is a curve,
instead of partial derivatives we have a single derivative ofp; denoted usually
by p: Then p(p %(x)) spans the (one-dimensional) tangent space ak:

Two local parametrizations p and q are equally oriented if and only if one of
the following three conditions is ful lled:

i) (p! g()>0forall 2Dom(p ! q;
(i) p! g:R R is strictly monotone increasing,
(i) p(p (x)) is a positive multiple of g(g *(x)) for all x 2 Ranp\ Rang:

4.12. The following notion concerning curves appears frequently in appta-
tion.

Let x and y be dierent elements of V: We say that the curve C connects
x and y if these points form the boundary ofC; i.e. fx;yg= CnCwhere C is
the closure of C. We can conceive thatx and y are the extremities of a curve
connecting them.

4.13. De nition. Let H and F be M -dimensional and K -dimen- sional
submanifolds of V and U, respectively. A mapping F: H F is called
di erentiable at x if there are local parametrizations g of H and p of F
for which x 2 Rang; F(x) 2 Ranp; andthe functon p * F g:RM RK is
di erentiable at g *(x):

The derivative of F at x is de ned to be the linear map DF (x): Tx(H) !
Trx)(F) that satis es

Dp(F(x)) * DF(x) Dg(q '(x))=D(p * F a)(g *(x)):

F is di erentiable if it is di erentiable at each point of its domain.
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If H and F are n times di erentiable submanifolds, we de ne F to be k
times (continuously) di erentiable, for 0 k nifp! F qisk times
(continuously) di erentiable.

4.14. Exercises

1. Let V and U be ane spaces. The graph of an n times continuously
di erentiable mapping F:V U Ji.e. the set f(x;F(x)j x 2 DomFg Jis
a (dimV)-dimensional n times di erentiable submanifold in V  U: Give its
tangent space at an arbitrary point.

2. Prove that the mapping (F;S):v RM RN M RN described in 4.4
is injective and its inverseis (; ) 7! p( )+ L ':

3. Let (V;B;b) be a pseudo-Euclidean vector space) 6 a 2 B: Prove that

X2V x x=a?> and x2V x x= a?

are either void or hypersurfaces inV whose tangent space atx equals
fy2Vjx y=0g

(The derivative of the map V ! B B; x 7! x x at x is 2x regarded as
the linearmap V! B B; vy 7! 2x y:) Why is the statement not true for
a=0?

4. A linear bijection RM I RM has a positive determinant if and only
if it is orientation preserving. On the basis of this remark de ne that two
local parametrizations p: D V and gq: E  V of a submanifold are equally
oriented where D and E are oriented a ne spaces.

5. Use the notations of 4.13. Prove that

(i) p * F qisdierentiable for some p and q if and only if it is di erentiable
for all p and q;

(ii) the derivative of F is uniquely de ned.

(iii ) if F is the restriction of a k times (continuously) di erentiable mapping
G:V U then F is k times (continuously) di erentiable and D F(x) is the
restriction of DG(x) onto Ty (H):

5. Coordinatization
5.1. Let V be an N -dimensional real a ne space. Take ano2 V and an

ordered basis &1;:::;xn) Of V: Theanemap K:V! RN determined by
K(otxj):= i (i=1;:::;N) where ( 1;:::; n) isthe ordered standard basis
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The inverse of the coordinatization, P := K !; is called the corresponding
parametrization of V: It is quite evident that

X
P()= o+ 'Xi ( 2RV):
i=1
Moreover, if (pt;:::;p") is the dual of the basis in question, then
Kx)= p' (x 0ji=1;::;N (x 2 V):

Xi:=K () o (i=1;:::;N):

Such a parametrization maps straight lines into straight lines. More cbsely,
if 2 RN then P maps the straight line passing through and parallel to |
into the straight line passing through P( ) and parallel to x; :

P[ +R i]=P( )+ Rx; (i=1;:::;N):
This is why a ne coordinatizations are generally called rectilinear.

5.2. In application we often need nona ne coordinatizations as well. Coor-
dinatization means in general that we represent the elements of the a re space
by ordered N -tuples of real numbers (i.e. by elements oRN) in a smooth way.

De nition.  Let V be an N -dimensional a ne space. A mapping K : V
RN is called alocal coordinatization of V if
(i) K is injective,
(i) K is smooth,
(iii) DK (x) is injective for all x 2 DomK: =

Evidently, D K (x) is bijective since the dimensions of its domain and range
are equal; thus the inverse mapping theorem implies that also the iverse of K
has the properties {){(ii ){(iii;) P := K ! is called alocal parametrization of
V: We often omit the adjective “local'.

53. If 2 RanK =DomP then P[ + R ;] is a smooth curve in V; a
parametrization of this curve is p;: R V; a7l P( +a ) (i=1;:;N):
The parametrization maps straight lines into curves, that is why suchcoordina-
tizations are often called curvilinear.

The curves corresponding to parallel straight lines do not interseteach other.
The curves corresponding to meeting straight lines intersect edcother transver-
sally, i.e. their tangent spaces at the point of intersection do not coincide.For in-
stance, using the previous notations we have thap(0)=DP( ) = @P( )is
the tangent vector of the curve P[ + R ;] at P( ); if i 6 k then p;(0) 6 px(0):
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If x 2 DomK then P[K (x)+ R ;] is called the i -th coordinate line passing
through x:

5.4. Recall Proposition 4.4: if H is an M -dimensional smooth submanifold
of V then for every e 2 H there is a coordinatization K := (F;S) of V in
a neighbourhood of e such that the rst M coordinate lines run in H: In
other words, if P is the corresponding parametrization of V then RM V;

7! P(; 0) is a parametrization of H:

5.5. The most frequently used curvilinear coordinatizations are the polar
coordinatization, the cylindrical coordinatization and the spherical coordinati-
zation. We give them as coordinatizations inR? and R®; composed with a ne
coordinatizations they result in curvilinear coordinatizations of two- and three-
dimensional a ne spaces.

(i) Polar coordinatization

K:R?nf(x1;0)j x1 Og! R* 1 ; [;

X =(X1;X2) 7V jxj; sign(xz) arccoij?lj ;

its inverse is
P:R" ] ; [ R®nf(x1;0)j x1 Og;
(" )7 (rcos; r sin');
for which
DP(r' ) = cos' rsin'
77 sin' r cos '

det(DP(r;" )= r

(i) Cylindrical coordinatization

K:R®nf(x1;0;x3)j x1 0;x32Rg! R* ] ; [ R; |
X = (X1;X2;X3) 7! | X2 + X3; sign(xz)arccosp%; X3 |
X%+ X5
its inverse is
P:R" 1 ; [ R! RPnf(x;;0;xs;)j X2 0; x32 Rg;

(;%z )7 ( cos; sin'; z);
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for which 0 1
cos' sin' o
DP(;%z )= @sin' cos' 0A;
0 0 1

det(DP(;%z ))=

(iii ) Spherical coordinatization

K:R3nf(x1;0;x3)j x1 O;xz32Rg! R* 10 [ 1 ; [;
!
X =(X1;X2;%X3) 7V jXj; arccos.x—e'.; sign(xz) arccosp——

