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Prologue: QFT as a continuum limit

Consider the inhomogenous XXZ spin chain

R(λ) =











1 0 0 0

0 sinh(λ)
sinh(λ−iγ)

sinh(−iγ)
sinh(λ−iγ) 0

0 sinh(−iγ)
sinh(λ−iγ)

sinh(λ)
sinh(λ−iγ) 0

0 0 0 1











~ξ = { ξ−, ξ+, ..., ξ+ },

T(λ|~ξ) = R01(λ− ξ1)R02(λ− ξ2)... ...R0N(λ− ξN) =

(

A(λ) B(λ)
C(λ) D(λ)

)
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~ξ = { ξ−, ξ+, ..., ξ+ },
T(λ|~ξ) = R01(λ− ξ1)R02(λ− ξ2)... ...R0N(λ− ξN) =

(

A(λ) B(λ)
C(λ) D(λ)

)

Integrability: T (λ|~ξ) = Tr0 T(λ|~ξ) commute
[

T (λ|~ξ), T (λ′|~ξ)
]

= 0

conserved charges U± = T (ξ±|~ξ) = e
i2a(H±P )

H P

Eigenvectors: B(λ1)B(λ2) ...B(λm) |0〉,

Bethe Ansatz: Alternating inhomogeneities
N
∏

i=1

sinh(λa−ξi−iγ)
sinh(λa−ξi)

m
∏

b=1

sinh(λa−λb+iγ)
sinh(λa−λb−iγ) = −1 ξ± = ±γ

πΛ− iγ2

Grd st. N
2 roots λ Exc. st. +holes: λ



Prologue: QFT as a continuum limit

Counting function (−1)δ ei Zλ(λ) =
N
∏

i=1

sinh(λ−ξi−iγ)
sinh(λ−ξi)

m
∏

b=1

sinh(λ−λb+iγ)
sinh(λ−λb−iγ)

Bethe Ansatz: ei Zλ(λa) = −1 take δ = 0 and redefine ZN(θ) = Zλ(
γ
π
θ), which satisfies

ZN(θ) = N
2

{

arctan [sinh(θ − Λ)]+
arctan [sinh(θ +Λ)]

}

+
mH
∑

k=1

χ(θ−θk)+2ℑm
∞
∫

−∞
dθ′

2πi
G(θ−θ′−iη) ln

(

1+ ei ZN(θ′+iη)
)

[Klümper, Pearce, Destri, de Vega,...] G(θ) = −i∂θ logS(θ) =
∞
∫

−∞
dω e−i ωθ

sinh(
(p−1) πω

2
)

2 cosh(
πω
2

) sinh(
p π ω
2

)
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QFT = Scaled continuum limit N →∞: Λ = ln 4
M a

= ln 2N
ML
→∞

Z(θ) =ML sinh θ− i
mH
∑
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logS(θ− θk)+

∞
∫

−∞
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∞
∫

−∞
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2πi e

±θ+iη ln
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1 + ei Z(θ+iη)
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λ
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large volume equation: eiZ(θk) = eiML sinh θk
∏mH
j=1 S(θk − θj) = −1

relativistic energy spectrum: E =
∑mH

j=1M cosh θk



Sine-Gordon/massive Thirring duality

LSG =
1

2
∂νΦ∂νΦ+

m2

β2
: cos (βΦ) : 0 < β2 < 8π,

strong-weak duality:

1 + g
4π = 4π

β2 = p+1
2p

LMT = Ψ̄(iγν∂ν +m0)Ψ−
g

2
Ψ̄γνΨΨ̄γνΨ
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Sine-Gordon/massive Thirring duality

LSG =
1

2
∂νΦ∂νΦ+

m2

β2
: cos (βΦ) : 0 < β2 < 8π,

g

L

+  loop corrections

Quantum sine−Gordon theory

perturbative Thirring model

+ perturbative corrections

Semiclassical sine−Gordon theory

Classical sine−Gordon theory

Massive Thirring model
strong-weak duality:
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+  loop corrections
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Quantum sine−Gordon theory

Massive Thirring model

Finite size corrections strong-weak duality:

1 + g
4π = 4π

β2 = p+1
2p

LMT = Ψ̄(iγν∂ν +m0)Ψ−
g

2
Ψ̄γνΨΨ̄γνΨ



Classical integrable models: sin(e/h)-Gordon theory

sine-Gordon
0

V

2 π
β φ target 0

2π
β β ↔ ib sinh-Gordon

0

V

φ target οο

οο

L = 1
2β2(∂βϕ)

