
Introduction to General Relativity

Janos Polonyi

University of Strasbourg, Strasbourg, France

(Dated: December 20, 2023)

Video: https://drive.google.com/drive/folders/1Z2TKycQr-itlRpqlgjLqCprDoB6fB7rq?usp=sharing

Contents

I. First encounter 3

A. Equivalence principle 3

B. Comparison with electrodynamics 4

II. Classical field theories 5

A. Variational principle 6

1. Single point on the real axis 6

2. Non-relativistic point particle 7

3. Scalar field 8

B. Noether theorem 10

III. Gauge theories 14

A. Conflict with causality 15

B. Covariant derivative 16

C. Parallel transport 18

D. Field strength tensor 19

E. Classical electrodynamics 22

IV. Gravity 23

A. Classical field theory on curved space-time 23

B. Geometrical structure inferred from observations 25

C. Gauge group 25

D. Gauge theory of diffeomorphism 26

E. Metric admissibility 30

F. Technical details 32

G. Dynamics 33

https://drive.google.com/drive/folders/1Z2TKycQr-itlRpqlgjLqCprDoB6fB7rq?usp=sharing


2

V. Coupling to matter 34

A. Point particle in an external gravitational field 34

B. Interacting matter-gravity system 38

VI. Schwarzschild solution 39

A. Metric 39

B. Geodesics 42

C. Space-like hyper-surfaces 43

D. Around the Schwarzschild-horizon 44

VII. Homogeneous and isotropic cosmology 49

A. Robertson-Walker metric 49

B. Equation of motion 50

C. Doppler effect 53

D. Horizons 55

E. Evolution of the universe 55

VIII. Open questions 56



3

I. FIRST ENCOUNTER

A. Equivalence principle

• Two kinds of mass: inertial (min) and gravitational (Ugr = mgrU))

Two kinds of acceleration: dynamical (a), inertial (ain)

min(a− ain) = −mgr∇Ugr(x),

Lorand Eötvös (1906-09): min = mgr

• Weak Equivalence Principle: The world line of a small, free falling body is independent of its composition

or structure,

a− ain = −∇Ugr(x)

• Strong Equivalence Principle: Weak Equivalence Principle valid in the presence of other, non-

gravitational force, Fext,

m[a− ain +∇Ugr(x)] = Fext.

ր ր

• Common origin of inertial and gravitational forces?

1. Ugr(x) = gz ⇐⇒ z → z − g
2 t

2: weightless state in falling elevator

2. Homogeneous gravitational force can be eliminated by suitable coordinates

3. Inhomogeneous gravitational force =⇒ elmination can be made only locally

• Gravitational force ⇔ local aspects of the geometry of space and time

Three levels:

1. In a small enough region of the space-time it is impossible to detect the presence of a gravitational

field and the laws of physics reduce to those of Special Relativity in a suitable coordinate system.

2. The space-time and the physical laws can be made locally Lorentz-invariant.

3. Gravity as a gauge theory

• Equivalence principle is violated by O (~) quantum effects. e.g. spin

• Curvature:
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R

x

y

– The only characteristic classical quantity of the point particle, m, drops out from the gravitational

dynamics

– What determines then the particle trajectory? What is the origin of the gravitational force?

– Ever since Riemann: the curvature (radius of the sphere touching the trajectory)

R2 = x2 + (y −R)2 = y2 − 2yR+R2 + x2

0 = y2 − 2yR + x2

y =
1

2
(2R ±

√

4R2 − 4x2)→ R−R
√

1− x2

R2
︸ ︷︷ ︸

1− x2

2R2 +O
(

x4

R4

)

=
x2

2R
+O

(
x4
)

R =
1
d2y
dx2







> 0 above

< 0 below

– Free-fall:

x(t) = vt, y(t) = y0 −
g

2
t2 =⇒ y(x) = y0 −

g

2v2
x2

R = −v
2

g

Initial conditions in the dynamical law ???Z

– Einstein: trajectory in space-time

– Curvature of n-dimensional manifold:

1. Embedd locally into an n+ 1 dimensional Euclidean space

2. Linear approximation: tangent space

3. Quadratic approximation: quadratic form, eigenvalues =⇒ curvature components

B. Comparison with electrodynamics

• Similarity:

– Coulomb force: e and m̃ = m
√
G are coupling constants

FC = r
e1e2
r3

,
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– Newton’s gravitational law:

Fg = −rG
m1m2

r3
= −rm̃1m̃2

r3

• Differences:

– m > 0

– no screening

– gravity remains long range interaction

– modifies thermodynamics, e.g. black hole entropy

– Carriers: Aµ(x) (S = 1) vs. gµν(x) (S = 2 =⇒ m > 0)

– Time-dependen EM and gravitational forces are different

• Unification: gauge theory

II. CLASSICAL FIELD THEORIES

1. Why fields?

• Non-relativistic particles:

ma
d2xa(t)

dt2
= Fa(x1(t), . . . ,xN (t))

xa(ti) = xa,i,
dxa(t)

dt
= va,i

• Relativistic particles: ẋ(s) = dx
ds

maẍ
µ
a(sa) = Fµ

a (x1(s1), . . . , xN (sN ))

xµa(sa,i) = xµa,i, ẋµa(sa,i) = uµa,i, x0a(sa,i) = ti

• Problem:

(a) Formal origin:

i. ẋ2a(s) = 1 =⇒ 0 = ẋaẍa = ẋaFa =⇒ initial coniditions and E.O.M. mixed

ii. No-go theorem: no covariant function satisfies 0 = ẋaFa

(b) Physical origin: the instantaneous interaction spreads with infinitely large velocity

• Solution:

(a) Introduce dynamical degrees of freedom at each space point, φ(x), a field
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(b) Let the particle interact with the field variable at the same space point

(c) Self-interaction of the field =⇒ signal propagates causally (vprop ≤ c)