X1
2+ %2
X] Xg + X5

its inverse is
P:R* 10, [ [ ; [! R®nf(xs;0;x3)j X1 0; X3 2 Rg;

(r;#;" ) 7! (rsin#cos; r sin#sin'; r cos#);

for which

0 . . .
sin#cos' r cos#cos' r sin#sin'

DP(r;#;' )= @sin#sin' r cos#sin' r sin#cos A;
cos# rsin# 0

det DP(r;#;' )) = r2sin#:

5.6. Let K:V RN be a coordinatization. Then for all x 2 DomK the
tangent vectors of the coordinate lines passing throughx form a basis in V:
More closely, if P is the corresponding parametrization then @P (P (x)) =
DP(P %(x)) ; (i=1;:::;N) form a basis in V which is called thelocal basis
at x corresponding to K:

Note that DK (x): V ! RN s the linear bijection that sends the local
basis into the standard basis of RN; i.e. DK (x) is the coordinatization of
V corresponding to the local basis atx:

We shall often use the relation

[DK(P( )] *=DP() ( 2 DomP)
which will be written in the form
DK(P) '=DP;

(i) A vector eld C:V V is coordinatized in such a way that for x 2
DomC \ DomK the vector C(x) is given by its coordinates with respect to the
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local basis at x and x is represented by the coordinatization in question; the
coordinatized form of C is the function

DK(P) C(P): RV RN; 7' DK (P()) C(P()):

(ii) Acovector eld S:V Vs coordinatized similarly, with the aid of the
dual of the local bases (see 1V.2.2); thecoordinatized form of S is the function

DP S(P): RV 1 (RV) : 7'DP() S(P())= S(P()) DP():

(iii ) Accordingly (see 1V.2.3), the coordinatizated forms of the tensor elds
L:V V V Lin(V) and F:V V \% Lin(V;V ) are

DK(P) L(P) DP: RN R RN ;  7IDK(P()) L(P()) DP();
DP F(P) DP: RN RN RN ; 7!'DP() F(P()) DP():
57. If K:V! RN is an ane coordinatization then D K (x) = K for all

X 2 V where K is the linear map under K: Similarly, DP( ) = P for all

2 RN:
In this case the vector eld C and the covector eld S have the coordinatized
form

7'K C(P()); 1)
7P S(P()): 2)

The derivative of C isthe mixedtensor eld DC:V V V ; x 7! DC(x);
and the derivative of S is the cotensor eld DS:V V V ; x 7! DS(x):
Now they have the coordinatized forms

7'K DC(P()) P; (3
7P DS(P()) P: (4)

A glance at the previous formulae convinces us that (3) and (4) are the
derivatives of (1) and (2), respectively.

Thus in the case of a rectilinear coordinatization the order ofdi erentiation
and coordinatization can be interchanged: taking coordinates st and then dif-
ferentiating is the same as di erentiating rst and then taking coordinates.

5.8. In the case of curvilinear coordinates, in general, the order of di erati-
ation and coordinatization cannot be interchanged.

To get a rule, how to compute the coordinatized form of the derivative of a
vector eld or a covector eld from the coordinatized form of these elds, we
introduce a new notation.
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Without loss of generality we suppose that V = RN ; since every curvilinear
coordinatization V RN can be obtained as the composition of a rectilinear
coordinatization V! RN and a curvilinear one RN RN:

For the components of elements in V =RN ; Latin subscripts and superscripts:
i;j;k;::: ; for the components of the curvililinear coordinates in RN ; Greek
subscripts and superscripts: ; ; ;::: are used. Moreover, we agree that all
indices run from 1 to N and we accept the Einstein summation rule: for equal
subscripts and superscripts a summation is to be taken from 1 tdN:

Thus for K we write K ; for P we write P'; moreover, for any function

:RN R we nd it convenient to write  (P) instead of P: The rule of
di erentiation of composite functions will be used frequently,

@( (P)=(@ )P)@P';

as well as the relations

@P'@K (P)= 'j; 0)

@K (P)@P' =
The second one implies

@@K (P)@P'@P' + @K (P)@@P' =0:
We put
= @@P'@K (P)= @Q@K (P)@P'@P!

and we call it the Christo el symbol of the coordinatization in question.
The Christo el symbol is a mapping de ned on DomP; for 2 DomP; ( )
is a bilinear map from RN~ RN into RN

(; )7 () i =1;:::5N

It is usually emphasized that the Christo el symbol is not a tensor of third
order though it has three indices. This means that in general there is @ mapping
V  Bilin(V V;V ) (third order tensor eld) whose coordinatized form would
be the Christo el symbol.

5.9. The coordinatized form of

f:Vv R is f(P);

cC:V V is @K (P)C'(P)=: C;

S:vV V is @P'S(P)=: S ;

L:V V V is @K (P)L'y(P)@Pk=:L ;
F:V V V is @P Ty (P)@PK=:T
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(i) The coordinatized form of Df : V V is @P'@ (P) = @ (f (P));
thus for a real-valued function the order of di erentiation and coordin atization
can be interchanged even in the case of curvilinear coordinatization.

(i) The coordinatized formof DC:V V V is

(DO = @K (P)@C")(P)@P¥,
whereas the derivative of the coordinatized form ofC reads
@ @K (P)C'(P) =(@@K )(P)@P“C'(P)+ @K (P)(@C')(P)@P*:

The second term equals the coordinatized form of ©; with the aid of
relation ( ) in 5.8, the rst term is transformed into an expression containing
the Christo el symbol and the coordinatized form of C: In this way we get

(bC) = @C + C:
(iii ) Similarly, if (DS) denotes the coordinatized form of 5 then

(DS) = @S S :

5.10. Now we shall examine the coordinatizated form of two-times di eren-
tiable functions T  V where T is a one-dimensional a ne space.

A useful notation will be applied: functions T V and elements of V will
be denoted by the same letter. If necessary, supplementary remaskrule out
ambiguity.

For the sake of simplicity and without loss of generality we suppose that
T=R:

Let K:V RN be a coordinatization, P := K 1:

For x 2V let = K(x); then x=P():

For x: T Vweput =K(Xx):=K x;thenx=P():=P

Denoting the di erentiation by a dot we deduce

=DK(X) x; x=DP() = ()

x=D?P()(+)+DP() *
*=D’K(x)(xx)+DK(xX) x;

from which we obtain
DK(x) x="* ( )+ ()

where

( ):=D?K(P()) (DP() DP())



5. Coordinatization 359

is exactly the Christo el symbol of the coordinatization.

In view of physical application, x; x and x will be called position, velocity
and acceleration, respectively.

The velocity at t 2 R; x(t) isin V; it is represented by its coordinates
corresponding to the local basis atx(t); i.e. by DK (x(t)) x(t): Thus ( ) tells
us that the coordinatized form of velocity coincides with the derivative of the
coordinatization of position.

Similarly, DK (x(t)) x(t) gives the coordinates of acceleration in the local
basis at x(t): Thus ( ) shows that the coordinatized form of acceleration
does not coincide with the second derivative of the coordinatization ofposition.