2 − m2

β2 (1− cos βϕ) L = 1
2(∂ϕ)

2 − m2

b2
(cosh bϕ− 1)
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Integrability: ∂xAt − ∂tAx + [Ax, At] = 0 ↔ T(λ) = P exp
∮

A(x)νdxν

Ax(λ) = i
2

(

2λ β∂+ϕ
−β∂+ϕ −2λ

)

At(λ) = 1
4iλ

(

cosβϕ −i sin βϕ
i sinβϕ − cosβϕ

)

T

gTg−1
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Integrability: ∂xAt − ∂tAx + [Ax, At] = 0 ↔ T(λ) = P exp
∮

A(x)νdxν
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(
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At(λ) = 1
4iλ

(

cosβϕ −i sin βϕ
i sinβϕ − cosβϕ

)

T

gTg−1

conserved Q±1[ϕ] = E[ϕ]± P [ϕ] =
∫

{

1
2(∂±ϕ)

2 + m2

β2 (1− cos βϕ)

}

dx

charges: Q±3[ϕ] =
∫

{

1
2β2(∂

2±ϕ)2 − 1
8(∂±ϕ)

4 + m2

β2 (∂±ϕ)2(1− cosβϕ)

}

dx
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Integrability: ∂xAt − ∂tAx + [Ax, At] = 0 ↔ T(λ) = P exp
∮

A(x)νdxν

Ax(λ) = i
2

(

2λ β∂+ϕ
−β∂+ϕ −2λ

)

At(λ) = 1
4iλ

(

cosβϕ −i sin βϕ
i sinβϕ − cosβϕ

)

T

gTg−1

Classical factorized scattering: ∆T1(v1, v2, . . . , vn) =
∑

i∆T1(v1, vi)
Τ vvv1 2 n> > ... >

.

v Τ
1

v <2
< ... <vn



Quantum integrability: sine-Gordon L = 1
2(∂φ)

2 − m2

β2 (1− cosβφ)

Perturbed Conformal Field Theory Lagrangian perturbation theory

LCFT + µLpert = 1
2(∂φ)

2 + µ(Vβ + V−β) L0 + Vpert =
1
2(∂φ)

2 − m2

2 φ2 − β2U

hβ = β2

4π definite scaling Vβ =: eiβφ : free massive boson+pert.
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Quantum integrability: sine-Gordon L = 1
2(∂φ)

2 − m2

β2 (1− cosβφ)

Perturbed Conformal Field Theory Lagrangian perturbation theory

LCFT + µLpert = 1
2(∂φ)

2 + µ(Vβ + V−β) L0 + Vpert =
1
2(∂φ)

2 − m2

2 φ2 − β2U

hβ = β2

4π definite scaling Vβ =: eiβφ : free massive boson+pert.

Quantum conservation laws

∂−Λ4 = 0→ ∂−Λ4 = λ∂+Θ2

[λ] = 2− hβ, [Λ4] = 4,

counting argument

Nonlocal symmetry: Uq(ŝl2)
[h, J±] = ±J±
[J+, J−] = qh−q−h

q−q−1

∆(J±) = q
h
2 ⊗ J±+ J± ⊗ q−

h
2

[S,∆(J±)] = 0

parameter relation: q = e
−iπp

Correlators=
∑

loopsFeynmandiagrams

Asymptotic states E(p) =
√

p2 +m2

S-matrix↔correlators LSZ

〈p′1, p′2|O|p1, p2〉 =
D̄′1D̄′2D1D2〈0|T(Oϕ(1)ϕ(2)ϕ(3)ϕ(4))|0〉
Dj = i

∫

d2xje
ipjx−iEjt

{

∂2t − ∂2x +m2
}

unitarity, crossing symmetry, analyticity

rapidity pi = m cosh θi
S(θ) = S(−θ)−1 = S(iπ − θ) =

= 1− 1
4ib

2cschθ − b4(cschθ(πcschθ−i))
32π + ...

