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(1918–1988)
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Fundamental interactions
interaction particles gauge theory

electromagnetic photon+electron U(1)

electroweak W±, Z µ,ν+Higgs SU(2)× U(1)

strong gluon+quarks SU(3)

Effective theories: solid state systems, statistical physics...

Strongly coupled gauge theories?

maximally supersymmetric gauge theory (harmonic oscillator) or QCD

interaction particles gauge theory

N = 4 SYM gluon+quarks+scalars SU(N)
↔ Lattice simulations

Finite size effects are unavoidable

IIB superstring on AdS5 × S5: finite J charge ↔ Finite size lattices



Finite size effects
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(324+864ζ3−1440ζ5)g8
conjectured multiparticle Lüscher correction [ZB,Janik]

E(θ1, . . . , θn) =
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im cosh(θi + δθi)

− ∫ dθ
2π cosh θ

(

∏

j S(θ − θj +
iπ
2 )− 1

)

e−mL cosh θ

Decay rates from the lattice or 3pt functions from strings

Finite size form factor corrections?

We will work in 1+1D integrable models as higher dimensional counter-

parts are conceptually the same



Motivation from AdS/CFT

IIB strings on AdS5 × S5 Integrability←−−−−−−−→ N = 4 SYM

finite volume
energy levels

O(x) = Tr(Φ(x)J) J: length

〈O(x)O(0)〉 = x−2∆(λ)

scaling dimensions

3

2 1

finite volume
form factors

3pt functions
〈O1O2O3〉 = C123(λ)
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S(θ) = 1− 1
4ib

2cschθ − b4(cschθ(πcschθ−i))
32π + ib6cschθ(πcschθ−i)2

256π2 +O
(

b8
)

Mandelstam s = 4m2 cosh2 θ
2
with θ = θ1 − θ2 rapidity: pi = m sinh θi

Analytical properties: unitarity, crossing S(θ) = S(−θ)−1 = S(iπ − θ) FF
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S-matrix bootstrap

S-matrix bootstrap: Calculate the two particle S-matrix [Zamolodchikov2]

Infinite volume → crossing symmetry, θ → iπ − θ in rapidity

(E(θ), p(θ)) = m(cosh θ, sinh θ)

θ
θ θ21 θ 2 θ 1−i

i π−θ

π θ θ21

−θ

S(θ1 − θ2) = S(θ) = S(iπ − θ) = S(−θ)−1 :

Simplest solution:
sinh-Gordon

S(θ) = sinh θ−i sin a
sinh θ+i sin a

a = πb2

8π+b2
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)dp
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F(θ1, . . . , θn) = F(θ2, . . . , θn, θ1−2iπ〉 = S(θi−θi+1)F(θ1, . . . , θi+1, θi, . . . , θn)

Singularity stucture

θ θ ...+iπθ 1 θn

−i Res
θ = θ

θ θ θ...
n+iπθ 1 θ θ θ...

n+iπθ 1

−iResθ′=θF(θ′+ iπ, θ, θ1 . . . , θn) = (1−∏

i S(θ − θi))F(θ1, . . . , θn)

Solution for sinh-Gordon: f(θ1−θ2) = e(D+D−1)−1 logS ; Df(θ) = f(θ+iπ)

[Fring, Mussardo, Simonetti]
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∣

∣

∣

∣

E1L+ φ −φ
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∣

∣

∣

∣
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BUT: kinematical singularity: F(θ̄+ǫ, θ, θ1 . . . , θn) = i
ǫ(1−

∏

i S(θ−θi))F(θ1, . . . , θn)

F(θ̄1 + ǫ1, . . . , θ̄n + ǫn, θn, . . . , θ1) =

∑

ai1...inǫi1...ǫin
ǫ1...ǫn

+O(ǫ)