5.11. Now we consider the coordinatizations treated in 5.5. They areorthog-
onal which means that every local basis is orthogonal with respect to the usal
inner product in RN (N = 2;3); in other words, if f 1;:::; ng is the stan-
dard basis in RN then fDP( ) ji=1;:::;Ng is an orthogonal basis (the
local basis at P( )):

Introducing the notation

i():=1DP() ij (i=1;:11N)
we de ne the linear map T( ): RN ! RN by
TC) = () (i=1;::5;N)

and then
DP()=R() T()

where R( ): RN I RN is an orthogonal linear map.

In usual physical applications one prefers orthonormal local bases, i.eone
takes 220t =DP() T() ' =R() ;insteadof DP() ; (i =
1,5 N):

The vector y 2 RN at P( ) has the coordinatesR( ) * y in the local basis
fR() iji=1;:::;Ng:

Take x: R RN:; := K(x); x= P( ) asin the previous paragraph. Then

x=R() T() -
from which we derive
x=R() T() =+R() T() —+R() T() °=
=R() R()'R() TOH+T() —=+T() "

According to the foregoings, the coordinates of velocity in the orthonornal
local basis at P( ) are

T() -
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and the coordinates of acceleration in the orthonormal local basis atP( ) are

R() ' R() T()+T() —+T() *

5.12. (i) For polar coordinates =(r;" );

R )= 95 I Re)
(' )= (1) ? =: T(r):

Furthermore
R() =R () R(=2)y;  T(r) =T(0);
and so velocity and acceleration in the local orthonormal basis at (' ) are

(Lr) and (¢ Zres2r);

respectively.
(ii) For cylindrical coordinates =( ;z );

0 , 1
cos' sin' 0
R(;5z )= @sin'  cos 0A =:R();
0 0 1
0 1
1 00
T(;5z )= @0 0A =:T()
0 0 1

and we deduce as previously that velocity and acceleration in the locadrthonor-
mal basis at (;';z ) are

(1 L2 and (¢ F 427 2);

respectively.
(iii ) For spherical coordinates = (r;#;" );

1
sin#cos'  cos# cos' sin’
R(r;#,' )= @sin#sin'  cos' sin’ cos' A =: R(#"');
cos#O sin# 1 0

10
T(n#' )=@0 r 0 A=T(#):
00
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The components of velocity in the local orthonormal basis at ¢ #;' ) are
(r; r# rsin#’'):

The components of acceleration are given by rather complicated formulae he
ambitious reader is asked to perform the calculations.

5.13. Exercises

1. Give the polar coordinatized form of the linear map (vector eld) R?! R?

whose matrix is .
cos sin

sin cos

2. Give the cylindrical and the spherical coordinates of the followirg vector
elds:
(i) L:R®! RS® is a linear map;
(i) R®! R3; x 7!jxjv where v is a given nonzero element ofR3:
3. Find the coordinatized form of
(i) the divergence of a vector eld,
(i) the curl of a covector eld.

6. Di erential equations

6.1. Denition. Let V be a nite-dimensional a ne space over the vector
spaceV:

SupposeC :V  V s a di erentiable vector eld, Dom C is connected.

Then a solution of the di erential equation

x:R V)? x = C(x)

is a di erentiable function r: RV such that
(i) Domr is an interval,
(i) Ranr DomC;
(iii ) r(t)= C(r(t)) for t 2 Domr:
The range of a solution is called anintegral curve of C: An integral curve is
maximal if it is not contained properly in an integral curve. =

An integral curve, in general, is not a curve in the sense of our de niton in
4.3, i.e. it is not necessarily a submanifold.
6.2. De nition. Let C be as before and letx, be an element of DonC:
A solution of the initial value problem
x:R V)2 x=C(x);  X(to) = Xo ()
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is a solution r of the corresponding di erential equation such that
to 2 Domr and r(to) = Xo:

The range of the solution of the initial value problem is called theintegral
curve of C passing throughx,: &

The well-known existence and local uniqueness theorem assertsat solutions
of the initial value problem exist and two solutions coincide on the intersection of
their domain; consequently there is a single maximal integral curve ofC passing
through Xo:

6.3. Let U be another a ne space over the vector spaceU; dimU =dimV :
Supposel : V U is a continuously di erentiable injection whose inverse is
continuously di erentiable as well, and DomC  DomL:

Put

G:U U; y7! DL L Yy) C(L Yy)):

Then r is a solution of the initial value problem ( ) ifandonlyif L r isa
solution of the initial value problem

(y:R U2 y=G(y);  ¥(to) = L(Xo) ()
That is why we call () the transformation of ( ) by L:

6.4. Proposition. Let C be a dierentiable vector eld in V and let H
be a submanifold in the domain of C: If C(x) 2 Tx(H) for all x 2 H and
Xo 2 H then every solution r of the initial value problem ( ) runsin H; i.e.
Ranr H :

Proof. The element x, has a neighbourhoodN in V and there are continu-
ously di erentiable functions F:N! RM: S:N! RN M suchthat S(x)=0
for x2H\N ; and K :=(F;S):v RM RN M RN jsa local coordi-
natization of V: For P := K ! (the corresponding local parametrization of V)

7! P(; 0) is a parametrization of H\ N : Thus the tangent space ofH at
P(;0) is KerDS(P(; 0)) (see 4.4 and 4.8).

The coordinatized form of C becomes

where
(5 ):=DF(P(; ) CP(; );
(; ):=DS(P(; ) C(P(; ):
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Then the coordinatization transforms the initial value problem ( ) into the
following one:

(+2=CC 5 nC N (to) = F(Xo); (to)=0: « )

This means that r is a solution of () ifand only if (F r;S r) is a solution
of ( ); or (; ) is a solution of ( ) ifand only if P (; ) is a solution
of ():

SinceC(x) 2 Tx(H) for x2H; C P(;0) isinthe kernelof DS P( ; 0) ;
i.e. ( ;0)=0 forall possible 2 RM: Thenif is a solution of the initial
value problem

—=( ;0) (to) = F(Xo)

then (; 0) isasolution of ( ): Then the uniqueness of solutions of initial value
problems implies that every solution of () has the form (; 0): Consequently,
t 7! P( (t);0); a solution of ( ); takes values inH:

6.5. Physical application requires di erential equations for functions TV
where T is a one-dimensional real ane space. Since the derivative of.gh
functions takes values in V?; we start with a di erentiable mapping C:V %:
A solution of the di erential equation

x:T V) x = C(x)

is a di erentiable function r: T V for which (i){(ii){(iii ) of de nition 6.1
holds.

Integral curves, solutions of initial value problems etc. are formulatel as
previously.

7. Integration on curves

7.1. Let T be an oriented one-dimensional a ne space over the vector space
T: SupposeA is a one-dimensional vector space and : T A is a continuous
function de ned on an interval (see Exercise 1.7.5). Ifa;b2 Domf; a <b; then

Zb
f(ydt2 A T
a

is de ned by some limit procedure, in the way well-known in stardard analysis
of real functions, using the integral approximation sums of the form

f(t)(teer  tk):
k=1
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7.2. Let V be an ane space over the vector spaceV and let A be a one-
dimensional vector space. Supposé¢-:V V ! A is a continuous function,
positively homogeneous in the second variable, i.e.

F(x; x)= F (x;x) (x2V; 2Rg;x2V):
Let C be a connected curve in V.