Bootstrap scheme



Bootstrap program

Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p p

21
> >...> p

n
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Bootstrap program

Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p p

21
> >...> p

n

Lorentz: P =
∑

i pi E =
∑

iE(pi)

dispersion relation E(p) =
√

m2 + p2

Scattering matrix S: |out〉 → |in〉
commutes with symmetry [S,∆(Q)] = 0

p p

S−matrix

1

21
> >...>
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m

< p’
2

<...<

p
n

(Q)∆

(Q)∆

Higher spin concerved charge

factorization + Yang-Baxter equation

S123 = S23S13S12 = S12S13S23

p p

1

21

2

p

3

3

p p p

p

1

1

2

p

3

3

p p p

p
2

S-matrix = scalar . Matrix
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Asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry:
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> >...> p
n
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∑
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√
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commutes with symmetry [S,∆(Q)] = 0
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1
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> >...>
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factorization + Yang-Baxter equation
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p p

1

21

2

p

3

3

p p p

p

1

1

2

p

3

3

p p p

p
2

S-matrix = scalar . Matrix

Unitarity S12S21 = Id

Crossing symmetry S12 = S21̄
Maximal analyticity: all poles have physical origin → boundstates, anomalous

thresholds



Bootstrap program: diagonal

Diagonal: S-matrix = scalar S(p1, p2) = S(θ1 − θ2) p = m sinh θ
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Bootstrap program: diagonal

Diagonal: S-matrix = scalar S(p1, p2) = S(θ1 − θ2) p = m sinh θ

Unitarity S(θ)S(−θ) = 1

Crossing symmetry S(θ) = S(iπ − θ)

Maximal analyticity: all poles have physical origin

Minimal solution: S(θ) = 1 Free boson

CDD factor: S(θ) = sinh θ−i sin pπ
sinh θ+i sin pπ Sinh-Gordon

V ∼ cosh bφ ↔ p−1 = 1+ b2

8π > 0

Maximal analyticity: S(θ) = sinh θ+i sin pπ
sinh θ−i sin pπ

pole at θ = ipπ →boundstate B2

bootstrap: S12(θ)=S11(θ − iπp
2
)S11(θ + iπp

2
)

new particle if p 6= 2
3 otherwise Lee-Yang

Maximal analyticity:

all poles have physical origin

→sine-Gordon solitons

θ
ιπ

S
11

ipπ

B2

θ
ιπ

S

ipπ/2
3ipπ/2

12

B3. . .

θ
ιπ

S
1n

π/2ip(n+1)
(n−1)ipπ/2

Bn



Bootstrap program: sine-Gordon

Nondiagonal scattering: S-matrix = scalar . Matrix soliton doublet

(

s
s̄

)

Matrix:

global symmetry Uq(ŝl2)

2d evaluation reps

[S,∆(Q)] = 0

S−matrix

(Q)∆

∆ (Q)















−1 0 0 0

0 − sinαπ
sinα(π+iθ)

sin iθα
sinα(π+iθ)

0

0 sin iαθ
sinα(π+iθ)

− sinαπ
sinα(π+iθ)

0

0 0 0 −1
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Bootstrap program: sine-Gordon

Nondiagonal scattering: S-matrix = scalar . Matrix soliton doublet

(

s
s̄

)

Matrix:

global symmetry Uq(ŝl2)

2d evaluation reps

[S,∆(Q)] = 0

S−matrix

(Q)∆

∆ (Q)















−1 0 0 0

0 − sinαπ
sinα(π+iθ)

sin iθα
sinα(π+iθ)

0

0 sin iαθ
sinα(π+iθ)

− sinαπ
sinα(π+iθ)

0

0 0 0 −1















Unitarity
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Infinite volume spectrum:

E(p1, . . . , pn) =
∑

iE(pi) pi ∈ R

Polynomial volume corrections:

Bethe-Yang; pi quantized. Diagonal

eipjLS(pj, p1) . . . S(pj, pn) = −1 ; S(0) = −1

pjL+
∑

k
1
i logS(pj, pk) = (2n+1)iπ

p2π
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Non-diagonal, sine-Gordon

eipjLS(pj, p1) . . .S(pj, pn)Ψ = −Ψ S(0) = −P
n

1 2 j... ...p p p

p

Inhomogenous XXZ spin-chain spectral problem eiL sinh θjT(θj)S0(θj) = −1

T(θ)Q(θ) = Q(θ + iπ)T0(θ − iπ
2 ) +Q(θ − iπ)T0(θ + iπ

2 ) = Q++T−+Q−−T+

Q(θ) =
∏

β sinh(λ(θ − wβ))

T0(θ) =
∏

j sinh(λ(θ − θj))
Bethe Ansatz:

T0(wα−iπ
2 )Q(wα+iπ)

T0(wα+
iπ
2 )Q(wα−iπ)

=
T−0 Q++

T+
0 Q−−

|α = −1



Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly
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Lüscher corrections: differ by µ term



