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Same light-cone gauge fixing: integrable 2D QFT with particle like excitation. Amplitude ≡
string vertex←→ 3pt functions and 1/N corrections in dual gauge theory.

1501.04533,1512.01471: work done in collaboration with Romuald Janik
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Motivation from physics

Large hadron collider

..

Many“elementary particles”→ classification

Fundamental representation→ quarks→ Standard Model: Calculate scatterings

Interaction gauge group

electromagnetic U(1)
weak SU(2)

strong SU(3)
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Space-time symmetries

LHC
space

time
protonTranslations: space and time: R1,d mostly d = 1

Decompactify:

Lorentz emerges

SO(1, d)
Full symmetry: SO(1, d) n R1,d trajectory: x(t) = v (t− t0)
dispersion relation E2 − P2 = m2

1 particle state

p = m sinh θ
E = m cosh θ
v = tanh θ

Inner symmetries typically Lie group

Nontrivial combination with boosts

[B,Qs] = sQs

s = 1
2 SUSY, s = 1, energy and momentum, s > 1 momentum dependent time-shift:

d = 1 factorization and YBE, d > 1 trivial scattering [Coleman-Mandula]
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The simplest interacting QFT:L = 1
2(∂tϕ)2−1

2(∂xϕ)2−V (ϕ) V (ϕ) = m2

b2
(cosh bϕ− 1)

S-matrix connects initial and final states

asymptotic states are multiparticle states

→ LSZ reduction formula

〈p′1, p
′
2|O|p1, p2〉 = D̄′1D̄

′
2D1D2〈0|T (Oϕ(1)ϕ(2)ϕ(3)ϕ(4))|0〉

where Dj = i
∫
d2xje

ipjx−iωjt
{
∂2
t − ∂2

x +m2
}

amputes a leg and puts it onshell

Consequence: perturbative definition, convergent expansion, calculational tool :

S(θ) = 1− 1
4ib

2cschθ − b4(cschθ(πcschθ−i))
32π + ib6cschθ(πcschθ−i)2

256π2 +O
(
b8
)

Lorentz transformation θ → θ + Λ: invariant combination: θ = θ1 − θ2

control over analytical properties: unitarity, crossing S(θ) = S(−θ)−1 = S(iπ − θ)
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S-matrix bootstrap : find the two particle S-matrix which satisfies [Zamolodchikov2 ’79]

1. Yang-Baxter equation:

Sij(θi − θj) : Vi ⊗ Vj → Vj ⊗ Vi S12S13S23 = S23S13S12

2. Unitarity and crossing symmetry

θ

θ θ 21 θ 2 θ 1−i

i π−θ

π θ θ 21

−θ

S12(θ1 − θ2) = S12(θ) = S21̄(iπ − θ) = S21(−θ)−1 :

3. Maximal analyticity: S12(θ) is meromorphic for =m(θ) ∈ [0, π], with possible poles at

<e(θ) = 0. For each pole ∃ a Coleman-Thun diagram, in which particles propage on-shell

interacting at 3pt or 4pt vertices, preserving all conserved charges.

4. Inner symmetry:

for any conserved charge, Q

S12∆12(Q) = ∆21(Q)S12 qtriang. (w) Hopf algebra
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R(θ) =


−1 0 0 0
0 − sinλπ

sinλ(π+iθ)
sin iλθ

sinλ(π+iθ)
0

0 sin iλθ
sinλ(π+iθ)

− sinλπ
sinλ(π+iθ)

0

0 0 0 −1



Unitarity: S0(θ)S0(−θ) = 1

Crossing symmetry: S0(iπ − θ) = S0(θ) − sinλπ
sinλ(π+iθ)

S0(θ) =
∏∞
l=1

[
Γ(2(l−1)λ+λiθ

π
)Γ(2lλ+1+λiθ

π
)

Γ((2l−1)λ+λiθ

π
)Γ((2l−1)λ+1+λiθ

π
)
/(θ → −θ)

]



S-matrix solutions

No inner symmetry, scalar particle S(θ) = S(−θ)−1 = S(iπ − θ)

no pole S(θ) = sinh θ−i sin a
sinh θ+i sin a sinh-Gordon: a = πb2

8π+b2
V (ϕ) = m2

b2
(cosh bϕ− 1)

one pole S(θ) =
sinh θ+i sin π

3
sinh θ−i sin π

3
scaling Lee-Yang model

Inner symmetry= Uq(ŝl2)
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soliton doublet (s, s̄)
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Unitarity: S0(θ)S0(−θ) = 1

Crossing symmetry: S0(iπ − θ) = S0(θ) − sinλπ
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[
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No poles for a = λ−1 > 1 for a < 1 for all poles ∃ a CT diagram [Zamolodchikov2]

AdS5/CFT4 duality: Inner symmetry: su(2|2)⊗2, particles: short representations
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Finite volume spectrum [Bethe-Yang]

upto O(e−mL), polynomial in L−1 :
eiΦj = −eipjLS(θj − θ1) . . . S(θj − θn) = 1

θ1 θ2
θ n...

En(L) =
∑
im cosh θi

Inner symmetry= Uq(ŝl2)

diagonalize: BYj(θj|{θi}) = Sj1(θj − θ1) . . . Sjn(θj − θn) for all j

θ1 θ2
...

n
θ

transfer matrix: T (θ|{θi}) =
∏
i S0(θ − θi)tr0(R01(θ − θ1) . . . R01(θ − θ1))

commutes [T (θ), T (θ′)] = 0 and T (θj|{θi}) = BYj(θj|{θi}) sine-Gordon↔ XXZ

eigenvalue: λ(θ|{θi}) Bethe-Yang: −eipjLλ(θj|{θi}) = −1

Inner symmetry= su(2|2) AdS5/CFT4 ↔ Hubbard model

Bethe-Yang equations = Beisert-Staudacher equations
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Solution for sinh-Gordon: 〈0|O|θ1, θ2〉 = e(D+D−1)−1 logS ; Df(θ) = f(θ + iπ)

Finite volume form factors: polynomial in L−1: 〈0|O|θ1, . . . , θn〉L = 〈0|O|θ1,...,θn〉√
det[∂Φi

∂θj
] θ1 θ2

θ n...
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...
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1

ipL
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∏
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