Proposition. Let p;q: R V be equally oriented parametrizations of C,
X;y 2 Ranp\ Ranqg: Then

pZ(y) az'(y)
F (p(t); p(t)) dt = F (a(s); a(s))ds:
p (x) q (x)

Proof. We knowthat := p ! g:R! R isdierentiable and —> 0 (see
4.11). Consequently,g=p ; a(s)=p(( s)) Ls) and
az'(y) v )
F (a(s);als))ds = F(p(( s)); p(( 9))) £ s)ds;
a 1(x) Hp 1(x)

which gives the desired result by the well-known formula of intgration by sub-
stitution. =

7.3. Suppose C is oriented. Then, according to the previous result, we
introduce the notation

2y pZ(y)
F(;dO := F (p(t); p(t))dt
X p (x)

where p is an arbitrary positively oriented parametrization of C such that

X;y 2 Ranp:
Note that according to the de nition we have
P yal
F(;dO = F(;dO:
y X

If C is not oriented, we shall use the symbol

Z pZ(y)
F(;dO := F (p(t); p(t))dt
[xy] p 1(x)
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where p is an arbitrary parametrization.

We frequently meet the particular case when F does not depend on the
elements of \ i.e. there is a positively homogeneousf : V | A such that
F(x;x)=f(x) forall x2V; x 2 V: Then we use the symbol

yay z
f(do  and f(dO)

X [xy]
for the corresponding integrals.

7.4. We can generalize the previous result for a parametrizationr : T \%

where T is an oriented one-dimensional a ne space over the vector spacq':

Then r(t) isin ¥ and accepting the de niton F x; X := FOX) (x 2 v;x 2

itj
V;06t2T) we have

2y rZ(y)
F(;d0 = F (r(t);r(t))dt

X roi(x)
if r is positively oriented.

7.5. Let (V;B;b) be a pseudo-Euclidean a ne space (i.e. V is an ane
space overV and (V;B;b) is a pseudo-Euclidean vector space). Supposing
is oriented, we have the square root mapping 8 B); ! B; and

A _
V! B; X 7 xj:= Jx X]
is a positively homogeneous function. Thus ifC is an oriented curve in V; then

z
jdCj
X

is meaningful for all x;y 2 C: In the Euclidean case it is regarded as the signed
length of the curve segment betweenx and y; in the nonEuclidean case it is
interpreted as the pseudo-lengthof the curve segment.

Proposition. Suppose that jxj & 0 for all nonzero tangent vectors x of C.

Then for all x, 2 C;
g

C! B; x 7! jdCj

Xo
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is a continuous injection whose inverse is a positively oriented pametrization
of C

Proof. Let Z denote the above mapping and choose a positively oriented
parametrization p: RV and put t, := p %(Xxo): Then

Zt
(Z p(v= jp((s)ids (t 2 Dompy);

to

consequently, Z p:R B is continuously dierentiable and (Z p) (t) =
jp(t)j > 0 for all t 2 Domp: Thus Z p is strictly monotone increasing: it
is injective and its inverse Z p) Lis continuously di erentiable as well, and
according to the well-known rule,

z pt = ! > 0

Z p 2z p*

As a consequence, introducing the notationr := Z !; we have that r =
p (Z p) ' is continuously di erentiable, too, and

This means that r is a parametrization of Cand r * p (= Z p) has
everywhere positive derivative, i.e.r and p are equally oriented. m

It is worth noting that jrj=1:
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We treat only a special type of Lie groups appearing in physics; so we avwbi
the application of the theory of smooth manifolds.

1. Groups of linear bijections

1.1. Let V be an N -dimensional real vector space,N 6 0:

Then Lin(V) is an N?-dimensional real vector space.

Now the symbol of composition between elements of Lin{) will be omitted,
i.e. we write AB := A B for A;B 2 Lin(V):

Since V is nite dimensional, all norms on it are equivalent, i.e. all norms
give the same open subsets. Given a nornk k on V; a norm is de ned on
Lin(V) by

kAk:= sup kA vk
kvk=1

for which KAB k k Ak kBk holds (A;B 2 Lin(V)):
We introduce the notation

GL(V):= fF 2 Lin(V)j F is bijectiveg:

Endowed with the multiplication ( F;G) 7! FG (composition), GL(V) is a
group whose identity (neutral element) is

| == 1y:

1.2. One can prove without diculty that if A 2 Lin(V); kAk < 1; then
I A 2GL(V) and

h3
a A) =A™
n=0
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In other words, if K 2 Lin(V); kI Kk< 1; then K 2GL(V) and

Proposition. Let F 2GL(V): If L 2 Lin(V) and kF Lk < 1 then
L 2GL(V):

Proof. kI F Lk=kF Y(F L)k kF 'k kF Lk< 1 thus F * L
is bijective. F is bijective by assumption, henceF (F L) = L is bijective as
well. =

As a corollary of this result we have that GL(V ) is an open subset of Lin{/):
1.3. The proof of the following statement is elementary. The mappings
m: GL(V) GL (V)!GL (V); (F;G) 7' FG;
j: GL(V) IGL (V); F7'F 1
are smooth and
Dm(F;G): Lin(V) Lin(V)! Lin(V); (A;B) 7! AG + FB;

Dj(F): Lin(V) 7! Lin(V); A7 F AF %

1.4. Itis a well-known fact, too, that for A 2 Lin(V)
) SN
expA = e = —

|
n=0 n!

is meaningful, it is an element of GL(V) and
e =1; e tze A
Moreover, the exponential mapping,
Lin(V) ! GL (V); A7l el
is smooth, its derivative at 0 2 Lin(V) is the identity map Lin(V)! Lin(V):
The inverse mapping theorem implies that the exponential mapping $ injec-

tive in a neighbourhood of 0; its inverse regarding this neighbourhood is smooth
as well.
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If A;B 2 Lin(V) and AB = BA then e*e® = feh = &**B: In
particular, €A e® = A elh = elt*SA for t;s 2 R:

1.5. For A 2 Lin(V); the function R!GL (V); t 7! €# is smooth and

d tA
ae

= A = A
As a consequence, the initial value problem
(X :R Lin(V)? X.=XA; X (0)= 1

has the unique maximal solution

R(t) = e (t2 R):

2. Groups of a ne bijections

2.1. Let V be an ane space over the N -dimensional real vector spaceV :
Then

AN ;V)=fA:V! VjA isaneg;

endowed with the pointwise operations, is a real vector space.
Given 02 V; the correspondence

AN ;V)! V  Lin(V); A 7! (A(0);A)

(where A is the linear map under A) is a linear bijection; it is evidently
linear and injective and it is surjective because the ane map V! V; x 7!
A (x o0)+ a correspondsto @;A)2V Lin(V):

As a consequence, A (V) is an (N + N?2)-dimensional vector space.

