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Saleur-Pozsgay-Takacs conjecture:

〈θ1, . . . , θn|O|θn, . . . , θ1〉L =

∑

α∪ᾱF c
αρᾱ

ρn
=

∑

α∪ᾱF s
αρ

s
ᾱ

ρn
LeClair-Mussardo conjecture:

〈0|O|0〉L =
∑

n

1

n!

n
∏

j=1

∫

dθi
2π

e−ǫ(θi)

1 + e−ǫ(θi)
F c
n(θ1, . . . , θn)

Prologue: QFT as the continuum limit of XXZ, Form factors

S-matrix bootstrap, finite volume energy spectrum

Form factor bootstrap, finite volume form factors

Form factors in AdS/CFT



Prologue: inhomogenous XXZ

Consider the inhomogenous XXZ spin chain

R(λ) =











1 0 0 0

0 sinh(λ)
sinh(λ−iγ)

sinh(−iγ)
sinh(λ−iγ) 0

0 sinh(−iγ)
sinh(λ−iγ)

sinh(λ)
sinh(λ−iγ) 0

0 0 0 1











~ξ = { ξ−, ξ+, ..., ξ+ },

T(λ|~ξ) = R01(λ− ξ1)R02(λ− ξ2)... ...R0N(λ− ξN) =

(

A(λ) B(λ)
C(λ) D(λ)

)
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T(λ|~ξ) = R01(λ− ξ1)R02(λ− ξ2)... ...R0N(λ− ξN) =

(

A(λ) B(λ)
C(λ) D(λ)

)

Integrability: T (λ|~ξ) = Tr0 T(λ|~ξ) commute
[

T (λ|~ξ), T (λ′|~ξ)
]

= 0

conserved charges U± = T (ξ±|~ξ) = e
i2a(H±P )

H P

Eigenvectors: |~λ〉 = B(λ1)B(λ2) ...B(λm) |0〉,

Bethe Ansatz: Alternating inhomogeneities
N
∏

i=1

sinh(λa−ξi−iγ)
sinh(λa−ξi)

m
∏

b=1

sinh(λa−λb+iγ)
sinh(λa−λb−iγ) = −1 ξ± = ±γ

πΛ− iγ2

Grd st. N
2 roots λ Exc. st. +holes: λ



Prologue: QFT as a continuum limit

Counting function (−1)δ ei Zλ(λ) =
N
∏

i=1

sinh(λ−ξi−iγ)
sinh(λ−ξi)

m
∏

b=1

sinh(λ−λb+iγ)
sinh(λ−λb−iγ)

Bethe Ansatz: ei Zλ(λa) = −1 take δ = 0 and redefine ZN(θ) = Zλ(
γ
π
θ), which satisfies

ZN(θ) = N
2

{

arctan [sinh(θ − Λ)]+
arctan [sinh(θ +Λ)]

}

+
mH
∑

k=1

χ(θ−θk)+2ℑm
∞
∫

−∞
dθ′

2πi
G(θ−θ′−iη) ln

(

1+ ei ZN(θ′+iη)
)

[Klümper, Pearce, Destri, de Vega,...] G(θ) = −i∂θ logS(θ) =
∞
∫

−∞
dω e−i ωθ

sinh(
(p−1) πω

2
)

2 cosh(
πω
2

) sinh(
p π ω
2

)

3



Prologue: QFT as a continuum limit

Counting function (−1)δ ei Zλ(λ) =
N
∏

i=1

sinh(λ−ξi−iγ)
sinh(λ−ξi)

m
∏

b=1

sinh(λ−λb+iγ)
sinh(λ−λb−iγ)

Bethe Ansatz: ei Zλ(λa) = −1 take δ = 0 and redefine ZN(θ) = Zλ(
γ
π
θ), which satisfies

ZN(θ) = N
2

{

arctan [sinh(θ − Λ)]+
arctan [sinh(θ +Λ)]

}

+
mH
∑

k=1

χ(θ−θk)+2ℑm
∞
∫

−∞
dθ′

2πi
G(θ−θ′−iη) ln

(

1+ ei ZN(θ′+iη)
)
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QFT = Scaled continuum limit N →∞: Λ = ln 4
M a

