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F (L) = dE0(L)
dL =

d
∑
k(L) ω(k(L))

2dL

E0(L) = −
∫ dp̃
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Physics can be understood in 1+1 D QFT
L

integrability helps to solve the problem even exactly
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Conclusion about Casimir

Usual derivation:

summing up zero freqencies

E0(L) = 1
2
∑
k(L) ω(k(L)) ∝ ∞

Complicated finite volume problem

+ divergencies

as a boundary finite size effect

E0(L) = −
∫ dp̃

2π log(1 +R(−p̃)R(p̃)e−2ε̃(p̃)L)

Reflection factor of the IR degrees of freedom:

semi infinite settings,

easier to calculate,

no divergences



Main problem: q − q̄ potential in N = 4 SYM

L
q q

T

〈W 〉 = e−
T
LVqq̄(λ)

extra dimension

quark

space
time

anti−quark

L

= e−TE0(L,λ)

9



AdS/CFT correspondence (Maldacena 1997)

The Illusion of Gravity - Juan Maldacena, Scientific American (2005)
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AdS/CFT correspondence (Maldacena 1997)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter

5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM
Ψ1,2,3,4

↗ ↘
Aµ Φ1,2,3,4,5,6

↘ ↗
Ψ1,2,3,4

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(ΦL), det( )
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Couplings:
√
λ = R2

α
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N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

strong↔weak
⇓
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YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
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Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .



AdS/CFT correspondence (Maldacena 1997)

IIB superstring on AdS5 × S5

time

space

extra dimension

anti de Sitter

5D

space

5D sphere

4D
Minkowski 

space

∑6
1 Y

2
i = R2 −+ + + +− = −R2

R2

α′
∫
dτdσ
4π

(
∂aXM∂aXM + ∂aY M∂aYM

)
+ . . .

≡

N = 4 D=4 SU(N) SYM
Ψ1,2,3,4

↗ ↘
Aµ Φ1,2,3,4,5,6

↘ ↗
Ψ1,2,3,4

2
g2
YM

∫
d4xTr

[
−1

4
F 2 − 1

2
(DΦ)2 + iΨD/Ψ + V

]
V (Φ,Ψ) = 1

4
[Φ,Φ]2 + Ψ[Φ,Ψ]

β = 0 superconformal
PSU(2,2|4)

SO(5)×SO(1,4)
gaugeinvariants:O = Tr(ΦL), det( )
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Couplings:
√
λ = R2

α
′ , gs = λ

N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

strong↔weak
⇓

λ = g2
YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)

Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .

2D integrable QFT



AdS/CFT integrability: q − q̄ potential

quark-antiquark potential

extra dimension

quark

space
time

anti−quark

L

V (L) = −λ
4πL + . . .

≡

Wilson loop:

〈Pe
∮
C Aµdx

µ+~Φ~n|ẋ|ds〉 ∝ e−
T
LVqq̄(λ,θ)

strong coupling

V (r) = −4π2
√

2λ
Γ(1

4)4
1
L(1− 1.3359√

λ
+ . . .)

minimal surface+fluctuations

Integrable system on the strip

quark

time
space

E0(L) =
∫ dk̃

2π log(1−R−(k̃)R+(−k̃)e−ε̃(k̃))
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R-matrix bootstrap program

Boundary asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p

1 > p
n>0
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R-matrix bootstrap program

Boundary asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p

1 > p
n>0

Lorentz→ E =
∑
iE(pi)

dispersion relation E(p) =
√
m2 + p2

Reflection matrix R: |out〉 → |in〉
commutes with sym. [R,∆(Q)] = 0
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p
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R-matrix bootstrap program

Boundary asymptotic states |p1, p2, . . . , pn〉in/out
form a representation of global symmetry: p

1 > p
n>0

Lorentz→ E =
∑
iE(pi)

dispersion relation E(p) =
√
m2 + p2

Reflection matrix R: |out〉 → |in〉
commutes with sym. [R,∆(Q)] = 0

1 > p
n>0

R

p

1
p

p
n

∆(   )

∆(   )

Q

Q

Higher spin concerved charge

factorization + Bdry Yang-Baxter equation

R12 = S12R1S̄21R2 = R2S̄21R1S12

1
p

1
p

p
2

2
p

1
p

1
p

p
2

p
2

R-matrix = scalar . Matrix

Unitarity R(p)R(−p) = Id

Boundary crossing symmetry R(p) = S(p,−p)R(p̄)

Maximal analyticity: all poles have physical origin→ boundstates, anomalous thresholds



R-matrix bootstrap program: AdS

Nondiagonal scattering: R-matrix = scalar . Matrix
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R-matrix bootstrap program: AdS

Nondiagonal scattering: R-matrix = scalar . Matrix

R-matrix: [Correa-Maldacena-Sever,Drukker]

global symmetry PSU(2|2)diag

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[R,∆(Q)] = 0

1 > p
n>0

R

p

1
p

p
n

∆(   )

∆(   )

Q

Q



R-matrix bootstrap program: AdS

Nondiagonal scattering: R-matrix = scalar . Matrix

R-matrix: [Correa-Maldacena-Sever,Drukker]

global symmetry PSU(2|2)diag

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[R,∆(Q)] = 0

1 > p
n>0

R

p

1
p

p
n

∆(   )