2.2. We easily nd that

AWNM):= fL:V! VjL isaneg;

endowed with the pointwise subtraction (see VI.2.3{v)), is an a ne space over

A (V ;V): Thus, according to the previous paragraph, A (V) is (N + N?)-
dimensional.
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Two elements K and L of A (V) ; as well as an elementA of A (V ;V)
and an elementL of A (V) can be composed; the symbol of compositions will
be omitted, i.e. KL := K L and AL := A L:
We introduce
GA\V) = fF 2 A (V) j F is bijectiveg:

Endowed with the multiplication ( F;G) 7! FG (composition), GA(V) is a
group whose identity (neutral element) is

Il =1y:

2.3. Given 02 V; the mapping
A) ! V Lin(V); L 7! (L(o) o;L)
is an a ne bijection over the linear bijection given in 2.1. Evidently , this bijection
maps GA(V) onto V GL (V): As a consequenceGA(V) is an open subset of
A() :
2.4. The mappings
m: GA(V) GA (V) I GA (V); (F;G) 7' FG;

j: GA(V) 'GA (V); F7'F !

are smooth and
Dm(F;G):A (VW ;V) AN ;V)! AV ;V); (A;B) 71 AG+ FB;

Di(F):A(V ;V)! A(V;V), A7 F 'AF .

25.If P 2GL(V) then
ANV V)LD AV VY, Al PA

is a linear bijection, (p) *= p 1:
If P 2 GA(V) then

pIA(NM) I A(V);  LTIPL

is an a ne bijection over “p; where P is the linear map under P; moreover,
N 1 N
(p) "= "p a:
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26. If A2A(V ;V) and A 2 Lin(V) is the linear map under A then

X AN lA
expA = & = | + |
o n
is meaningful, it is an element of GA(V) ;
=1 A tzeA

and the linear map under €* is e*:
Moreover, the exponential mapping

AV ;V)IGA (V); ATl
is smooth, its derivative at 0 2 A (V ;V) is the identity map A(V ;V) !
AN ;V):

The inverse mapping theorem implies that the exponential mapping $ injec-
tive in a neighbourhood of Q its inverse regarding this neighbourhood is smooth
as well.

If A;B 2 A(V;V) and AB = BA then e*e® = e = A*B: In
particular, e esA = eAeh = e*9)A for t;s 2 R:

2.7. For A2 A (V ;V); the function R!GA (V); t7! e* is smooth and

9 gn - ghp = pet:
dt
As a consequence, the initial value problem
X:R AN ;V)? X = AX; X (0)=1

has the unique maximal solution

R(t)= & (t2R):

3. Lie groups

3.1. Denition Let V be an N -dimensional real a ne space. A subgroup
G of GA(V) whichis an M -dimensional smooth submanifold ofGA(V) is called
an M -dimensional plain Lie group. =
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The group multiplication G G!G ; (F;G) 7! FG andtheinversionG ! G ;
F 7' F 1 are smooth mappings (see 2.4 and VI1.4.13, Exercise V1.4.14i6().

Observe that by de nition 0 <M N + N?2: (N + N?)-dimensional plain
Lie groups are GA(V) and its open subgroups.

Remark. In general, a Lie group is de ned to be a group endowed with a
smooth structure in such a way that the group multiplication and the inversion
are smooth mappings.

Since we shall deal only with plain Lie groups, we shall omit the adjectie
“plain’. By the way, all the results we shall derive for plain Lie groups are valid
for arbitrary Lie groups as well.

3.2. (i) For a 2 V we de ned the ane bijection T,:V! V; x7! x+ a
(VI.2.4.3), the translation by a: It is quite evident that T, = Ty, if and only if
a=b andso

Tn(V):=fTaja2Vg;

called the translation group of V; is an N -dimensional Lie group. The group
multiplication in Tn(V) corresponds exactly to the addition in V that is why
one often says thatV |in particular RN |endowed with the addition as a group
multiplication is an N -dimensional Lie group.

(ii) If the vector space V is considered to be an a ne space thenGL(V) is
a subgroup and an N 2 -dimensional submanifold of GA(V); thus GL(V) is an
N 2 -dimensional Lie group.

3.3. It is obvious that
GA(V) IGL (V); L7'L (L is the linear map under L)

is a smooth group homomorphism whose kernel iFn(V) (L =1 if and only
if L2Tn(V); see VI.2.5.6).
(i) Take a Lie group G GA (V): Then

under(G) := fF 2GL(V)j F isunderan F 2 Gg

i.e. the image of G by the above group homomorphism is a Lie group.
(ii) Conversely, if G GL (V) is an M -dimensional Lie group, then

over(G) ;= fF 2GA(V)j F isoveran F 2 Gg;

the pre-image of G by the above group homomorphism, is an ¥ + N)-
dimensional Lie group.

3.4. Recall that the tangent spaces of G are linear subspaces of A (V;V):
Every tangent space of G is obtained quite simply from the tangent space at
| : TE(G) is the “translation' by F of T, (G):
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Proposition. Let G GA (V) be a Lie group. Then
Te(@=F[T/(Q]=fFA]A2T,(Qg (F 2G):

Proof. Let G be M -dimensional. There is a neighbourhoodN of | in

GA(V); a smooth mapping S: N ! RN*N° M gych that G\N = Sl(fOQ)
(see VI.4.4), and T | (G) = KerD S(I) (see VI.4.8).

Let F be an arbitrary element of G: Then G is invariant under the a ne
bijection "¢ + = ¢ ' thus S "¢ ', = 0: Consequently, if P is in the
domainof S ¢ Y;ie. ¢ P =F P isin N; recalling that "¢ ! is an
anemapover ¢ ! hence D *(P)= "¢ ! we have

Te(G) =KerD(S ‘¢ )P)=Ker DS(C¢ P) D¢ }P) =
=Ker DS(F *P)r * =fA2A(V ;V)jDS(F P)F 'A=0g=
= FB B 2KerDS(F P) = F KerDS(F 'P) :

We can take P := F to have the desired result. &

The tangent space of G at | plays an important role; for convenience we
introduce the notation

La(G):= T,(G):

Note that La(GA(V))=A (V ;V); La(GL(V)=Lin( V):
Moreover, La(Tn(V)) = V where V s identi ed with the constant maps
VI V:

3.5. De nition. A smooth function R: R!'G GA (V) is called a one-
parameter subgroupin the Lie group G if

R(t+ s) = R(t)R(s) (ts2R): m

In other words, a one-parameter subgroup is a smooth group homomorphism
R:Tn(R)!G : Evidently, R(0)= 1 and R( t)= R(t) %:
There are three possibilities.
(i) There is a neighbourhood of 02 R such that R(t) = | for all t in that
neighbourhood; then R is a constant function, R(t) = | forall t 2 R:
(i) Thereisa T 2 R* suchthat R(T) =1 but R(t) 8 | for 0<t<T ;
then R is periodic, R(t+ T) = R(t) forall t2 R:
(i) R(t)6 | forall 06 t2R:

3.6. If R(t) denotes the linear map underR(t) then R: R! wunder(G) is a
one-parameter subgroup;R(0) = | :
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Di erentiating with respect to s in the de ning equality of R and then
putting s=0 we get

R(t) = R(HR(0) = R(O)R(t) (t2R)

which shows that if RanR is not a single point (if R is not constant) then it is
a one-dimensional submanifold and a subgroup irGA(V): Thus RanR is either
the singleton fl g or a one-dimensional Lie group. In the caseil) treated in the
preceding paragraph, the restriction of R to an interval shorter than T is a local
parametrization of RanR; in the case {ii) R is a parametrization of RanR:

3.7. Proposition.  Every one-parameter subgroupR in G has the form
R(t)= e” (t2 R)

where A = R(0) 2 La(G):
Conversely, if A 2 La(G) A (V ;V) then t 7! €* is a one-parameter
subgroup in G