2. Mechanical toy model: chain of pendulums

● ● ● ● ●

a

r

r0

θ

A. Variational principle

1. Single point on the real axis

1. Problem: Identification xcl ∈ R in a reparametrization invariant manner

2. Solution:

• Find a function with vanishing derivative at xcl only

• Impose

df(x)

dx |x=xcl

= 0

• Reparametrization invariance: x→ y,

df(x(y))

dy |y=ycl

=
df(x)

dx |x=xcl
︸ ︷︷ ︸

0

dx(y)

dy |y=ycl

= 0

3. Variational principle: infinitesimal variation x→ x+ δx,

f(xcl + δx) = f(xcl) + δf(xcl)

= f(xcl) + δx f ′(xcl)
︸ ︷︷ ︸

0

+
δx2

2
f ′′(xcl) +O

(
δx3
)

Variation principle: (O (δxn) = O (δyn))

δf(xcl) = O
(
δx2
)
,
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2. Non-relativistic point particle

1. Problem: Identification of a trajectory in a coordinate choice independent manner

2. Variational principle:

• xcl(t) satisfying the auxiliary conditions xcl(ti) = xi xcl(tf ) = xf is to be identified

• Action:

S[x] =

∫ tf

ti

dtL(x(t), ẋ(t))

ր

Lagrangian L(x(t), ẋ(t))

• Variation: x(t)→ x(t) + δx(t), δx(ti) = δx(ti) = 0

• E.O.M.:

δS[x] =

∫ tf

ti

dtL

(

x(t) + δx(t), ẋ(t) + δ
d

dt
x(t)

)

−
∫ tf

ti

dtL(x(t), ẋ(t))

=

∫ tf

ti

dt

[

L(x(t), ẋ(t)) + δx(t)
∂L(x(t), ẋ(t))

∂x
+
d

dt
δx(t)

∂L(x(t), ẋ(t))

∂ẋ
+O

(
δx(t)2

)

−
∫ tf

ti

dtL(x(t), ẋ(t))

]

=

∫ tf

ti

dtδx(t)

[
∂L(x(t), ẋ(t))

∂x
− d

dt

∂L(x(t), ẋ(t))

∂ẋ

]

+ δx(t)
︸ ︷︷ ︸

0

∂L(x(t), ẋ(t))

∂ẋ

∣
∣
∣
∣

ti

tf

+O
(
δx(t)2

)

Euler-Lagrange equation:

∂L

∂x
− d

dt

∂L

∂ẋ
= 0

• n-dimensional particle:

∂L

∂x
− d

dt

∂L

∂ẋ
= 0

3. Choice of the Lagrangian:

L = T − U =
m

2
ẋ2 − U(x) =⇒ mẍ = −∇U(x)

4. Generalized momentum:

p =
∂L

∂ẋ
=⇒ ṗ =

∂L

∂x

5. Cyclic coordinate:

∂L

∂xcycl
= 0
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6. Conservation law: The generalized momentum of a cyclic coordinate is conserved

ṗcycl = 0

7. Mechanical toy model for field theory: chain of pendulums

● ● ● ● ●

a

r

r0

θ

(a) Lagrangian:

L =
∑

n

[
mr2

2
θ̇2n −

kr20
2

(θn+1 − θn)2 − gr cos θn
]

.

(b) Variable transformation: θn(t)→ Φθn(t) = φ(t, xn),

Φ = r0
√
ak, c = a r0

r

√
k
m , λ = gr

a

L = a
∑

n

[

1

2c2
(∂tφn)

2 − 1

2

(
φn+1 − φn

a

)2

− λ cos φn
Φ

]

(c) Continuum limit: a→ 0

L =

∫

dx

[
1

2c2
(∂tφ(x))

2 − 1

2
(∂xφ(x))

2 − λ cos φ(x)
Φ

]

(d) Sine-Gordon model:

S =

∫

dtdx

[
1

2
∂µφ(x)∂

µφ(x)− λ cos φ(x)
Φ

]

.

3. Scalar field

1. Problem: Identification of the trajectories of an n-component field, φa(x), a = 1, . . . , n

2. Variation:

φ(x)→ φ(x) + δφ(x), δφ(ti,x) = δφ(tf ,x) = 0.

3. Action:

S[φ] =

∫

V
dtd3xL(φ, ∂φ)
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• Historical convention: dtd3x rather than d4x = dx0d3x

• d4x will be used below

S[φ] =
1

c

∫

V
d4xL(φ, ∂φ)

4. E.O.M.:

δS =

∫

V
dtd3x

(
∂L(φ, ∂φ)

∂φ
δφ+

∂L(φ, ∂φ)

∂∂µφ
δ∂µφ

)

+O
(
δ2φ
)

=

∫

V
dtd3x

(
∂L(φ, ∂φ)

∂φ
δφ+

∂L(φ, ∂φ)

∂∂µφ
∂µδφ

)

+O
(
δ2φ
)

=

∫

V
dtd3x

[
∂L(φ, ∂φ)

∂φ
δφ+ ∂µ

(

δφ
∂L(φ, ∂φ)

∂∂µφ

)

− ∂µ
∂L(φ, ∂φ)

∂∂µφ
δφ

]

+O
(
δ2φ
)

=

∫

∂V
dsµδφ

∂L(φ, ∂φ)

∂∂µφ
+

∫

V
dtd3xδφ

(
∂L(φ, ∂φ)

∂φ
− ∂µ

∂L(φ, ∂φ)

∂∂µφ

)

+O
(
δ2φ
)

ր տ
∫

V dx∂µj
µ =

∫

∂V dsµj
µ 0 (local Lagrangian)

x

x

1

0

Euler-Lagrange equation:

∂L

∂φ
− ∂µ

∂L

∂∂µφ
= 0

5. N.B. Simple rule of covariant tensor calculus:

∂uµv
µ

∂uµ
= vµ,

∂uµv
µ

∂vµ
= uµ

∂s(uµ)

∂uµ
= sµ,

∂s(vµ)

∂vµ
= sµ

6. N-component field: φa(x), a = 1, . . . , N

∂L

∂φa
− ∂µ

∂L

∂∂µφa
= 0

7. Current associated to the field φ:

jµφ =
∂L

∂∂φµ
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8. Conservation law: Current of a cyclic field variable is conserved