Connected form factor: F c(θ1, . . . , θk) = n!a12...n ǫ-independent part

Graphical representation: F(θ̄1+ǫ1, . . . , θ̄n+ǫn, θn, . . . , θ1) =
∑

graphs Fgraphs
[Pozsgay,Takacs]

graphs: oriented, tree-like, at each vertex only at most one outgoing edge

contributions: (i1, . . . , ik) with no outgoing edges F c(θi1, . . . , θik),
for each edge from i to j : factor

ǫj
ǫi
φ(θi − θj),

1 2 1 2 1 2

which gives F4(θ̄1+ǫ1, θ̄2+ǫ2, θ2, θ1) = F c
4(θ1, θ2)+

ǫ1
ǫ2
φ12F

c
2(θ1)+

ǫ2
ǫ1
φ21F

c
2(θ2)
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Main contribution:
finite density ρ, ρh

we need 〈ρ, ρn|O|ρ, ρn〉 in a highly excited Bethe state [Pozsgay]

Large volume: asymptotic formula
∑

α∪ᾱ F c
αρᾱ

ρn
can be used as

∑

α∪ᾱ F c
αρᾱ

ρn
= F0+limn→∞

∫ dθ
2πF

c(θ)
ρn−1
ρn

+... giving F0+
∫ dθ
2πF

c(θ) e−ǫ(θ)
1+e−ǫ(θ)

+...

Saddle point : ǫ(p) = ln
ρh(p)
ρ(p) ǫ(θ) = E(θ)L− ∫ dθ

2πφ(θ − θ′) log(1 + e−ǫ(θ
′
))

Finite volume expectation value: 〈O〉L =
∑

n
1
n!

∏n
j=1

∫ dθi
2π

e−ǫ(θ)
1+e−ǫ(θ)

F c(θ1, . . . , θn)

[LeClair-Mussardo] diagonal FF: excited states [Pozsgay]

What about non-diagonal?



Lüscher correction for nondiagonal FFs: the method

Finite volume 2-point function: 〈O(x, t)O〉L =

∫

[Dφ]O(x,t)O(0,0)e−S[φ]
∫

[Dφ]e−S[φ]

in Fourier space: Γ(ω, q) = 1
L

∫L/2
−L/2 dx

∫∞
−∞ dt ei(ωt+qx)〈O(x, t)O〉L
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Finite volume LSZ: limω→iEN(L)(EN(L)+iω)Γ(ω, PN(L)) = |〈0|O|θ1, . . . , θN〉L|2

evaluating in the finite temperature channel

〈O(x, t)O〉L = Θ(x)Tr[O(0,t)e−HxOe−H(L−x)]
Tr[e−HL]

+

Θ(−x)Tr[OeHxO(0,t)e−H(L+x)]
Tr[e−HL]

Insert two complete systems of states:

(y,x)

(0,0)

ZΓ(ω, q) = 2π
L

∑

µ,ν |〈ν|O|µ〉|2e−EνLδ(Pµ − Pν + ω)

{

1
Eµ−Eν−iq +

1
Eµ−Eν+iq

}

Use asymptotic expressions. Do analytical continuation as ω → iEN(L)



1-particle energy and form factor from 2-pt function

Specify to a 1-particle pole Γ(ω, q) = F(q)2
E(q)+iω

+ ...

Exact 1-particle energy: E(q), form factor: F(q) = 〈0|O|q〉
(0,0)

(x,it)

q
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1-particle energy and form factor from 2-pt function

Specify to a 1-particle pole Γ(ω, q) = F(q)2
E(q)+iω
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Lüscher correction: Expand around the BY pole E(q) =
√

q2 +m2
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ω−iE(q) +
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ω−iE(q) + regular
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{

1+ L
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The main result: energy correction reproduced, form factor

q

(0,0)

F(q) =
√
2π

√

ρ
(1)
1

{

F1 +
∫∞
−∞ dθ F reg

3 (θ + iπ, θ, θ1 − iπ2)e
−mL cosh θ + . . .