Excited states TBA, Y-system: diagonal

Excited states exactly
p

2
p

n

p
1

L

E

0

2m

m

S
−

m
at

rix

Bethe−YangLuscherCFT

By lattice regularization: sinh-Gordon [Teschner]

i π/2

ǫ(θ) = mL cosh θ+
∑

logS(θ − θj) +
∫

dθ
′

2π
idθ logS(θ − θ

′
) log(1 + e−ǫ(θ

′
))

E{nj}(L) =
m

i

∑

sinh θj −m
∫

dθ

2π
cosh θ log(1 + e−ǫ(θ)) ; Y (θj) = eǫ(θj) = −1

By analytical continuation: Lee-Yang [P.Dorey,Tateo]

i π/6

π/6−i

ǫ(θ) = mL cosh θ+
N
∑

j=1

log
S(θ − θj)

S(θ − θ∗j)
+
∫ ∞

−∞
dθ
′

2π
idθ logS(θ − θ

′
) log(1 + e−ǫ(θ

′
))

E{nj}(L) = −m
∫ ∞

−∞
dθ

2π
cosh θ log(1 + e−ǫ(θ))
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S(θ − iπ
3 )S(θ + iπ

3 ) = S(θ)→ Y (θ + iπ
3 )Y (θ − iπ

3 ) = 1+ Y (θ)

Y-system+analyticity=TBA↔ scalar . Matrix [Bazhanov,Lukyanov,Zamolodchikov]
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Z(θ) = ML sinh θ + source(θ|{θk}) + 2ℑm ∫

dxG(θ − x− iǫ) log
[

1− eiZ(x+iǫ)
]

source(θ|{θk}) = −i∑k logS++
++(θ − θk) kernel: G(θ) = −i∂θ logS++

++(θ)

Energy: E = M
∑

k cosh θk − 2Mℑm ∫

dxG(θ + iǫ) log
[

1− eiZ(x+iǫ)
]

Bethe-Yang eiZ(θk) = −1



Sine-Gordon/massive Thirring duality

LSG =
1

2
∂νΦ∂νΦ+

m2

β2
: cos (βΦ) : 0 < β2 < 8π,

g

L

+  loop corrections

perturbative Thirring model

+ perturbative corrections

Semiclassical sine−Gordon theory

Classical sine−Gordon theory

Lu
sc

he
r 

co
rr

ec
tio

n

B
et

he
−

Y
an

g 
eq

ua
tio

ns

S
 −

 m
at

rix
, m

as
se

s 

Quantum sine−Gordon theory

Massive Thirring model

Finite size corrections strong-weak duality:

1 + g
4π = 4π

β2 = p+1
2p

LMT = Ψ̄(iγν∂ν +m0)Ψ−
g

2
Ψ̄γνΨΨ̄γνΨ

16



AdS/CFT duality: t’ Hooft ←→ Integrability in QCD: Feynman

What I cannot create I do not understand.

To learn: Bethe Ansatz Probs., ← Kondo, 2D

Hall, accel temp, Non linear classical Hydro

Richard Feynman
(1918–1988)

1965

QED:
Feynman graphs

Strong interaction?

17



CFT: maximally supersymmetric gauge theory

Feynman: If you want to learn about nature, to appreciate nature, it is necessary to under-

stand the language she speaks in.

Fundamental interactions: gauge theory

interaction particles gauge theory

electromagnetic photon+electron U(1)

electroweak W±, Z µ,ν+Higgs SU(2)× U(1)

strong gluon+quarks SU(3)

only analytical tool: perturbation theory

Energy

Coupling

 

U(1)

electroweak force

 SU(3)

perturbative

non−perturbative
no analytical tool

SU(2)
strong force  
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Feynman: If you want to learn about nature, to appreciate nature, it is necessary to under-

stand the language she speaks in.

Fundamental interactions: gauge theory

interaction particles gauge theory

electromagnetic photon+electron U(1)

electroweak W±, Z µ,ν+Higgs SU(2)× U(1)

strong gluon+quarks SU(3)

only analytical tool: perturbation theory

Energy

Coupling

 

U(1)

electroweak force

 SU(3)

perturbative

non−perturbative
no analytical tool

SU(2)
strong force  

maximally supersymmetric gauge theory (harmonic oscillator)

interaction particles gauge theory

N = 4 supersymm. gluon+quarks+scalars SU(N)

all fields N2 − 1 component matrix
Ψ1,2,3,4

ր ց
Aµ Φ1,2,3,4,5,6

ց ր
Ψ1,2,3,4

L = 2
g2
YM

∫

d4xTr
[

−1
4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ+ V

]