Proof. According to the previous paragraph, the one-parameter subgroufR
is the solution of the initial value problem

(X:R GaV))? X=XA  X(0)=I

where A := R(0): Apply 2.7 to obtain the rst statement.
Conversely,t 7! e# is a one-parameter subgroup inGA(V); we have to show
only that €# 2 G for all t 2 R which follows from VI1.6.4. =

The assertions are true forlocal one-parameter subgroupsas well, i.e. for
smooth functions R: R ! G de ned on an interval around 0 2 R such that
R(t + s) = R(t)R(s) whenevert;s;t + s are in DomR:

3.8. The previous result involves that e 2 G for A 2 La(G); i.e. the
restriction of the exponential mapping onto La(G) takes values in G: Since the
exponential mapping is smooth and injective in a neighbourhood of Qits inverse
regarding this neighbourhood is smooth as well (in particular continwous), we
can state:

Proposition. Let G be a Lie group. Then
La(G) ! G ; AT

is a parametrization of G in a neighbourhood of the identity I:
In particular, every element in a neighbourhood of | belongs to a one-
parameter subgroup.
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3.9. Proposition.  Every element of G in a neighbourhood of the identity
is a product of elements taken from one-parameter subgroups correspoimg to
a basis of La(G):

Proof. Let A;;:::Am be a basis of La(G) and complete it to a basis

smooth as well.

Thus the restriction of onto RM regarded as the subspace oRP con-
sisting of elements whosei -th components are zero fori = M +1;:::;P is a
parametrization of G in a neighbourhood of|: =

Note that in general

I
N !
exp (t1A1) exp (t2A2) (::exp (tp Ap) 6 exp tk Ak

k=1

3.10. If G is connected, every element ofG is a product of elements in a
neighbourhood of I; hence every element is a product of elements taken from

one-parameter subgroups corresponding to a basis dfa(G); since the following
proposition is true.

Proposition. If G is connected andV is a neighbourhood of the identity |
in G; then

Proof. Given F 2 G; the mapping G! G ; G 7! FG is bijective, continuous,
its inverse is continuous as well. Thus for allF 2 G; FV := fFGj G2Vg is
open, soV? = ng FV is open as well. ConsequentlyV" is open for all n and

thus H := £N V" is open, too. We shall show that the closure oH in G equals
n

H; thus H; being open and closed, equal€:

Let L be an element of the closure o in G: SinceLV ! is a neighbourhood
of L; thereisan F 2 H such that F 2 LV ' which implies L 2 FV; since
FV HV = H; the proof is complete.
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4. The Lie algebra of a Lie group

4.1. Recall thatif G is a Lie group in GA(V) then La(G); the tangent space
of Gat | = 1y is a linear subspace of A (V;V): If A2 A(V ;V) then A
denotes the underlying linear mapV ! V:

Proposition. Let G be a Lie group. If A;B 2 La(G) then

AB BA2 La(G):

Proof. Take a neighbourhood N of | in GA(V) and a smooth map S

de ned on N such that Sl (f0g) = G\N and La(G) = KerD S(I) (see the
proof of 3.3).
Then
t7'S ée® =0 and t7'S €fe” =0

for t in a neighbourhood of 02 R: Di erentiating the rst function with respect
to t we get
t7!' DS e”*e®  ehAe® + ePB =0:

Again di erentiating and then taking t =0 we deduce
D?S(1)(A+ B;A+B)+DS(l) (AA+2AB+ BB)=0:
Similarly we derive from the second function that
D?S(1)(B+ A;B + A)+DS(l1) (BB+2BA+ AA)=0:
Let us subtract the equalities from each other to have
DS(I) (AB BA)=0
which ends the proof.

4.2. According to the previous proposition we are given thecommutator
mapping

La(G La(Q! La(Q); (A;B) 7" AB BA=[AB]:
Proposition. The commutator mapping
(i) is bilinear,

(i) is antisymmetric,
(iii ) satis es the Jacobian identity:

[[A;B1,C]1+[[B;CJ;A]+[[C;A]l,B] =0 (A;B;C 2 La(Q):
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De nition. La (G) endowed with the commutator mapping is called theLie
algebraof G m

We deduce without di culty that for A;B 2 La(G)

[AB]:} izetAetBemetB :
2 i -

4.3. The Lie algebra of GA(V) is A (V ;V): We have seen that if a linear
subspacelL of A (V ;V) is the tangent space at| of a Lie group then the
commutator of elements from L belongs to L; too; in other words, L is a Lie
subalgebra of A (V;V):

Conversely, if L is a Lie subalgebra of A (V;V) then there is a Lie group
G suchthat La(G)=L: the subgroup generatedby e* A2L : Itisnot
so easy to verify that this subgroup is a submanifold.

4.4. De nition. Let G and H be Lie groups. Amapping : G H
is called a local Lie group homomorphism if

(i) Dom is a neighbourhood of the identity of G

(ii) is smooth,
(i) ( FG)= ( F)( G) whenever F;G;FG 2 Dom

If is injective and 1 is smooth as well, then is a local Lie group
isomorphism. =

4.5. For a local Lie group homomorphism : G H we put
:=D( I)2Lin(La(G);La(H)):

If A2 La(G); thent7! ( €”) is alocal one-parameter subgroup inH and
d
—(e*) = (A)
dt t=0
which implies
( etA) - et (A)
for t in a neighbourhood of 02 R:

Proposition. :La(G)! La(H) is a Lie algebra homomorphism, i.e. it is
linear and
[ (A); (B)l= (AB]) (A;B 2 La(Q):
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Proof. Start with
d2
[ (A); (B)]: — et(A)é (B) é (B)é (A) -
dt t=0
d2

- = ( eM\éB) ( éB éA)
dt? t=0

and then apply the formulae in the proof of 4.1 putting in place of S:

4.6. The previous proposition involves that locally isomorphic Lie groups
have isomorphic Lie algebras. One can prove the converse, too, a fundamal
theorem of the theory of Lie groups: if the Lie algebras of two Lie groups are
isomorphic then the Lie groups are locally isomorphic.

5. Pseudo-orthogonal groups

Let (V;B;b) be a pseudo-Euclidean vector space. Recall the notations (see
V.2.7)
O(b):

A(b) :

L2GL(V) L> L=1 ;
A 2Lin(V) A= A :

Proposition. If dimV = N then O(b) is an w-dimensional Lie group
having A(b) as its Lie algebra.

Proof. It is evident that O(b) is a subgroup of GL(V):
We know that A(b) and S(b) := fS 2 Lin(V)j S = Sg are complementary

subspaces, ding(b) = NE: dimA(b) = YY1 (see v.2.9).
Let us consider the mapping

'LGLV)! S(b); LT7'L> L:

Since the b-adjunction L 7! L> is linear and the multiplication in Lin( V)
is bilinear, ' is smooth. Moreover, the equality

(L+H) (L+H) L”> L=L> H+H”> L+H> H
shows that
D'(L) H=L> H+H> L L 2GL(V); H 2 Lin(V) :
We have O(b) = fL 2GL(V)j "' (LS)= I g and D' (L) is surjective if L is

in O(b): if S 2 S(b) then D' (L) LT S: Consequently, O(b) is a smooth
submanifold of GL(V) (see VI1.4.7).
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Finally, D' (1) H = 0 ifand only if H 2 A(b); hence

La(O(b)) =KerD ' (1) =A( b):

6. Exercises

1. Let G be a Lie group, A;B 2 La(G): Prove that [A;B] =0 if and only if
gheB = ¢eBe” forall t inan interval around 02 R:

Consequently, G is commutative (Abelian) if and only if La(G) is commuta-
tive (the commutator mapping on La(G) is zero).

