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F (L) = dE0(L)
dL

N = 4 D=4 SU(N) SYM
Ψ1,2,3,4

↗ ↘
Aµ Φ1,2,3,4,5,6

↘ ↗
Ψ1,2,3,4

O = Tr(Φ...Φ) det(Φ...Φ)

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)

Planar Casimir energy E0(L)≡ ∆n(λ) anomalous dimensions of determinant type operators:

from finite size effects in (integrable) boundary QFT
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Hendrik Casimir (1909-2000) Gecko legs micro mechanical devices (Sandia)

Maritime analogy:
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Physics can be understood in 1+1 D QFT

L

integrability helps to solve the problem even exactly→ large volume expansion in any D
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Lagrangian: L = 1
2
(∂φ)2−µ(cosh bφ− 1)− δ

[
µB+e

b

2
φ + µB−e

− b

2
φ
] √

µ
sin b2 cosh b2(η ±Θ) = µB±

Integrability→factorizability: |θ1, θ2, . . . , θn〉B =
∏
i<j S(θi−θj)S(θi+θj)

∏
iR(θi)|−θ1,−θ2, . . . ,−θn〉B
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quantization condition: m sinh θk = 2π
R

∑
k → Rm

4π

∫
dθ cosh θ

E0(L) = −
∫ m cosh θdθ

4π R(iπ2 − θ)R(iπ2 + θ) e−2mL cosh θ; Z.B, L. Palla, G. Takacs ’04-’08

Ground state energy exactly: E0(L) = −m
∫ dθ

4π cosh(θ) log(1 + e−ε(θ))

ε(θ) = 2mL cosh θ − log(R(iπ2 − θ)R(iπ2 + θ))

−
∫ dθ′

2πϕ
′(θ − θ′) log(1 + e−ε(θ

′)) LeClair, Mussardo, Saleur, Skorik
L

R R



Casimir effect: Boundary finite size effect

11



Casimir effect: Boundary finite size effect

Extension to higher dimensions: ~k‖ label

k

k

L

Dispersion ω =
√
m2 + ~k2

‖ + k2
⊥ =

√
m2

eff + k2
⊥

rapidity ω = meff(k‖) cosh θ, k⊥ = meff(k‖) sinh θ

Reflection R(θ,meff(k‖))



Casimir effect: Boundary finite size effect

Extension to higher dimensions: ~k‖ label

k

k

L

Dispersion ω =
√
m2 + ~k2

‖ + k2
⊥ =

√
m2

eff + k2
⊥

rapidity ω = meff(k‖) cosh θ, k⊥ = meff(k‖) sinh θ

Reflection R(θ,meff(k‖))

Bstate: |B〉 =

{
1 +

∫ dD−1k‖
(2π)D−1

dθ
4πR(iπ2 − θ,meff(k‖))A+(−θ,−~k‖)A+(θ,~k‖) + ...

}
|0〉



Casimir effect: Boundary finite size effect

Extension to higher dimensions: ~k‖ label

k

k

L

Dispersion ω =
√
m2 + ~k2

‖ + k2
⊥ =

√
m2

eff + k2
⊥

rapidity ω = meff(k‖) cosh θ, k⊥ = meff(k‖) sinh θ

Reflection R(θ,meff(k‖))

Bstate: |B〉 =

{
1 +

∫ dD−1k‖
(2π)D−1

dθ
4πR(iπ2 − θ,meff(k‖))A+(−θ,−~k‖)A+(θ,~k‖) + ...

}
|0〉

Ground state energy (for free bulk):

E0(L) =
∫ dD−1k‖

(2π)D−1
dθ
4π log(1 +R1(iπ2 + θ,meff)R2(iπ2 − θ,meff)e−2meff cosh θL)



Casimir effect: Boundary finite size effect

Extension to higher dimensions: ~k‖ label

k

k

L

Dispersion ω =
√
m2 + ~k2

‖ + k2
⊥ =

√
m2

eff + k2
⊥

rapidity ω = meff(k‖) cosh θ, k⊥ = meff(k‖) sinh θ

Reflection R(θ,meff(k‖))

Bstate: |B〉 =

{
1 +

∫ dD−1k‖
(2π)D−1

dθ
4πR(iπ2 − θ,meff(k‖))A+(−θ,−~k‖)A+(θ,~k‖) + ...

}
|0〉

Ground state energy (for free bulk):

E0(L) =
∫ dD−1k‖

(2π)D−1
dθ
4π log(1 +R1(iπ2 + θ,meff)R2(iπ2 − θ,meff)e−2meff cosh θL)

QED: Parallel dielectric slabs (ε1,1, ε2)

reflections E‖,⊥, B‖,⊥ −→ R‖,⊥ look it up in Jackson:

R⊥(ω, k‖ = q) =
√
ω2−q2−

√
εω2−q2√

ω2−q2+
√
εω2−q2

R‖(ω, k‖ = q) = ε
√
ω2−q2−

√
εω2−q2

ε
√
ω2−q2+

√
εω2−q2



Casimir effect: Boundary finite size effect

Extension to higher dimensions: ~k‖ label

k

k

L

Dispersion ω =
√
m2 + ~k2

‖ + k2
⊥ =

√
m2

eff + k2
⊥

rapidity ω = meff(k‖) cosh θ, k⊥ = meff(k‖) sinh θ

Reflection R(θ,meff(k‖))

Bstate: |B〉 =

{
1 +

∫ dD−1k‖
(2π)D−1

dθ
4πR(iπ2 − θ,meff(k‖))A+(−θ,−~k‖)A+(θ,~k‖) + ...