∂µj
µ
φcycl

= 0

9. Example: Relativistic scalar field theory, Compton wavelength λC = ~

mc , U(φ) = O
(
φ3
)

L =
1

2
(∂φ)2 − m2c2

2~2
φ2

︸ ︷︷ ︸

free

− U(φ)
︸ ︷︷ ︸

interaction

~ = c = 1:

L =
1

2
(∂φ)2 − m2

2
φ2 − U(φ) =⇒ (∂µ∂

µ +m2)φ = −U ′(φ)

B. Noether theorem

1. Theorem: There is a conserved current for each continuous symmetry

• Symmetry: invariance of the E.O.M. which is derived from the action

xµ → x′µ, φa(x)→ φ′a(x) =⇒ L(φ, ∂φ)→ L(φ′, ∂′φ′) + ∂′µΛ
µ

• External and internal spaces:

φa(x) : R
4

︸︷︷︸

external space

→ R
n

︸︷︷︸

internal space

.

• Continuous symmetry: ∃ infinitesimal symmetry transformations

– External symmetry: xµ → xµ + δxµ, e.g. Poincare group

– Internal symmetry: φa(x)→ φa(x) + δφa(x), e.g. φ(x)→ eiαφ(x) for a complex field

• Conserved current: ∂µj
µ = 0, conserved charge: Q(t):

∂0Q(t) = ∂0

∫

V
d3xj0 = −

∫

V
d3x∂vj = −

∫

∂V
ds · j

2. Continuous groups:

• {ω(α)}:

(a) continuous topology (infinitesimal neighborhoods)

(b) multiplication law:

ω(α)ω(β) = ω(F (α, β))

Convention: ω(0) = 11
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(c) Examples: translations, α = xµ, F (α, β) = α+ β

(d) Generators: τa = ∂ω(0)
∂αa

(e) Infinitesimal group elements:

ω(ǫ) = 11 +
n∑

n=1

ǫaτa +O
(
ǫ2
)
,

(f) Lie-algebra:

[τa, τ b] =
∑

c

fa,b,cτ c.

Structure constants: fa,b,c, uniquely determine the multiplication of infinitesimal group elements

(g) Exponential map:

lim
n→∞

(

1 +
a

n

)n
= lim

n→∞
en ln(1+ a

n
) = lim

n→∞
en(

a
n
+O(n−2)) = ea

e
∑

a αaτa = lim
n→∞

(

1 +
∑

a

αa

n
τa

)n

Any group element can be obtained in such a form in a connected group

ր
group elements can be reached in small steps

(h) Example: Matrix groups

TABLE I: Real classical matrix groups.

Symbol Name Definition Dimension Generators

GL(N) general linear group detA 6= 0a N2 {τ : real N ×N matrices}
SL(N) special linear group detA = 1 N2 − 1 trτ = 0b

O(N) orthogonal group AtrA = 11c 1

2
N(N − 1) τ tr = −τ

SO(N) special orthogonal group AtrA = 11, detA = 1 1

2
N(N − 1) τ tr = −τ , trτ = 0

aThe matrix A is supposed to be an element of the group in question.
bdet(11+ ǫτ ) = 1 + ǫtrτ +O

(

ǫ
2
)

cdetAtr
A = (detA)2 = 1 and detA = ±1.

(i) Ado’s theorem: any finite dimensional Lie-algebra is identical with a subspace of the generators

of the matrix group GL(N), with sufficiently large N

3. Linear internal symmetries:

• Linear internal transformation:

δxµ = 0, δφa(x) = ǫτabφb(x).
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TABLE II: Complex classical matrix groups.

Symbol Name Definition Dimension Generators

GL(N,C) complex general linear group detA 6= 0 2N2 {τ : complex N ×N matrices}
SL(N,C) complex special linear group detA = 1 2N2 − 2 trτ = 0

U(N) unitary group A†A = 11a N2 τ† = −τ
SU(N) special unitary group A†A = 11, detA = 1 N2 − 1 τ† = −τ , trτ = 0

adetA†
A = (detA)∗ detA = | detA|2 = 1

• Symmetry:

L(φ, ∂φ) = L(φ+ ǫτφ, ∂φ+ ǫτ∂φ) +O
(
ǫ2
)
.

• New field variable: ǫ(x), φ(x) = φcl(x) + ǫ(x)τφcl(x),
δS[φcl]

δφ = 0

• Linearized Lagrangian for ǫ(x) (ǫ = 0 is a solution!):

L(ǫ, ∂ǫ) = L(φcl + ǫτφ, ∂φcl + ∂ǫτφ+ ǫτ∂φ)

=
∂L(φcl, ∂φcl)

∂φ
ǫτ +

∂L(φcl, ∂φcl)

∂∂µφ
[∂µǫτφ+ ǫτ∂µφ] +O

(
ǫ2
)

• Symmetry: ∂L
∂φ ǫτφ+ ∂L

∂∂µφ
ǫτ∂µφ = 0 =⇒ ǫ is a cyclic field =⇒

0 =
∂L(ǫ, ∂ǫ)

∂ǫ
− ∂µ

∂L(ǫ, ∂ǫ)

∂∂µǫ

Jµ
ǫ =

∂L(ǫ, ∂ǫ)

∂∂µǫ
=
∂L(φcl, ∂φcl)

∂∂µφ
τφ

∂µJ
µ
ǫ = 0

(a) Independent conserved current for each independent direction in the symmetry group

(b) Defined up to a multiplicative constant

• Examples:

(a) n-component real scalar field: φa, a = 1, · · · , n, G = O(n),

L =
1

2
(∂φ)2 − V (φ2)

δφ = ǫaτaφ

Ja
µ = −∂µφτaφ

(b) Single complex scalar field: φ = 1√
2
(φ1 + iφ2), G = U(1), φ(x)→ eiαφ(x)

L =
1

2
∂µφ1∂

µφ1 +
1

2
∂µφ2∂

µφ2 −
m2

2
(φ21 + φ22)− V

(
1

2
(φ21 + φ22)

)

= ∂µφ
∗∂µφ+ ∂µφ

∗∂µφ−m2φ†φ− V (φ†φ)