= ln 2N
ML
→∞

Z(θ) =ML sinh θ− i
mH
∑

k=1
logS(θ− θk)+

∞
∫

−∞
dθ′
2πi G(θ− θ′− iη) ln

(

1+ ei Z(θ′+iη)
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E ± P =M ∑mH
k=1 e±θk ∓ 2Mℜe

∞
∫

−∞
dθ
2πi e

±θ+iη ln
(

1 + ei Z(θ+iη)
)

λ
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2πi e

±θ+iη ln
(

1 + ei Z(θ+iη)
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λ

large volume equation: eiZ(θk) = eiML sinh θk
∏mH
j=1 S(θk − θj) = −1

relativistic energy spectrum: E =
∑mH

j=1M cosh θk



Prologue: QFT finite volume form factors

topological charge Q =
∑

n(σ
z
2n + σz2n−1)←→

∫L
0 J0(x, t)dx =

∫L
0 ∂xΦ(x, t)dx

we need the continuum limit of 〈σzn〉λ =
〈~λ|σz

n|~λ〉
〈~λ|~λ〉 emptiness formation prob.
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we need the continuum limit of 〈σzn〉λ =
〈~λ|σz

n|~λ〉
〈~λ|~λ〉 emptiness formation prob.

QIS: en = 1
2(1n − σzn) =

n−1
∏

i=1
(A+D)(ξi) D(ξn)

N
∏

i=n+1
(A+D)(ξi)

Slavnov: 〈~µ|~λ〉 = detH(~µ|~λ)
∏

j>k
sinh(µk−µj) sinh(λj−λk)

Gaudin: 〈~λ|~λ〉 =
∏

j,k sinh(λj−λk−i γ)
∏

j>k
sinh(λk−λj) sinh(λj−λk) · detΦ(~λ) Φab(

~λ) = −i ∂
∂λb

Zλ(λa|~λ)

leads to 〈en〉λ =
m
∑

A=1

(

Φ−1(~λ) · Ĥ(~µ(A)|~λ)
)

AA
=

m
∑

a=1

m
∑

b=1
Φ−1ab (~λ)Vb =

∑m
a=1 Sa

solve:
m
∑

b=1
Φab(

~λ)Sb = Va → integral equation



Prologue: QFT finite volume form factors

topological charge Q =
∑

n(σ
z
2n + σz2n−1)←→

∫L
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[Hegedűs 17] λ

S(λ) = −π
γ

1

cosh
(

π
γ (λ−ρn)

)+2ℑm
∞
∫

−∞
dλ′Gλ(λ− λ′+ i η)S(λ′+ i α η) ei Zλ(λ

′+iη)

1+ ei Zλ(λ
′+iη)

1
2〈σzn〉λ = − 1

2(1−γ
π)

{

2ℑm
∞
∫

−∞
dλ
2π S(λ+ iη) ei Zλ(λ+iη)

1+ ei Zλ(λ+iη)

}



Prologue: QFT finite volume form factors

topological charge Q =
∑

n(σ
z
2n + σz2n−1)←→

∫L
0 J0(x, t)dx =

∫L
0 ∂xΦ(x, t)dx

we need the continuum limit of 〈σzn〉λ =
〈~λ|σz

n|~λ〉
〈~λ|~λ〉 emptiness formation prob.

[Hegedűs 17] λ
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∫
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2ℑm
∞
∫

−∞
dλ
2π S(λ+ iη) ei Zλ(λ+iη)

1+ ei Zλ(λ+iη)

}

In the continuum limit the volume expansion is like the LeClair-Mussardo
formula

〈Jµ(x)〉0 =
∞
∑

n=0

∞
∑

m=0

1

n!m!