2. Using the de nition of exponentials (see 2.6) demonstrate that

tA

@ (B

e tA

.1 .
[A;B]=lim = ehe®  gBeh =|im

tB I
2 tl 0

e e

|

3. Let V be a nite dimensional real vector space and make the identi cation
A(V) V Lin(V);, A (AQQ)A);
i.,e. (@a;A)2V Lin(V) is considered to be the a ne map
V!V, X 7V AX + a:
Then the composition of such a ne maps is
(a;A)b;B)=(a+ Ab;AB ):
In this way we have GA(V) V GL (V):

Prove that
@0 = (a;l); eOA) = (0;eM):

4. Let n be a positive integer. Prove that

Oo(n):=fL2Ln(RY)jL L=1g
SO(n):= fL 20(n)j detL =1g

are % -dimensional Lie groups having the same Lie algebra:
fA2LIN(R)jA = Ag

(cf. Proposition in Section 5).
Give a local Lie group isomorphism betweenO(n) and SO(n):
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5. A complex vector space and its complex linear maps can be considered to
be a real vector space and real linear maps.
Demonstrate that
SL(2;C):= L 2Lin(C? detL =1
is a six-dimensional Lie group having

A 2Lin(C%» TrA=0

as its Lie algebra.
6. Let n be a positive integer. Prove that

U(n):
SuU(n):

L 2Lin(C") L L=1 ;
fL 2U(n)j detL =19

are an n? -dimensional and an @? 1)-dimensional Lie group, respectively. (The
star denotes adjoint with respect to the usual complex inner produg in other
words, if L is regarded as a matrix thenL” is the conjugate of the transpose
of L:) Verify that they have the Lie algebras

A 2Lin(C") A”= A ;
A2Lin(C"Y A= A; TrA=0;

respectively.
7. Prove that

Ul):= L2Lin(C) L L =1 2C jj=1

is a one-dimensional Lie group, locally isomorphic but not isomorphic toT n(R):

8. Let G GA (V) be a Lie group. An orbit of G is a nonvoid subset P of
V such that fL(x)jL 2 Gg=P for some|hence forall] x2 P:

Prove that distinct orbits are disjoint. V is the union of orbits of G In other
words, the relation on V dened by x vy if x and y are in the same orbit
of G is an equivalence relation.

9. Find the orbits of GA(V); GL(V); Tn(V); O(n); SO(n); U(n); SU(n):
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COMMENTS AND BIBLIOGRAPHY

The fundamental notions of space and time appear in all branches of physics
giving a general background of phenomena. Nowadays the mathematical way of
thinking and speaking becomes general in physics; that is why it isndispensable
to construct mathematically exact models of spacetime.

Since 1976, an educational and research programme has been in progress at
the Department of Applied Analysis, Estwes Loand University, Budape st, to
build up a mathematical theory of physics in which only mathematically de ned
notions appear. In this way we can rule out tacit assumptions and the danger
of confusions, and physics can be put on a rm basis.

The rst results of this work were published in two books:

[1] Matolcsi, T.: A Concept of Mathematical Physics, Models for Spacetime,
Akacemiai Kiad, 1984,

[2] Matolcsi, T.: A Concept of Mathematical Physics, Models in Mechanics,
Akacemiai Kiad, 1986.

Since that time our teaching experience revealed that a mathematicatreat-
ment of spacetime could claim more interest than we had thought it earlie. The
notions of the spacetime models throw new light on the whole physicsa number
of relations become clearer, simpler and more understandable; e.g. tludd prob-
lem of material objectivity in continuum physics has been completey solved, as
discussed in

[3] Matolcsi, T.: On material frame-indi erence, Archive for Rational Me-
chanics and Analysis,91 (1986), 99{118.

That is why it seems necessary that spacetime models be formulated ia way
more familiar to physicists; so they can acquire and apply the notions ad results
more easily. The present work is an enlarged and more detailed version of][
The notations (due to the dot product) became simpler. The amount of appied
mathematical tools decreased (by omitting some marginal facts, the thegr of
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smooth manifolds could be eliminated), the material, the explanationsand the
number of the illustrative examples increased.

There is only one point where the new version contradicts the former oa
because of the following reason. In the literature one usually distiguishes
between the Lorentz group (a group of linear transformations of R*) and the
Poincae group, called also the ‘inhomogeneous Lorentz group' (the Lorentz
group together with the translations of R*): In our terminology, one considers
the arithmetic Lorentz group which is a subgroup of the arithmetic Poincae
group. However, we know that in the absolute treatment the Poincae group
consists of transformations of the a ne space M whereas the Lorentz group
consists of transformations of the vector spaceM ; the Lorentz group is not
a subgroup of the Poincae group. Special Lorentz transformations play a
fundamental role in usual treatments in connection with transformation rules.

The counterpart of the Poincae group in the nonrelativistic case is usially
called the Galilean group and one does not determine its vectorial subgrquthat
corresponds to the Lorentz group. The special Galilean transformations aly
a fundamental role in connection with transformation rules. In the absolte
treatment we must distinguish between the transformation group of thea ne
space M and the transformation group of the vector spaceM which is not
a subgroup of the former group. The special Galilean transformations turn
to be transformations of M; that is why | found it convenient to call the
corresponding linear transformation group the Galilean group and to introduce
the name Noether group for the group of a ne transformations.

In the former version | used these names interchanged because thenogip
representations (applied in mechanical models) were in my mind and escaped
my attention that from the point of view of transformation rules|which hav e a
fundamental importance|the present names are more natural.

The present treatment of spacetime is somewhat di erent from the usial ones;
of course, there are works in which elements of the present models gar. First
of all, in

[4] Weyl, H.: Space{Time{Matter, Dover publ. 1922

spacetime is stated to be a four-dimensional a ne space, the bundle tsucture
of nonrelativistic spacetime (i.e. spacetime, time and time evaluaibn) and the
Euclidean structure on a hyperplane of simultaneous world points appar as
well. However, all these are not collected to form a clear mathematicaltsucture;
moreover, the advantages of a ne spaces are not used, immediately coordaies
and indices are taken; thus the possibility of an absolute descriptionis not
utilized.

A similar structure (‘neoclassical spacetime”: spacetime and tira elapse) is
expounded in
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[5] Noll, W.: Lectures on the foundation of continuum mechanics and thermo-
dynamics, Arch. Rat. Mech. 52 (1973) 62{92.

In these works time periods and distances are considered to be realimbers.
The notion of observer remains unde ned; even this unde ned notion § used to
introduce e.g. di erentiability in the \neoclassical spacetime".