Field variable:
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i. (φφ∗):




φ

φ∗



 :




φ

φ∗



→




eiαφ

e−iαφ∗



 , δ




φ

φ∗



 = iα




φ

−φ∗



 = ατ




φ

φ∗



 , τ = i




1 0

0 −1





J = − ∂L

∂∂µφ
τφ = −i

(
∂L

∂∂µφ
φ− ∂L

∂∂µφ∗
φ∗
)

= −i(∂µφ∗φ− φ∗∂µφ) = iφ∗
↔
∂ µφ

ii. (φ1

φ2
):




φ1

φ2



 :




φ1

φ2



→ eiαφ =
1√
2
[cosαφ1 − sinαφ2 + i(cosαφ2 + sinαφ1)]

δ




φ1

φ2



 = α




−φ2
φ1



 = ατ




φ1

φ2



 , τ =




0 −1
1 0





J = −∂L(φ, ∂φ1)
∂∂µφ

τφ = −
(

− ∂L

∂∂µφ1
φ2 +

∂L

∂∂µφ2
φ1

)

= ∂µφ1φ2 − ∂µφ2φ1

=
i

2
[∂µ(φ1 + iφ2)

∗(φ1 + iφ2)− (φ1 + iφ2)
∗∂µ(φ1 + iφ2)] = −i(∂µφ∗φ− φ∗∂µφ)

(c) n-component complex scalar field: φa, a = 1, · · · , n, G = U(n)

L = ∂φ†∂φ− V (φ†φ)

δφ = ǫaτaφ, δφ† = ǫa(φτa)† = −ǫaφ†τa

Ja
µ = −∂µφ†τaφ+ ∂µφ(τ

a)trφ† = −∂µφ†τaφ+ φ†τa∂µφ = φ†τa
↔
∂ µφ

4. External Symmetries:

• Space-time symmetries:

(a) Nonrelativistic dynamics: translations of the space-time, rotations of the space and boosts (4 +

3 + 3 = 10 dimensional Galilean group)

(b) Relativistic dynamics: translations and Lorentz transformations of the space-time (4+3+3 = 10

dimensional Poincaré group

• Translations:

– Action is rewritten in terms of xµ → x′µ = xµ + ǫµ

– x→ x′ + ǫ, φ(x)→ φ′(x) = φ(x) + δφ(x), δφ(x) = −ǫµ∂µφ(x), S → S′ = S

0 =

∫

V
δL(φ(x), ∂φ(x)) +

∫

V ′−V
dxL(φ(x), ∂φ(x))

=

∫

V
δL(φ(x), ∂φ(x)) +

∫

∂V
dSνǫ

νL(φ(x), ∂φ(x))

= −
∫

V
dxǫν∂νφ

(
∂L(φ, ∂φ)

∂φ
− ∂µ

∂L(φ, ∂φ)

∂∂µφ

)

← 0 E.O.M.
∫

∂V
dSµ

[

−ǫν∂νφ
∂L(φ, ∂φ)

∂∂µφ
+ ǫµL(φ, ∂φ)

]
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xδ

V

V’

– Translation in direction ν:

0 =

∫

∂V
dSµ

[

−∂νφ
∂L(φ, ∂φ)

∂∂µφ
+ gµνL(φ, ∂φ)

]

– V is arbitrary: The energy momentum tensor

T µν =
∂L

∂∂νφ
∂µφ− gµνL

is conserved

∂µT
µν = 0

– ”Charge” of the translation ǫν : energy momentum

Pµ =

∫

d3xT 0µ

– Parameterization:

T µν =




ǫ cp

1
c s σ





ǫ = energy density

p = momentum density

S = energy flux density

σjk = momentum flux pk in the direction j

(c is restored).

• Lorentz symmetry =⇒ six conserved currents, angular momentum and generators of Lorentz boosts

• Conservation of angular momentum =⇒ T µν = T νµ for bosonic field theories

III. GAUGE THEORIES

Four fundamental interactions:

Gravitational, strong, weak, electromagnetic are described by gauge theories
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A. Conflict with causality

1. Global symmetry: same transformation at each point of the space-time

• External symmetry: Poincaré group, x→ xω = Λx+ a

• Internal symmetry: ω ∈ SO(N) (φa ∈ R
N ) or ω ∈ SU(N) (φa ∈ C

N )

φ(x)→ φω(x) = ωφ(x)

t

x

2

1

2

1

=⇒

t

x

12

2
1

2. Yang and Mills (1954): global symmetry � causality

• Symmetry transformation: change of basis

• Global symmetry =⇒ same change of basis everywhere and always

• Two spatially separated identical experiments compared by using the same basis

• Use of different bases yield inequivalent results

• How can an experiment detect that different basis was used at the other?

3. Local symmetry:

ψ(x)→ ψω(x) = ω(x)ψ(x)

ր

homogeneous transformation rule

t

x

2

1

2

1

=⇒

t

x

12

1

2
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4. Gauge (local) symmetry is a redundancy of the dynamics:

(classical) observables are gauge invariant

5. Gauging: Lift a global symmetry to a local one

• Globally symmetrical theory: φω(x) = ωφ(x)

L(φω, ∂φω) = L(φ, ∂φ), ω ∈ G

• Example: N component complex scalar field, φa, a = 1, · · · , N , G = U(N)

L = (∂µφ)
†∂µφ− V (φ†φ)

Lω = (∂µωφ)
†∂µωφ− V ((ωφ)†ωφ)

= (ω∂µφ)
†ω∂µφ− V ((ωφ)†ωφ) = L

• Key equation of global symmetry:

∂µφ(x)→ ∂µφ
ω(x) = ∂µωφ(x) = ω∂µφ(x)

ր

homogeneous transformation rule

• Local symmetry:

∂µφ(x)→ ∂µφ
ω(x) = ∂µω(x)φ(x) = ω(x)∂µφ(x) + (∂µω(x))φ(x)

︸ ︷︷ ︸

x−dependend basis change

6= ω(x)∂µφ(x)

ր

inhomogeneous transformation rule

• Locally invariant Lagrangian: L(φ, ∂φ)→ L(φ,Dφ)