∫ N
∏

i=1

dθi
2π

n
∏

i=1

ei Zλ(λ+iη)

1+ ei Zλ(λ+iη)

N
∏

i=n+1

e−i Zλ(λ−iη)

1 + e−i Zλ(λ−iη)
×

F
Jµ
c (θ1+i η, ..., θn+i η, θn+1−i η, ..., θN−i η)



Sine-Gordon/massive Thirring duality

LSG =
1

2
∂νΦ∂νΦ+

m2

β2
: cos (βΦ) : 0 < β2 < 8π,

g

L

+  loop corrections

perturbative Thirring model

+ perturbative corrections

Semiclassical sine−Gordon theory

Classical sine−Gordon theory

Lu
sc

he
r 

co
rr

ec
tio

n

B
et

he
−

Y
an

g 
eq

ua
tio

ns

S
 −

 m
at

rix
, m

as
se

s 

Quantum sine−Gordon theory

Massive Thirring model

Finite size corrections strong-weak duality:

1 + g
4π = 4π

β2 = p+1
2p

LMT = Ψ̄(iγν∂ν +m0)Ψ−
g

2
Ψ̄γνΨΨ̄γνΨ
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Perturbative QFT: sinh-Gordon
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Perturbative QFT: sinh-Gordon

The simplest interacting QFT in 1+1 D: L = 1
2(∂tϕ)

2−1
2(∂xϕ)

2−m2

b2
(cosh bϕ− 1)

interesting observables: finite size spectrum, 1 2 n...
p p p

finite size correlatorsL〈0|O(it)O(0)|0〉L =
∑

n |L〈0|O(0)|n〉L|2e−Ent

(0,0)

(0,it)

1 2

...
n

p p p
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∫

d2xje
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{

∂2t − ∂2x +m2
}

amputates a leg + puts it onshell
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S(θ) = 1− 1
4ib

2cschθ − b4(cschθ(πcschθ−i))
32π + ib6cschθ(πcschθ−i)2

256π2 +O
(

b8
)

Mandelstam variable s = 4m2 cosh2 θ
2 where θ = θ1−θ2 rapidity: pi = m sinh θi
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The simplest interacting QFT in 1+1 D: L = 1
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{
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Consequence: perturbative definition, calculational tool: [Arefyeva et al]

S(θ) = 1− 1
4ib

2cschθ − b4(cschθ(πcschθ−i))
32π + ib6cschθ(πcschθ−i)2

256π2 +O
(

b8
)

Mandelstam variable s = 4m2 cosh2 θ
2 where θ = θ1−θ2 rapidity: pi = m sinh θi

known analytical properties: unitarity, crossing S(θ) = S(−θ)−1 = S(iπ − θ)



S-matrix bootstrap
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Infinite volume → crossing symmetry, θ → iπ − θ in rapidity
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S-matrix bootstrap

S-matrix bootstrap: Calculate the two particle S-matrix [Zamolodchikov2 ’79,Dorey]

Infinite volume → crossing symmetry, θ → iπ − θ in rapidity

(E(θ), p(θ)) = m(cosh θ, sinh θ)

θ
θ θ21 θ 2 θ 1−i

i π−θ

π θ θ21

−θ

S(θ1 − θ2) = S(θ) = S(iπ − θ) = S(−θ)−1 :

Simplest solution:
sinh-Gordon

S(θ) = sinh θ−i sin a
sinh θ+i sin a

a = πb2

8π+b2



Spectral problem

Finite volume spectrum

p

2
p

n

p
1
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∑
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Main contribution:
finite density ρ, ρh

Large volume: Bethe-Yang can be used

pjR+
∑

k
1
i
logS(pj, pk) = (2n+1)π −→ R+

∫

(−idp logS(p, p′))ρ(p
′
)dp

′
= 2π(ρ+ ρh)

Z(L,R) =
∫

d[ρ, ρh]e
−LE(R)−

∫

((ρ+ρh) ln(ρ+ρh)−ρ ln ρ−ρh ln ρh)dp



Spectral problem

Finite volume spectrum

p

2
p

n

p
1

L

E

0

2m

m

S
−

m
at

rix

Bethe−YangLuscherCFT

Polynomial volume corrections:

E(p1, . . . , pn) =
∑

iE(pi)

Bethe-Yang; pi quantized: eipjLS(pj, p1) . . . S(pj, pn) = 1

pjL+
∑

k
1
i logS(pj, pk) = (2n+1)π

p2π
L

Ground-state energy from
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Z(L,R) =R→∞ Tr(e−H(L)R) = e−E0(L)R + ...