}

F reg
3 (θ, θ1, θ2) = F3(θ, θ1, θ2)− iF1

θ−θ1−iπ [1− S(θ1 − θ2)] + iF1
2 S′(θ1 − θ2)

density of states at Lüscher order: ρ
(1)
1 from Lüscher quantization



AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter
5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −++++− = −R2

R2

α′
∫

dτdσ
4π

(

∂aXM∂aXM + ∂aY M∂aYM

)

+ . . .

≡

N = 4 D=4 SU(N) SYM

2
g2
Y M

∫

d4xTr
[

−1
4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ+ V

]

V (Φ,Ψ) = 1
4
[Φ,Φ]2 +Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
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2D integrable QFT

spectrum: Q = 1,2, . . . ,∞ dispersion: ǫQ(p) =
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Exact scattering matrix: SQ1Q2
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Singularity stucture
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The string vertex for L1 = 0: diagonal form factor

18



The string vertex for L1 = 0: diagonal form factor

Decompactify string 2 & 3 but L1 = 0:

3

2 1



The string vertex for L1 = 0: diagonal form factor

Decompactify string 2 & 3
2 1

3 3

2 1

2

3

1



The string vertex for L1 = 0: diagonal form factor

Decompactify string 2 & 3
2 1

3 3

2 1

2

3

1

Local operator form factor equations:

N0(θ1, . . . , θn〉 = N0(θ2, . . . , θn, θ1 − 2iπ〉 = S(θi − θi+1)N0(. . . , θi+1, θi, . . . )

−iResθ′=θN0(θ
′+ iπ, θ, θ1 . . . , θn) = (1−∏

i S(θ− θi))N0(θ1, . . . , θn)



The string vertex for L1 = 0: diagonal form factor

Decompactify string 2 & 3
2 1

3 3

2 1

2

3

1

Local operator form factor equations:

N0(θ1, . . . , θn〉 = N0(θ2, . . . , θn, θ1 − 2iπ〉 = S(θi − θi+1)N0(. . . , θi+1, θi, . . . )

−iResθ′=θN0(θ
′+ iπ, θ, θ1 . . . , θn) = (1−∏

i S(θ− θi))N0(θ1, . . . , θn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: CHHL =
∫

world sheet V(X[heavy solution(σ, τ)])d2σ



The string vertex for L1 = 0: diagonal form factor

Decompactify string 2 & 3
2 1

3 3

2 1

2

3

1

Local operator form factor equations:

N0(θ1, . . . , θn〉 = N0(θ2, . . . , θn, θ1 − 2iπ〉 = S(θi − θi+1)N0(. . . , θi+1, θi, . . . )

−iResθ′=θN0(θ
′+ iπ, θ, θ1 . . . , θn) = (1−∏

i S(θ− θi))N0(θ1, . . . , θn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: CHHL =
∫

world sheet V(X[heavy solution(σ, τ)])d2σ

for multiparticle state: CHHL =
∫

moduli space {yi} V(X[heavy solution(yi)])d
ny
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Decompactify string 2 & 3
2 1
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Local operator form factor equations:

N0(θ1, . . . , θn〉 = N0(θ2, . . . , θn, θ1 − 2iπ〉 = S(θi − θi+1)N0(. . . , θi+1, θi, . . . )

−iResθ′=θN0(θ
′+ iπ, θ, θ1 . . . , θn) = (1−∏

i S(θ− θi))N0(θ1, . . . , θn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: CHHL =
∫

world sheet V(X[heavy solution(σ, τ)])d2σ

for multiparticle state: CHHL =
∫

moduli space {yi} V(X[heavy solution(yi)])d
ny

classical diagonal form factors:

L〈θ2, θ1|V|θ1, θ2〉L =
F s
2(θ1,θ2)+ρ1(θ1)F

s
1(θ2)+ρ1(θ2)F

s
1(θ1)

ρ2(θ1,θ2)

Explicitly checked at weak coupling [Hollo, Jiang, Petrovskii],
checked from hexagon [Basso, Komatsu, Vieira] by [Jiang]