V (Φ,Ψ) = 1
4
[Φ,Φ]2 +Ψ[Φ,Ψ]

no running β = 0 → CFT

no confinement

supersymmetric

heavy ion collision:

finite T → SUSY is broken

quark-gluon plasma is not confined



CFT: Observables

maximally supersymmetric gauge theory
Ψ1,2,3,4

A Φ1,2,3,4,5,6

Ψ1,2,3,4

fields SU(N) matrices

S = 2
g2
YM

∫

d4xTr
[

−1
4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ+ V

]

V (Φ,Ψ) = 1
4
[Φ,Φ]2 +Ψ[Φ,Ψ]

observables

parameters: gYM , N
observables: partition function

gauge-invariant operators

O(x) = Tr(AL1ΨL2ΦL3..),det()
correlators: 〈O1(x1) . . .On(xn)〉

correlators: 〈O1(x)O2(0)〉 =
∫

[dA...]e−iSO1(x)O2(0) = 〈O1(x)O2(0)e
−iV 〉0

perturbation: genus exp.

g2YM g−2YM g−2YM N
g2YMN3 = N2λ , λ = g2YMN

partition func. Z(λ, 1
N ) = N2∑

g(
1
N )2g

∑

nα(g, n)λn string interactions?

(t’ Hooft)
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AdS: string theory on Anti de Sitter

positively curved space
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AdS: string theory on Anti de Sitter

positively curved space Anti de Sitter: negatively curved space

relativistic point particle: ds2 = −dx20 + dx21 + . . .

S ∝ worldline ∝ ∫

ds =
∫

√
ẋ · ẋdτ x

x

x
0

1

2

x(  )τ

relativistic string: ds2 = −dx20 + dx21 + . . .

S ∝ worldsheet ∝ ∫

dA =
∫

√

(ẋ · x′)2 − ẋ2x′2dτdσ
x

x

x
0

1

2

x(     )τ,σ

σ

τ

S
5

AdS5

S5 :Y 2
0 + Y 2

1 + Y 2
2 + Y 2

3 + Y 2
4 + Y 2

5 = R2

AdS5 :−X2
0 +X2

1 +X2
2 +X2

3 +X2
4 −X2

5 = −R2

S = R2

α
′
∫ dτdσ

4π

(

∂aXM∂aXM + ∂aY M∂aYM
)

+ fermions supercoset
PSU(2,2|4)

SO(5)×SO(1,4)



AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter
5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −++++− = −R2

R2

α′
∫

dτdσ
4π

(

∂aXM∂aXM + ∂aY M∂aYM

)

+ . . .

≡

N = 4 D=4 SU(N) SYM

2
g2
Y M

∫

d4xTr
[

−1
4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ+ V

]

V (Φ,Ψ) = 1
4
[Φ,Φ]2 +Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)

gaugeinvariants:O = Tr(Φ2),det( )
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[Bombardelli,Tateo,Fioravanti,Frolov,Arutyunov,
Gromov,Kazakov,Viera,Kozak]

L

Euclidien E2 + (4g sin p
2)

2 = 1 partition function:

Z(L,R) =R→∞ e−E0(L)R(1 + e−∆E R)
L

e
−H(L)R

R

Z(L,R) =R→∞ Tr(e−H̃(R)L) =R→∞
∑

n e−Ẽn(L)R
L

R
e
−H(R) L
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Konishi scaling dimension

CFT 2pt function: 〈Oi(x)Oj(0)〉 =
δij
|x|2∆i

scaling dimension: ∆i

Konishi op. OK = Tr(Φ2
i )

S5

J
−p

p

∆ = 2+ 12g2 − 48g4 +336g6+

loop 4 5 6 7 8 9

∆ 96(−26+ 6ζ3 −96(−158− 73ζ3+

−15ζ5) 54ζ23 + 90ζ5 − 315ζ7)

gauge [Fiamberti,Sieg, [Eden, Heslop,

A. Santambrogio, Korchemsky, [Smirnov ?]

Zanon 08] Smirnov,

[Velizhanin09] Sokatchev 12]

Lüscher [Bajnok, [Bajnok,Hegedus, [Bajnok,

Janik 08] Janik,Lukowski 09] Janik 12]

TBA [Kazakov, Gromov, [Balog,

Vieira 09] Hegedűs 10]

FiNLIE [Leurent, Serban, Volin 12] [Leurent, [Volin 13]

Volin 13]
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