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∑
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By summing up: one complex integral equations C. Destri, H. de Vega
Nucl. Phys. B 358 (1991) 251.



Conclusion: bulk

11



Conclusion: bulk

exact E0(L, λ, m)



Conclusion: bulk

exact E0(L, λ, m) compare with



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence:



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2

Bulk energy εbulk(λ) = −1
4 tan( π

2λ) Gaps: m = 2M sin( π
2λ), M



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2

Bulk energy εbulk(λ) = −1
4 tan( π

2λ) Gaps: m = 2M sin( π
2λ), M



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2

Bulk energy εbulk(λ) = −1
4 tan( π

2λ) Gaps: m = 2M sin( π
2λ), M

-5

-4

-3

-2

-1

 0

 1

 2

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2

Bulk energy εbulk(λ) = −1
4 tan( π

2λ) Gaps: m = 2M sin( π
2λ), M

-5

-4

-3

-2

-1

 0

 1

 2

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5  0.55  0.6



Conclusion: bulk

exact E0(L, λ, m) compare with perturbative E0(L, µ, b)

Parameter correspondence: Al. B. Zamolodchikov:
Int.J.Mod.Phys. A 10 (1995)1125.

λ = 8π
b2

− 1 ; M(b, µ) =
2Γ( b2

16π−b2
)

√
πΓ( 4π

8π−b2
)

(

µ
πΓ(1− b2

8π)

2Γ( b2

8π)

)

4π
8π−b2

Bulk energy εbulk(λ) = −1
4 tan( π

2λ) Gaps: m = 2M sin( π
2λ), M

-5

-4

-3

-2

-1

 0

 1

 2

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5  0.55  0.6

Variation as a function of b2

8π



Motivation: boundary

12



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30
-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Bulk Boundary



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Ground state Eo(L) = M2 (. . . + εbound(M0, ϕ0)) + . . .Gap mbound(M0, ϕ0)



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Ground state Eo(L) = M2 (. . . + εbound(M0, ϕ0)) + . . .Gap mbound(M0, ϕ0)

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Ground state Eo(L) = M2 (. . . + εbound(M0, ϕ0)) + . . .Gap mbound(M0, ϕ0)

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

-1.166

-1.164

-1.162

-1.16

-1.158

-1.156

-1.154

-1.152

-1.15

 0  2  4  6  8  10



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Ground state Eo(L) = M2 (. . . + εbound(M0, ϕ0)) + . . .Gap mbound(M0, ϕ0)

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

-1.166

-1.164

-1.162

-1.16

-1.158

-1.156

-1.154

-1.152

-1.15

 0  2  4  6  8  10 -1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2  2.5  3



Motivation: boundary
Numerical spectrum of . . . + M0 cosh

(

b
2
(Φ(0) − ϕ0)

)

:
HB

M plotted against ML

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

Ground state Eo(L) = M2 (. . . + εbound(M0, ϕ0)) + . . .Gap mbound(M0, ϕ0)

-2

-1

 0

 1

 2

 3

 4

 0  5  10  15  20  25  30

-1.166

-1.164

-1.162

-1.16

-1.158

-1.156

-1.154

-1.152

-1.15

 0  2  4  6  8  10 -1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2  2.5  3

Variation as a function of M0 = 0,10 bϕ0
2 = 0, π



Idea for spin models

13



Idea for spin models

Isotropic spin model on a cylindrical lattice



Idea for spin models

Isotropic spin model on a cylindrical lattice

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....
1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....

B
B

B
B

BΤ   (Ν)
Τ  (Ν)

  Τ  (Ν)
Τ   (Ν)

Τ  (Ν)   



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

Rotation: T (M) = e−H(M) → Z(N, M) = 〈b1|T (M)N |bN〉 = 〈b1|e−NH(M)|bN〉



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

Rotation: T (M) = e−H(M) → Z(N, M) = 〈b1|T (M)N |bN〉 = 〈b1|e−NH(M)|bN〉

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....
1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....

T(M)
T(M)

T(M)
T(M)

T(M)



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

Rotation: T (M) = e−H(M) → Z(N, M) = 〈b1|T (M)N |bN〉 = 〈b1|e−NH(M)|bN〉

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....
1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....

T(M)
T(M)

T(M)
T(M)

T(M)

Thermodynamic limit M → ∞



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

Rotation: T (M) = e−H(M) → Z(N, M) = 〈b1|T (M)N |bN〉 = 〈b1|e−NH(M)|bN〉

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....
1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....

T(M)
T(M)

T(M)
T(M)

T(M)

Thermodynamic limit M → ∞

Saddle point Z(N, M) =
∑

n∈HM
〈b1|n〉〈n|bN〉e−NEn(M) → e−FB(N,M)



Idea for spin models

Isotropic spin model on a cylindrical lattice

Hamiltonian: HB(N) =
∑N

i=1 hi + b1 + bN

Transfer matrix T B(N) = e−HB(N)

Partition function: Z(N, M) = Tr(T B(N)M) = Tr(e−MHB(N))

Rotation: T (M) = e−H(M) → Z(N, M) = 〈b1|T (M)N |bN〉 = 〈b1|e−NH(M)|bN〉

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....
1 Ν2

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

...
..

1
2

Μ
1 .....