L

e
−H(L)R

R

Exchange space and Euclidian time

Z(L,R) =R→∞ Tr(e−H(R)L) =R→∞
∑

n e−En(L)R

L

R
e
−H(R) L

Main contribution:
finite density ρ, ρh

Saddle point : ǫ(p) = ln
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∫ dp
2πidp logS(p′, p) log(1 + e−ǫ(p

′
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Ground state energy exactly: E0(L) = − ∫ dp
2π log(1 + e−ǫ(p)) [Zamolodchikov]
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Correlation functions: [Smirnov, Karowszki] 〈0|O(it)O(0)|0〉 =
∑

n
1
n!

∫ dθ1
2π · · ·

∫ dθn
2π |〈0|O(0)|θ1, . . . , θn〉|2e−m(

∑

i cosh θi)t
(0,0)

(0,it)

Σ
θ1 θ 2

...
θ n

n

Form factor bootstrap:

θ θ1 n
... ...θθ i i+1 θ 2

... θnθ1

θ1−2iπ

= θ θ1 n
... ...θ i θ i+1〈0|O|θ1,. . . ,θn〉 =

F(θ1, . . . , θn) = F(θ2, . . . , θn, θ1−2iπ〉 = S(θi−θi+1)F(θ1, . . . , θi+1, θi, . . . , θn)

Singularity stucture

θ θ ...+iπθ 1 θn

−i Res
θ = θ

θ θ θ...
n+iπθ 1 θ θ θ...

n+iπθ 1

−iResθ′=θF(θ′+ iπ, θ, θ1 . . . , θn) = (1−∏i S(θ − θi))F(θ1, . . . , θn)

Solution for sinh-Gordon: f(θ1 − θ2) = e(D+D−1)−1 logS ; Df(θ) = f(θ + iπ)
[Fring, Mussardo, Simonetti]



Finite volume form factors

Finite volume state |{θi}〉L ≡ |{ni}〉
p

2
p

n

p
1

Polynomial volume corrections: Qj = p(θj)L+
∑

k
1
i logS(θj− θk) = (2nj +1)π

p2π
L
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′
m,θn,...,θ1)√

ρnρ′m
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BY: Q1 = p1L− i logS(θ1− θ2) = 2πn1 and Q1 = p2L− i logS(θ2− θ1) = 2πn2



Finite volume form factors

Finite volume state |{θi}〉L ≡ |{ni}〉
p

2
p

n

p
1

Polynomial volume corrections: Qj = p(θj)L+
∑

k
1
i logS(θj− θk) = (2nj +1)π

p2π
L

Normalization of states: |{ni}〉 = |{θi}〉√
ρn({θi})

where ρn = det|∂iQj|

Nondiagonal FF: 〈θ′1, . . . , θ′m|O|θn, . . . , θ1〉L =
Fn+m(θ̄′1,...,θ̄

′
m,θn,...,θ1)√

ρnρ′m
+O(e−mL)

[proved Pozsgay,Takacs] crossing θ̄ = θ+ iπ

Diagonal FF: 〈θ1, . . . , θn|O|θn, . . . , θ1〉L =

∑

α∪ᾱ F c
αρᾱ

ρn
+O(e−mL)

[conjectured Pozsgay, Takacs] where ρα = det|∂αiQαj |

〈θ1, θ2|O|θ2, θ1〉L =
F c
2(θ1,θ2)+ρ1(θ1)F

c
1(θ2)+ρ1(θ2)F

c
1(θ1)+F0ρ2(θ1,θ2)

ρ2(θ1,θ2)

ρ2(θ1, θ2) =

∣

∣

∣

∣

E1L+ φ −φ
−φ E2L+ φ

∣

∣

∣

∣

= E1E2L2 + φ(E1 +E2)L φ(θ) = −i∂θ logS(θ)

and ρ1(θ1) = E1L+ φ ; ρ1(θ2) = E2L+ φ



Connected form factors

We need F(θ̄1 + ǫ1, . . . , θ̄n + ǫn, θn, . . . , θ1)
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We need F(θ̄1 + ǫ1, . . . , θ̄n + ǫn, θn, . . . , θ1)