ր

covariant derivative: homogeneous transformation rule

ւ

Dµφ(x)→ Dω
µφ

ω(x) = ωDµφ(x)

B. Covariant derivative

1. Key equation of global symmetry:

∂µφ(x)→ ∂µφ
ω(x) = ∂µωφ(x) = ω∂µφ(x)
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2. Local symmetry:

∂µφ(x)→ ∂µφ
ω(x) = ∂µω(x)φ(x) = ω(x)∂µφ(x) + (∂µω(x))φ(x)

︸ ︷︷ ︸

x−dependend basis change

3. Partial derivative:

∂µφ(x) = lim
ǫ→0

φ(x+ ǫnµ)− φ(x)
ǫ

compares φ in different bases

4. Change of basis:

ω(y ← x) = 11−∆xµAµ(x) +O
(
∆2x

)

ր

generators of the gauge group Aµ(x) = Aa
µ(x)τ

a

5. Covariant derivative:

Dµφ(x) = lim
ǫ→0

eǫn·A(x+ǫn)φ(x+ ǫnµ)− φ(x)
ǫ

= lim
ǫ→0

[1 + ǫn · A(x+ ǫn)]φ(x+ ǫnµ)− φ(x)
ǫ

= (∂µ +Aµ)φ(x)

Dµ = ∂µ +Aµ

N.B. Action of Aµ depends on the representation of G: Aµ =
∑

aA
a
µτa

e.g. G = SO(3), scalar: Aµ = 0, vector: Aµ =
∑

j A
j
µSj

6. Transformation of Aµ(x) during the gauge transformations:

ψ(x) → ψω(x) = ω(x)ψ(x) =⇒ Dµψ → Dω
µψ

ω

Dω
µψ

ω = (∂µ +Aω
µ)ψ

ω, ωDµψ = ω(∂µ +Aµ)ψ

ω(∂µ +Aµ)ψ = (∂µ +Aω
µ)ψ

ω = (∂µω)ψ + ω∂µψ +Aω
µωψ

Aω
µ = −(∂µω)ω−1 + ωAµω

−1.

Useful identity:

11 = ω(x)ω−1(x)

0 = (∂µω)ω
−1 + ω∂µω

−1

Aµ → Aω
µ = ω(∂µ +Aµ)ω

−1

7. Gauging:

L(φ, ∂φ)→ L(φ,Dφ) = L(φ, (∂ +A)φ)
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C. Parallel transport

1. Constant vector φ(x) along a path γµ : [0, 1]→ R4, γµ(0) = xµi , γ
µ(1) = xµf

●

●

γ

φ

x

x

i

f

2. Along the path:

dγµ

ds
Dµφ(γ(s)) = 0

3. End points:

φ(y) =Wγ(y, x)φ(x)

ր

path γ dependence?

4. Evolution equation:

dγµ

dτ
DyµWγ(y, x) = 0

5. Infinitesimal path: Aµ(x) is constant in the line segment [x, x+∆],

lim
n→∞

(

1 +
a

n

)n
= lim

n→∞
en ln(1+ a

n
) = lim

n→∞
en(

a
n
+O(n−2)) = ea

W (x+∆x, x) = 11−∆xµAµ(x) +O
(
∆x2

)
→ e−∆xµAµ(x)

6. Homogeneous transformation rule:

ψ†(y)Wγ(y, x)φ(x) =
[

ψ†(y)Wγ(y, x)φ(x)
]ω

= ψ†(y)ω†(y)W ω
γ (y, x)ω(x)φ(x)

Wγ(y, x) = ω†(y)W ω
γ (y, x)ω(x)

W ω
γ (y, x) = ω(y)Wγ(y, x)ω

†(x)

ր

homogeneous transformation rule

7. Path independence:
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• Path independence ⇔ Wγ(x, x) = 11 ⇔ Aµ(x) is pure gauge

• Proof:

(a) Multiplication of paths:

γ1(0) = x, γ1(1) = y, γ2(0) = y, γ2(1) = z =⇒ γ2γ1(s) =







γ1(2s) 0 < s < 1
2

γ2(2s− 1) 1
2 < s < 1

Wγ2γ1(z, x) = Wγ2(z, y)Wγ1(y, x)

γ−1(s) = γ(1 − s)
Wγ−1(x, y) = W−1

γ (y, x)

x

y

γ

γ

1

2

Wγ(x, x) =Wγ−1

2

(x, y)Wγ1(x, y) =W−1
γ2 (x, y)Wγ1(x, y)

(b) Path independence =⇒ W (x, x) = 11

(c) W (x, x) = 11 =⇒ path independence

(d) Path independence =⇒ Aµ(x) is pure gauge (Aω
µ = ω(∂µ + Aµ

︸︷︷︸

0

)ω−1 = ω∂µω
−1)

Reference point x0: ω(x) =W−1(x, x0)

W ′(x2, x1) =W−1(x2, x0)W (x2, x1)W (x1, x0) =W (x0, x2)W (x2, x0) = 11 =⇒ Aµ(x) = 0

(e) Aµ(x) is pure gauge =⇒ Path independence

Aω
µ = ω∂µω

−1, 11 = ω−1(y)W (y, x)ω(x) =⇒ W (y, x) = ω(y)ω−1(x)

D. Field strength tensor

1. Gauging: field =⇒ particle =⇒ dynamics

L(φ, ∂µφ)→ L(φ, (∂µ +Aµ)φ)→ L(φ,Dµφ) + LA
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●

●

●

0

1

2

x

x

x

2. LA:

(a) quadratic in the velocities, LA = O
(
(∂0Aµ)

2
)

(b) Lorentz invariant

(c) gauge invariant

3. Local measure of the path dependence of parallel transport (curvature):

u

v

x

x+u

x+v

δφa = −F a
bµνu

µvνφb

U2 = evA(x)euA(x+v)e−vA(x+u)e−uA(x)

≈
(

11 + vA(x) +
1

2
[vA(x)]2

)(

11 + uA(x+ v) +
1

2
[uA(x+ v)]2

)