T(M)
T(M)

T(M)
T(M)

T(M)

Thermodynamic limit M → ∞

Saddle point Z(N, M) =
∑

n∈HM
〈b1|n〉〈n|bN〉e−NEn(M) → e−FB(N,M)

Ground state energy for all N , Z(N, M) → e−MEB
0 (N)+. . . → EB

o (N)



Adaptation for field theories

14



Adaptation for field theories

Field theory on the cylinder of size (L, β)



Adaptation for field theories

Field theory on the cylinder of size (L, β) β

0

0 L



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

β

0

0 L

T   (L)B



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

Rotation: T (β) = e−H(β) → Z(L, β) = 〈b0|T (β)L|bL〉 = 〈b0|e−LH(β)|bL〉



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

Rotation: T (β) = e−H(β) → Z(L, β) = 〈b0|T (β)L|bL〉 = 〈b0|e−LH(β)|bL〉

β

0

0 L

T(   )β



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

Rotation: T (β) = e−H(β) → Z(L, β) = 〈b0|T (β)L|bL〉 = 〈b0|e−LH(β)|bL〉

β

0

0 L

T(   )β

’Thermodynamic’ limit β → ∞



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

Rotation: T (β) = e−H(β) → Z(L, β) = 〈b0|T (β)L|bL〉 = 〈b0|e−LH(β)|bL〉

β

0

0 L

T(   )β

’Thermodynamic’ limit β → ∞

Saddle point Z(L, β) =
∑

n∈Hβ
〈b0|n〉〈n|bL〉e−En(β)L → e−FB(L,β)



Adaptation for field theories

Field theory on the cylinder of size (L, β)

Hamiltonian: HB(L) =
∫L
0 h(x)dx + b(0) + b(L)

Transfer matrix T B(L) = e−HB(L)

Partition function: Z(L, β) = Tr(T B(L)β) = Tr(e−βHB(L))

Rotation: T (β) = e−H(β) → Z(L, β) = 〈b0|T (β)L|bL〉 = 〈b0|e−LH(β)|bL〉

β

0

0 L

T(   )β

’Thermodynamic’ limit β → ∞

Saddle point Z(L, β) =
∑

n∈Hβ
〈b0|n〉〈n|bL〉e−En(β)L → e−FB(L,β)

Ground state energy for all L, Z(L, β) → e−EB
0 (L)β + . . . → EB

o (L)



Boundary sinh-Gordon model

+

15



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

+



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)

Multiparticle eigenstates with opposite rapidities :

{θi} = {θ1,−θ1, θ2,−θ2, . . . , θn,−θn}



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)

Multiparticle eigenstates with opposite rapidities :

{θi} = {θ1,−θ1, θ2,−θ2, . . . , θn,−θn}
0

L

v

m

i



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)

Multiparticle eigenstates with opposite rapidities :

{θi} = {θ1,−θ1, θ2,−θ2, . . . , θn,−θn}
0

L

v

m

i

Rapidities are determined by

m sinh(θi)L + δ(2θi) +
∑

[δ(θi − θj) + δ(θi + θj)] = 2πni



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)

Multiparticle eigenstates with opposite rapidities :

{θi} = {θ1,−θ1, θ2,−θ2, . . . , θn,−θn}
0

L

v

m

i

Rapidities are determined by

m sinh(θi)L + δ(2θi) +
∑

[δ(θi − θj) + δ(θi + θj)] = 2πni

Energy: E = 2
∑n

j=1 m cosh θi



Boundary sinh-Gordon model

Hamiltonian

Z.B., L. Palla, G. Takacs,
Nucl. Phys. B 622 (2002) 565.

HB =
∫L
0

{

1
2(Π)2 + 1

2(∂xΦ)2 + µ cosh(bΦ)
}

dx+M0 cosh
(

b
2(Φ(0) − ϕ0)

)

Reflection B(θ) → B(−θ) with amplitude R(θ, η,Θ) = eiδR(θ)

Matrix elements 〈b0|2n〉〈2n|bL〉 =
∏n

i R̄0(
iπ
2 − θi)RL(iπ

2 − θi)

Multiparticle eigenstates with opposite rapidities :
{θi} = {θ1,−θ1, θ2,−θ2, . . . , θn,−θn}

0
L

v

m

iRapidities are determined by

m sinh(θi)L + δ(2θi) +
∑

[δ(θi − θj) + δ(θi + θj)] = 2πni

Energy: E = 2
∑n

j=1 m cosh θi

Partition function Z(L, β) =
∑

{θi} e
−β

∑

i

(

2m cosh θi+log R̄0(
iπ
2 −θi)RL(iπ

2 −θi)
)
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ρh(θ)

ε(θ) = 2mL cosh(θ) +
∫

[δ
′
(θ − θ

′
) + δ

′
(θ + θ

′
)](1 + e−ε(θ

′
))dθ

′

Partition function Z(L, β) at the saddle point

Z = e−βF ; LF =
∫

cosh(θ)(1 + 2R̄0(
iπ
2 − θ)RL(iπ

2 − θ)e−ε(θ))dθ

Ground state energy exactly:

LE0(L) =
∫

cosh(θ)(1 + 2R̄0(
iπ
2 − θ)RL(iπ

2 − θ)e−ε(θ))dθ
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