∆(   )

Q

Q

R
ββ̇
αα̇(p) = S

ββ̇
αα̇(p,−p)R0(p)



R-matrix bootstrap program: AdS

Nondiagonal scattering: R-matrix = scalar . Matrix

R-matrix: [Correa-Maldacena-Sever,Drukker]

global symmetry PSU(2|2)diag

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[R,∆(Q)] = 0

1 > p
n>0

R

p

1
p

p
n

∆(   )

∆(   )

Q

Q

R
ββ̇
αα̇(p) = S

ββ̇
αα̇(p,−p)R0(p)

Unitarity

R(z)R(−z) = 1

Crossing symmetry

R(z) = S(z,−z)R(ω2 − z)

R0(p) = σB(p)
σ(p,−p)

σB = eiχ(x+)−iχ(x−)

boundary dressing phase

χ(x) =
∮ dz

2π
1
x−z

sinh(2πg(z+z−1))
2πg(z+z−1)



R-matrix bootstrap program: AdS

Nondiagonal scattering: R-matrix = scalar . Matrix

R-matrix: [Correa-Maldacena-Sever,Drukker]
global symmetry PSU(2|2)diag

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[R,∆(Q)] = 0

1 > p
n>0

R

p

1
p

p
n

∆(   )

∆(   )

Q

Q

R
ββ̇
αα̇(p) = S

ββ̇
αα̇(p,−p)R0(p)

Unitarity
R(z)R(−z) = 1
Crossing symmetry
R(z) = S(z,−z)R(ω2 − z)

R0(p) = σB(p)
σ(p,−p)

σB = eiχ(x+)−iχ(x−)

boundary dressing phase

χ(x) =
∮ dz

2π
1
x−z

sinh(2πg(z+z−1))
2πg(z+z−1)

Maximal analyticity: no boundstates
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Boundary thermodynamic Bethe Ansatz

Groundstate energy for large L from IR reflection: E0(L) =

− limR→∞
1
R log(Tr(e−H

B(L)R)) = − limR→∞
1
R log〈B|e−H(R)L|B〉

L

R

R

L

Boundary state |B〉 = exp
{∫∞
−∞

dq
4πR

b
a(q̄)CadA+

b (−q)A+
d (q)

}
|0〉

������������
������������
������������
������������

+ +1
������������
������������
������������
������������

++ 1

Folding trick:

[Correa,Maldacena,Sever ’12][Drukker ’12]

Ground state energy exactly: E0(L) = −
∑
Q
∫ dp̃

4π log(1 + e−εQ(p̃))

εj(p̃) = δ
j
Q(σQ(p̃) + 2ẼQ(p̃)L)−

∫
K
j
i (p̃, p̃′) log(1 + e−ε

i(p̃′))dp̃′



Regularized q − q̄ BTBA equations

Singular boundary fugacity: σQ(0) =∞, no-obvious weak coupling expansion

shifting countours→ regularization (extra source terms, ∼ excited state TBA)

logYQ = −2(f + Ψ)Q−Rε̃Q + logσQ +DQ′Q(iuQ′) + log(1 + YQ′) ?η K
Q′Q

+
[
2 log

(
1 + Yv|1

)
? s ?̂KyQ + 2 log(1 + Yv|Q−1) ? s− 2 log

1− Y−
1− Y+

?̂s ? K1Q
vx

+ log
1− 1

Y−

1− 1
Y+

?̂KQ + log(1−
1

Y−
)(1−

1

Y+
)?̂KyQ

]
logY−Y+ = 2Dxvs(iuQ)−DQ(iuQ)− log(1 + YQ) ?η KQ + 2 log(1 + YQ) ? KQ1

xv ? s+ 2 log
1 + Yv|1

1 + Yw|1
? s

log
Y+

Y−
= DQy(iuQ) + log(1 + YQ) ?η KQy

logYv|M = −Ds(iuM+1)− log(1 + YM+1) ?η s+ IMN log(1 + Yv|N) ? s+ δM1 log
1− Y−
1− Y+

?̂s

logYw|M = IMN log(1 + Yw|N) ? s+ δM1 log
1− 1

Y−

1− 1
Y+

?̂s

f = i(π − φ) ; Ψ = −i(π − φ) ; R = 2L

[ZB, Balog, Hegedus, Toth ’13]
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q − q̄ potential: weak coupling expansion

quark-antiquark potential

〈Pe
∮
C Aµdx

µ+~Φ~n0ZJPe
∮
C Aµdx

µ+~Φ~nθ〉

φ

Vqq̄(g, φ, θ) =
∑

Γkg
2k

Γ =
∑k
n=1(cosφ−cosh θ

sinφ )nγ(n)
k

γ(1)
1 = φ

2
; γ(1)

2 = φ
12

(φ2 − π2)

γ(2)
2 (0) = γ(2)′

2 (0) = 0

γ(2)′′
2 (φ) = φ

2
cotφ

≡

QMinimal surface

Wilson loop
strong coupling

V (r) = −4π2
√

2λ
Γ(1

4
)4

1
L

(1− 1.3359√
λ

+ . . .)

minimal surface+fluctuations
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