×
(

11− vA(x+ u) +
1

2
[vA(x+ u)]2

)(

11− uA(x) + 1

2
[uA(x)]2

)

≈ 11 + vA(x) + uA(x+ v)− vA(x+ u)− uA(x)
+
1

2
[vA(x)]2 +

1

2
[uA(x+ v)]2 +

1

2
[vA(x+ u)]2 +

1

2
[uA(x)]2

+vA(x)uA(x + v)− vA(x)vA(x + u)− vA(x)uA(x) − uA(x+ v)vA(x + u)− uA(x+ v)uA(x)

+vA(x+ u)uA(x)

≈ 11 + (v∂)uA − (u∂)vA +
1

2
(vA)2 +

1

2
(uA)2 +

1

2
(vA)2 +

1

2
(uA)2

+vAuA− vAvA− vAuA− uAvA− uAuA+ vAuA

≈ 11 + (v∂)uA − (u∂)vA − (uA)(vA) + (vA)(uA)

= 11− uµvν(∂µAν − ∂νAµ + [Aµ, Aν ])
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Alternative form:

[Dµ,Dν ]φ = [∂µ +Aµ, ∂ν +Aν ]φ

= [∂µ, ∂ν ]
︸ ︷︷ ︸

0

φ+ [∂µ, Aν ]φ
︸ ︷︷ ︸

∂µAνφ−Aν∂µφ=(∂µAν)φ

+ [Aµ, ∂ν ]φ
︸ ︷︷ ︸

−[∂ν ,Aµ]φ

+[Aµ, Aν ]φ

= (∂µAν − ∂νAµ + [Aµ, Aν ])φ

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] = [Dµ,Dν ]

Generator valued field:

Fµν = F a
µν

τa

2i
F a
µν = ∂µA

a
ν − ∂νAa

µ + fabcAb
µA

c
ν

4. Relation to curvature: S2 = {n|n2 = 1}

• Tangent space: Tn = {ẋ(s)|s=0|x(0) = n} (velocity space)

L = n⊗ n, T = 11− L ← projection onto the tangent space Tn = R2

• Parallel transport:

γ̇µDµu
φ = 0 ⇐⇒ d

ds
Tu = 0

• Parallel transport along a spherical triangle:

5. Transformation rule under gauge transformations:

W2 = 11− uµvνFµν(x)→ ω(x)[11− uµvνFµν(x)]ω
−1(x)

Fµν(x) → ω(x)Fµν(x)ω
−1(x)

6. Pure gauge (Aµ = ω∂µω
−1) ⇔ F = 0 (connected space-time)

7. Yang-Mills action: (unique in space-time with no boundary)

LYM =
1

2g2
tr(Fµν)

2 = − 1

4g2
(F a

µν)
2
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E. Classical electrodynamics

1. Action:

S = −cm
∫

ds− e

c

∫

dsẋµ(x(s))Aµ(x(s))−
1

16πc

∫

d4xFµν(x)F
µν(x)

= −cm
∫

ds− e

c2

∫

d4xjµ(x)Aµ(x)−
1

16πc

∫

d4xFµν(x)F
µν(x)

• Electric current:

jµ(x) = c
∑

a

∫

dsδ(x − xa(s))ẋµ

= c
∑

a

∫

dsδ(x − xa(s))δ(x
0 − x0a(s))ẋµ

= c
∑

a

δ(x − xa(s))
ẋµ

|ẋ0|

=
∑

a

δ(x− xa(s))

︸ ︷︷ ︸

ρ(x)

dxµ

dt

= (cρ, j) = (cρ, ρv) = ρ
ds

dt
ẋµ

• Current conservation:
¯

∂µj
µ = ∂tρ+∇ · j

=
∑

a

[−va(t)∇δ(x − xa(t)) +∇δ(x− xa(t))va(t)] = 0

• Gauge invariance: Aµ → Aµ + ∂µα, Fµν = ∂µAν − ∂νAµ → ∂µAν + ∂µ∂να− ∂νAµ − ∂ν∂µα = Fµν

S = −cm
∫

ds− e

c2

∫

d4xjµ(x)Aµ(x)−
1

16πc

∫

d4xFµν(x)F
µν(x)

→ −cm
∫

ds− e

c2

∫

d4xjµ(x)[Aµ(x) + ∂µα(x)] −
1

16πc

∫

d4xFµν(x)F
µν(x)

= −cm
∫

ds− e

c2

∫

d4x[jµ(x)Aµ(x)− ∂µjµ(x)α(x)] −
1

16πc

∫

d4xFµν(x)F
µν(x) = S
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2. Maxwell’s equation:

SA = − e

c2

∫

d4xjµAµ −
1

16πc

∫

d4x(∂µAν − ∂νAµ)(∂
µAν − ∂νAµ)

c
δ

δAν
:

e

c
jν =

1

4π
∂µ(∂

µAν − ∂νAµ)

=
1

4π
∂µF

µν

3. Mechanical E.O.M.: x(s)→ x(τ) to avoid ẋ2(s) = 1

Sch = −
∫

dτ

[

mc
√

ẋµ(τ)gµν ẋν(τ) +
e

c
ẋµ(τ)Aµ(x(τ))

]

δ

δxµ
: 0 = −e

c
ẋν(τ)∂µAν(x(τ))−

d

dτ

[

−mc ẋµ(τ)
√

ẋµ(τ)gµν ẋν(τ)
− e

c
Aµ(x(τ))

]

= mc
ẍµ(τ)
√

ẋ2(τ)
− e

c
ẋν(τ)[∂µAν(x(τ)) − ∂νAµ(x(τ))] +mc

ẋµ(τ)

[ẋ2(τ)]3/2
ẍµ(τ)ẋµ(τ)

τ → s : mcẍµ(s) =
e

c
Fµν ẋ

ν(s)

IV. GRAVITY

A. Classical field theory on curved space-time

1. Fields over the space-time: φ(x) : E → I

ր տ

“where” “what” happens

2. External space (where):

• meter rods, clocks =⇒ coordintes

• E.O.M. =⇒ coordinate singularities in fields

• To unfold the coordinate singularities =⇒ local coordinate patches

(a) Maps: ∀ p ∈ E ∃ open set Mp ⊂ E, p ∈Mp

(b) Coordinates: ∀ M ∃ xM :M → V ⊂ Rd, x−1
M = p(x) : V →M , d = 4 for gravity

(c) Coordinate transformations: If p ∈M,M ′ ∃ x(p), x′(p), x′(x) = x′(p(x)) is infinitely many times

differentiable.