BUT: kinematical singularity: F(θ̄+ǫ, θ, θ1 . . . , θn) = i
ǫ(1−

∏

i S(θ−θi))F(θ1, . . . , θn)

F(θ̄1 + ǫ1, . . . , θ̄n + ǫn, θn, . . . , θ1) =

∑

ai1...inǫi1...ǫin
ǫ1...ǫn

+O(ǫ)

Connected form factor: F c(θ1, . . . , θk) = n!a12...n ǫ-independent part

Graphical representation: F(θ̄1 + ǫ1, . . . , θ̄n + ǫn, θn, . . . , θ1) =
∑

graphs Fgraphs
[Pozsgay,Takacs]

graphs: oriented, tree-like, at each vertex only at most one outgoing edge

contributions: (i1, . . . , ik) with no outgoing edges F c(θi1, . . . , θik),
for each edge from i to j : factor

ǫj
ǫi
φ(θi − θj),

1 2 1 2 1 2

which gives F4(θ̄1+ ǫ1, θ̄2+ ǫ2, θ2, θ1) = F c
4(θ1, θ2)+

ǫ1
ǫ2
φ12F

c
2(θ1)+

ǫ2
ǫ1
φ21F

c
2(θ2)



Proof of
∑

α∪ᾱF c
αρᾱ

ρn

Idea: take 〈θ, θ′1, . . . , θ′n|O|θn, . . . , θ1〉L =
F2n+1(θ̄,θ̄

′
1,...,θ̄

′
n,θn,...,θ1)√

ρn+1ρn
and θ →∞
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+ ǫ2

ǫ1
φ21

δ2
ǫ2
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4(θ1, θ2) + ρ1(θ2)F

c
2(θ1) + ρ1(θ1)F

c
2(θ2) + ρ2(θ1, θ2)



Proof of LM

13



Proof of LM

LeClair-Mussardo formula

from thermal evaluation:

〈0|O|0〉L =R→∞ Tr(Oe−H(L)R)/Z(L,R) + ...

L

e
−H(L)R

R



Proof of LM

LeClair-Mussardo formula

from thermal evaluation:
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Saddle point : ǫ(p) = ln
ρh(p)
ρ(p) ǫ(θ) = E(θ)L− ∫ dθ

2πφ(θ − θ′) log(1 + e−ǫ(θ
′
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Finite volume expectation value: 〈O〉L =
∑

n
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n!

∏n
j=1

∫ dθi
2π

e−ǫ(θ)
1+e−ǫ(θ)

F c(θ1, . . . , θn)

[LeClair-Mussardo] excited states [Pozsgay]



AdS/CFT correspondence (Maldacena 1998)
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2D integrable QFT

spectrum: Q = 1,2, . . . ,∞ dispersion: ǫQ(p) =

√

Q2 + λ
π2 sin

2 p
2

Exact scattering matrix: SQ1Q2
(p1, p2, λ)



How integrability works:
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String interaction, 3pt functions
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Decompactification limit of the string vertex
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Singularity stucture
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θ θ θ...
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ipL

−iResθ′=θNL(θ
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∏

i S(θ−θi))NL(θ1, . . . , θn)
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HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: CHHL =
∫

world sheet V(X[heavy solution(σ, τ)])d2σ

for multiparticle state: CHHL =
∫

moduli space {yi} V(X[heavy solution(yi)])d
ny

classical diagonal form factors:

L〈θ2, θ1|V|θ1, θ2〉L =
F s
2(θ1,θ2)+ρ1(θ1)F

s
1(θ2)+ρ1(θ2)F

s
1(θ1)

ρ2(θ1,θ2)

Explicitly checked at weak coupling [Hollo, Jiang, Petrovskii],
checked from hexagon [Basso, Komatsu, Vieira] by [Jiang]