When comparing our notions, results and formulae with those of other treat
ments, using the phrases “in most of the textbooks', “in conventical treatments'
we refer e.g. to the following books:

[6] French, A.P. Special Relativity, Norton, New York, 1968,

[7] Essen, L.: The Special Theory of Relativity, Clarendon, Oxford, 1971,
[8] Mller, C.: The Theory of Relativity, Oxford University Press, 1972,
[9] Taylor, J.G.: Special Relativity, Clarendon, Oxford, 1975,

[10] Bergmann, P.G.: Introduction to the Theory of Relativity, Dover publ.,
New York, 1976.

General relativity, i.e. the theory of gravitation is one of the most beautiful
and mathematically well elaborated area of physics which is treated in aaumber
of excellent books, e.g.

[11] Misner, C.W.{Thorne, K.S{Wheeler, J.A.: Gravitation, W.H.Freeman &
Co., 1973,

[12] Adler, R.{Bazin, M.{Schier, M.: Introduction to General Relativity,
McGraw-Hill, 1975,

[13] Ohanian, H.C.: Gravitation and Spacetime, W.W.Norton & Co., 1976,

[14] Rindler, W.: Essential Relativity. Special, General and Cosmological,
McGraw-Hill, 1977,

[15] Wald, R.: Space, Time and Gravity, Chicago Press, 1977.

To understand the nonrelativistic and special relativistic spacetme models,
it is su cient to have some elementary knowledge in linear algebra am anal-
ysis. Tensors and tensorial operations are the main mathematical tools use
throughout the present book. Those familiar with tensors will have nodi culty
in reading the book. The necessary mathematical tools are summarized iits
second part where the reader can nd a long and detailed chapter on tenser
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The book uses the basic notions and theorems of linear algebra (linear com-
bination, linear independence, linear subspace etc.) without exfanation. There
are many excellent books on linear algebra from which the reader can acqei
the necessary knowledge, e.g.,
[16] Halmos, P.R.: Finite Dimensional Vector Spaces, Springer, 1974,
[17] Smith, L.: Linear Algebra, Springer, 1978,
[18] Grittel, D.H.: Linear Algebra and its Applications, Harwood, 1989,
[19] Fraleigh, J.B.{Beauregard, R.A.: Linear Algebra, Addison{Wesley, 1990,
Some notions and theorems of elementary analysis (limit of functions, cdia
nuity, Lagrange's mean value theorem, implicit mapping theorem, etc.)are used
without any reference; the following books are recommended to be cesunlted:
[20] Zamansky, M.: Linear Algebra and Analysis, Van Nostrand, 1969,
[21] Rudin, W.: Principles of Mathematical Analysis, McGraw Hill, 1976,

[22] Aliprantis, C.D.{Burkinshow, O.: Principles of Real Analysis, Arnold,
1981,

[23] Haggarty, R.: Fundamentals of Mathematical Analysis, Addison-Wesley,
1989,

[24] Adams, R.A.: Calculus: a Complete Course Addison{Wesley, 1991.

From the theory of di erential equations only the well-known existence and
unigueness theorem is used which can be found e.g. in

[25] Hyint-U Tyn: Ordinary Di erential Equations, North-Holland, 1978,

[26] Birkho, G.{Rota, G.C.: Ordinary Di erential Equations, Wiley, 1989.
The present book avoids the theory of smooth manifolds though it would be

useful for the investigation of the space of general observers and necass for

the treatment of general relativistic spacetime models. The folloving books are

recommended to the reader interested in this area:

[27] Boothby, W.M.: An Introduction to Di erentiable Manifolds and Rieman-
nian Geometry, Academic Press, 1975,
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[28] Choquet-Bruhat, Y.{Dewitt-Morette, C.: Analysis, Manifolds and Physics,
North-Holland, 1982,

[29] Abraham, R.{Marsden, J.E.{Ratiu, T.: Manifolds, Tensor Analysis, and
Applications, Springer, 1988.

Nonrelativistic and special relativistic spacetime models involvesome elemen-
tary facts about certain Lie groups. Those who want to get more knowledge on
Lie groups can study, e.g. the following books:

[30] Warner, F.W.: Foundations of Di erentiable Manifolds and Lie Groups,
Springer, 1983,

[31] Sattinger, R.H.{Weawer, O.L.: Lie groups and Lie algebras with Applica-
tions to Physics, Geometry and MechanicsSpringer, 1986.

Since the rst edition of this book, the following articles have been based on
the present theory of spacetime to solve some problems:

[32] Matolcsi, T.{ Goter, A.: Spacetime without reference frames and its appli-
cation to the Thomas rotation, Publications in Applied Analysis, 5 (1996),
1{11,

[33] Matolcsi, T.{Gruber, T.: Spacetime without reference frames: An applica-
tion to the kinetic theory, International Journal of Theoretical Physics, 35
(1996), 1523{1539,

[34] Matolcsi, T.: Spacetime without reference frames: An application to syn-
chronizations on a rotating disk, Foundations of Physics,28 (1998), 1685{
1701,

[35] Matolcsi, T.{ Goler, A.: Spacetime without reference frames: An applica-
tion to the velocity addition paradox, Studies In History and Philosophy of
Science Part B: Studies In History and Philosophy of Modern Physics32
(2001), 83{99,

[36] Farkas, Sz.{Kurucz, Z.{Weiner, M.: Poincae covariance of relativistic
guantum position, International Journal of Theoretical Physics, 41 (2002),
79{88,

[37] Matolcsi, T.{Matolcsi, M.{Tasradi, T.. On the relation of Thomas rotation
and angular velocity of reference framesGeneral Relativity and Gravita-
tion, 39 (2007), 413{426,
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[38] Matolcsi, T.{\an, P.: On the objectivity of time derivatives, Atti dell'Ac-
cademia Peloritana dei Pericolanti Classe di Scienze Fisiche, Mateatiche
e Naturali, 86 (2008), Suppl. 1, C1S0801015,

[39] \an, P.: Kinetic equilibrium and relativistic thermodynamics, EPJ Web of
Conferences 13 (HCBM 2010 { International Workshop on Hot and Cold
Baryonic Matter), 2011, 07004,

[40] Ralep, T.{\an, P.: Kinematic quantities of nite elastic and plastic defor-
mation, Mathematical Methods in the Applied Sciences,35 (2012), 1825{
1841,

[41] Ralep, T.{\an, P{Csatr, A.:  Elasticity, plasticity, rheology and thermal
stress { an irreversible thermodynamical theory,in: Pilotelli, M.{Beretta,
G.P. (eds.): Proceedings of the 12th Joint European Thermodynamics
Conference, JETC 2013, Cartolibreria Snoopy, 2013, 525{530,

[42] Falep, T.: Objective thermomechanicsarXiv:1510.08038 (2015),
[43] Asszonyi, Cs.{Csatr, A.{Fudp, T.: Elastic, thermal expansion, plastic
and rheological processes { theory and experimenBeriodica Polytechnica{

Civil Engineering, 60 (2016), 591{601,

[44] \an, P.: Galilean relativistic uid mechanics, Continuum Mechanics and
Thermodynamics, 29 (2017), 585{610,

[45] \an, P.{Pavelka, M.{Grmela, M.: Extra mass ux in uid mechanics,
Journal of Non-Equilibrium Thermodynamics, 42 (2017), 133{151.