3. Internal space (what):

(a) Non-gravitational events: p→RdNG

(b) Gravitational events: directions, vectors, tensors, tangent space p→ Tp = R4

Tp : {equivalence classes of world lines|x(s) ∼ x′(s) ↔ x(0) = x′(0) = p, ẋ(0) = ẋ′(0)}
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x

x’

x(p(x’)),  x’(p(x))

U’

U

(c) External space ←→ Internal space: movement of free point particle from p: xµ(p, u, s)

i. initial conds.: xµ(p, u, 0) = xµ(p) ẋµ(p, u, 0) = uµ

ii. xµ(p, u, s): parallel transport of the velocity

iii. Xµ(u) = xµ(p, u, 1) : Tp →Mp

iv. ∃ W ⊂ Tp, Xµ
|W is invertible, ∃ U ⊂Mp, X

−1
|U : U → Tp

4. Standard map:

(a) Standard coordinates: Xµ(p)

(b) Standard basis in Tp:

eµ =
∂X−1(p(x))

∂xµ
, x = X : e0 =











1

0
...

0











, e1 =











0

1
...

0











, . . . , ed−1 =











0

0
...

1











5. Change of coordinates: x→ x′ = x′(x), change of basis in Tp

(a) Covariant basis:

eµ =
∂X−1(p(x))

∂xµ
=
∂X ′−1(p(x′))

∂x′ν
∂x′ν

∂xµ
= e′ν

∂x′ν

∂xµ

(b) Contravariant basis: eµfµ remains invariant

eµ =
∂xµ

∂x′ν
e′ν

eµfµ =
∂xµ

∂x′ν
e′νf ′ρ

∂x′ρ

∂xµ
=
∂x′ρ

∂x′ν
e′νf ′ρ = e′νf ′ν

(c) Formal analogy, without physical content:

∂µ = ∂′ν
∂x′ν

∂xµ
, δxµ =

∂xµ

∂x′ν
δx′ν

uµ = u′ν
∂x′ν

∂xµ
, uµ =

∂xµ

∂x′ν
u′ν
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B. Geometrical structure inferred from observations

1. Metric structure: measuring distances and time

ds2(x) = dxµgµν(x)dx
ν

Equivalence principle: signature +,−,−,−

2. Affine structure: Locally (equivalence principle) conserved vectors of free particles (velocity, angular

momentum)

γ̇µDµφ = γ̇µ(∂µ + Γµ)φ = 0

3. Torsion: O (~) spin effect, ignored

C. Gauge group

1. Internal space of gravity:

• What happens? ballistic motion, I = {particles pass the observer}

• Gauge theory with Ip = Tp

Gravity: E and I are related

2. Space-time diffeomorphism:

• Special relativity:

– Translation invariance =⇒ relative coordinates

– Boost invariance =⇒ relative velocity

• General relativity:

– Space-time diffeomorphism invariance =⇒ relative higher order derivatives

3. Space-time diffeomorphism as gauge symmetry:

• Coordinate tetrad vectors: eµ(x) instead of the coordinates xµ(p)

– Holonomic tetrads:

{eµ(x)} is compatible with a coordinate system⇐⇒ ∂µeν = ∂νeµ

Necessary: ∂µeν = ∂µ∂νX
−1(p(x̄)) = ∂ν∂µX

−1(p(x̄)) = ∂νeµ

Sufficient: local existence and unicity of integral curves ∂µX
−1(p(x̄)) = eµ(x̄)
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– Diffeomorphism preserves holonomy

e′µ = eν
∂xν

∂x′µ
=⇒ ∂′κe

′
µ = eν

∂2xν

∂x′µ∂x′κ
= ∂′µe

′
κ

• Coordinate transformation: xµ → x′µ(x) ⇐⇒ e′µ = eν
∂xν

∂x′µ

• Gauge group: G = GL(4)

– Gauge transformation:

eµ(x)→ e′µ(x) = ω ν
µ (x)eν(x), ω ν

µ =
∂xν

∂x′µ
, det[ω] 6= 0

– Gauge field: (Aµ)
ν
ρ = Γν

ρµ affine connection

• Internal space: Tangent space Tx (relating external and internal spaces)

• Non-gauge field: metric tensor, gµν

4. Poincaré group as gauge symmetry:

• Equivalence Principle: local Lorentz frames Which one to use? A freedom of the Poincaré group

• Two bases in the internal space: ẋµ ∈ Tworld
x , ξ̇a ∈ TLorentz

p

ẋµ = ξ̇aeµa , ẋa = ξ̇µeaµ

• Local Lorentz transformations:

ea(x)→ e′a(x) = ωa
b(x)e

b(x).

• Local translations: space-time diffeomorphism

xµ(x)→ x′µ(x) = xµ(x) + δxµ(x), ξa(x)→ ξ′a(x) = ξa(x) + δξa(x), δξa(x) = eaµδx
µ(x).

• Fermions: need Lorentz basis

D. Gauge theory of diffeomorphism

1. Covariant derivative:

• Gauge field: affin connection, (Γρ)
µ
ν = Γµ

νρ

(a) Covariant field:

Dνv
µ = ∂νv

µ + Γµ
ρνv

ρ

(Dνv)
µ = (∂νv + Γνv)

µ
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(b) Leibnitz’s rule:

D(uv) = (Du)v + u(Dv)

e.g. Dµ(fu
µ) = (Dµf)u

µ + (fDµu
µ) = ∂µfu

µ + fDµu
µ

↑
scalar representation of GL(4)

(c) Contravariant field:

Dµ(u
νvν) = (∂µu+ Γµu)

νvν + uν(∂µv − vΓµ)ν = ∂µ(u
νvν)

(Dνv)µ = (∂νv − vΓν)µ

(d) Mixed tensor field: acting on each index, eg.