}
|0〉

Ground state energy (for free bulk):

E0(L) =
∫ dD−1k‖

(2π)D−1
dθ
4π log(1 +R1(iπ2 + θ,meff)R2(iπ2 − θ,meff)e−2meff cosh θL)

QED: Parallel dielectric slabs (ε1,1, ε2)

reflections E‖,⊥, B‖,⊥ −→ R‖,⊥ look it up in Jackson:

R⊥(ω, k‖ = q) =
√
ω2−q2−

√
εω2−q2√

ω2−q2+
√
εω2−q2

R‖(ω, k‖ = q) = ε
√
ω2−q2−

√
εω2−q2

ε
√
ω2−q2+

√
εω2−q2

Lifshitz

formula



Conclusion about Casimir

12



Conclusion about Casimir

Usual derivation:

summing up zero freqencies

E0(L) = 1
2
∑
k(L) ω(k(L)) ∝ ∞

Complicated finite volume problem

+ divergencies



Conclusion about Casimir

Usual derivation:

summing up zero freqencies

E0(L) = 1
2
∑
k(L) ω(k(L)) ∝ ∞

Complicated finite volume problem

+ divergencies

as a boundary finite size effect

E0(L) = −
∫ dp̃

2π log(1 +R(−p̃)R(p̃)e−2E(p̃)L)

Reflection factor of the IR degrees of freedom:

semi infinite settings,

easier to calculate,

no divergences
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AdS/CFT correspondence (Maldacena 1997)

IIB superstring on AdS5 × S5

��

�
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�
�

M

S

AdS

4

5

5
YM

string

gravitation

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM
Ψ1,2,3,4

↗ ↘
Aµ Φ1,2,3,4,5,6

↘ ↗
Ψ1,2,3,4

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(Φ2), det( )
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(DΦ)2 + iΨD/Ψ + V

]
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[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(Φ2), det( )

Dictionary

Couplings:
√
λ = R2

α
′ , gs = λ

N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

strong↔weak
⇓

λ = g2
YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)
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AdS/CFT correspondence (Maldacena 1997)

IIB superstring on AdS5 × S5
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gaugeinvariants:O = Tr(Φ2), det( )
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AdS/CFT correspondence: confirmation

two particle states
EBPS(λ) = E0

S
5

p

−p

J

EK(λ) = 2E(p, λ)
dispersion relation

E(p, λ) =
√

1 + λ
π2(sin p

2)2

elastic scattering S(p,−p)
Bethe Ansatz: eipJS(p,−p) = 1

finite size corrections

E4 = ∆4 = −2496 + 576ζ3 − 1440ζ5

≡

Konishi anomalous dimension
Z = Φ1 + iΦ2, X = Φ3 + iΦ4

supersymmetric BPS operators

OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉
nonsupersymmetric operator: Konishi

OK = Tr(ZXZX + ...)↔ | ↑↓↑↓〉+ .
operator mixing

integrable spinchain

〈Oi(x)Oj(0)〉 =
δij

|x|2∆i(λ)

Bethe Ansatz + wrapping
∆(λ) = ∆(0) + λ∆1 + . . .+ λ4∆4+

perturbatively ∝ 105 diagrams
E4 = ∆4 = −2496 + 576ζ3 − 1440ζ5
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AdS/CFT correspondence: boundary

Z=0 brane: boundary vacuum
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EK(λ) = 2EBdry(λ)
dispersion relation

E(p, λ) =
√

1 + λ
π2(sin p

2)2

elastic reflection R(p)
Bethe Ansatz: ei2pJR(p)R(−p) = 1

finite size corrections

L

R R

∆E = −
∫ dp̃

2πR(−p̃)R(p̃)e−2E(p̃)L

≡

det operator anomalous dimension
Z = Φ5 + iΦ6, Y = Φ3 + iΦ4

“Z=0 vacuum”

O = ε
lm..nq
ij..kp Z
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| ↓↑↑ ... ↑↑↓〉
“Y=0 vacuum”

O = ε
lm..nq
ij..kp Y

i
l Y

j
m..Y

k
n (ZJ)pq

| ↑↑ ... ↑↑〉
operator mixing

integrable open spinchain

〈Oi(x)Oj(0)〉 =
δij

|x|2∆i(λ)

Z=0: Bethe Ansatz + wrapping
∆(λ) = ∆(0) + λ∆1 + . . .+ λ4∆4+

Y=0: Bethe Ansatz (Correa-Young ’09)
direct test from BA!
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