Dνv
µ
ρ = ∂νv

µ
ρ + Γµ

κνv
κ
ρ − vµκΓκ

ρν .

It is easy to check that such an extension reproduces Leibniz rule,

Dµ(u
ρvσ) = (Dµu

ρ)vσ + uρDµ(v
σ).

• Gauge transformation:

(a) Aµ → A′
µ = ω(∂µ +Aµ)ω

−1

δxµ → δx′µ = ωµ
κδx

κ, ωµ
κ =

∂x′µ

∂xκ
, (ω−1)µκ =

∂xµ

∂x′κ

Γµ
νρ → Γ′µ

νρ =
∂xσ

∂x′ρ
ωµ

κ(δ
κ
λ∂σ + Γκ

λσ)(ω
−1)λν

ր
transformation of a covariant index Γρ: ∂ρ → ∂′ρ = ∂xσ

∂x′ρ∂σ

Γ′µ
νρ =

∂xσ

∂x′ρ
∂x′µ

∂xκ
δκλ

∂

∂xσ
∂xλ

∂x′ν
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν

=
∂x′µ

∂xκ
∂xσ

∂x′ρ
∂

∂xσ
∂xκ

∂x′ν
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν

=
∂x′µ

∂xκ
∂2xκ

∂x′ν∂x′ρ
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν
,

(b) ωω−1 = 11, ∂µωω
−1 + ω∂µω

−1 = 0, A′
µ = −∂µωω−1 + ωAµω

−1

Γ′µ
νρ =

∂xσ

∂x′ρ

[

−∂σωµ
κδ

κ
λ(ω

−1)λν + ωµ
κΓ

κ
λσ(ω

−1)λν

]

= − ∂x
σ

∂x′ρ
∂

∂xσ
∂x′µ

∂xκ
δκλ
∂xλ

∂x′ν
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν

= − ∂x
κ

∂x′ν
∂2x′µ

∂xκ∂xσ
∂xσ

∂x′ρ
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν

= − ∂2x′µ

∂x′ν∂x′ρ
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν
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(c) Symmetric part: inhomogeneous transformation rules, not a tensor

(d) Antisymmetric part: homogeneous transformation rules, torsion tensor,

Sρ
νµ =

1

2
(Γρ

µν − Γρ
νµ)

• Harmonic gauge: (harmonic coordinate system)

Γρ = gµνΓρ
µν = 0

(a) Origin:

2xµ = gρνDρDνx
µ = gνρDρ∂νx

µ = gνρ(∂ρ∂νx
µ − Γκ

νρ∂κx
µ) = −gνρΓµ

νρ = −Γµ

↑
xµ is a scalar field (/∈ Tp)

(b) Gauge transformation:

Γµ → g′νρΓ′µ
νρ = gτσ

∂x′ν

∂xτ
∂x′ρ

∂xσ

(

− ∂2x′µ

∂x′ν∂x′ρ
+
∂xσ

′

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ′

∂xλ

∂x′ν

)

= −gτσ ∂2x′µ

∂xτ∂xσ
+ gτσ

∂x′µ

∂xκ
Γκ

τσ

= −gτσ ∂2x′µ

∂xτ∂xσ
+
∂xµ

∂x′κ
Γκ

=⇒ gτσ
∂2x′µ

∂xτ∂xσ
=

∂xµ

∂x′κ
Γκ

(c) Always can be reached: by solving this equation for x′µ(x) for given Γκ

• Equivalence Principle:

(a) Gauge theory: at x0

Aω
µ(x) = ω(x)(∂µ +Aµ(x))ω

−1(x), ω(x) = e(x
µ−xµ

0
)Aµ(x0)

= [11 + (xµ − xµ0 )Aµ(x0)](∂µ +Aµ(x))[11− (xµ − xµ0 )Aµ(x0)] +O
(
(x− x0)2

)

= O (x− x0)

(b) Gravity: gµν(x0) = ηµν (global rotations and rescaling =⇒ Minkowski metric)

new coordinates: x→ x′

xµ − xµ0 = x′µ − x′µ0 −
1

2
Γµ

νρ(x0)(x
′ν − x′ν0 )(x′ρ − x′ρ0 )

∂xκ

∂x′µ
= δκµ −

1

2
Γκ

µρ(x0)(x
′ρ − x′ρ0 )−

1

2
Γκ

νµ(x0)(x
′ν − x′ν0 )

∂xκ

∂x′µ |x′=x′
0

= δκµ,
∂2xκ

∂x′ν∂x′ρ |x′=x′
0

= −Γκ
νρ(x0)

Γ′µ
νρ(x

′) =
∂x′µ

∂xκ
∂2xκ

∂x′ν∂x′ρ
+
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ

∂xλ

∂x′ν

= −∂x
′µ

∂xκ
Γκ

νρ(x0) +
∂xσ

∂x′ρ
∂x′µ

∂xκ
Γκ

λσ(x)
∂xλ

∂x′ν

Γ′µ
νρ(x

′
0) = −Γµ

νρ(x0) + Γµ
νρ(x0) = 0
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2. Field strength tensor:

• Gauge theory:

Fµν = [Dµ,Dν ] = [∂µ + Γµ, ∂ν + Γν ] = ∂µΓν − ∂νΓµ + [Γµ,Γν ] = −Fνµ

• Curvature tensor:

Rµ
νρσ = (Fρσ)

µ
ν = ∂ρΓ

µ
νσ − ∂σΓµ

νρ + Γµ
κρΓ

κ
νσ − Γµ

κσΓ
κ
νρ

• Useful identity for symmetrical connection:

Rρ
κµν +Rρ

µνκ +Rρ
νκµ = 0.

• Bianchi identity:

– Commutators:

0 = [A, [B,C]] + [B, [C,A]] + [C, [A,B]],

– Covariant derivative:

0 = [Dµ, [Dν ,Dρ]] + [Dν , [Dρ,Dµ]] + [Dρ, [Dµ,Dν ]]

= [Dµ, Fνρ] + [Dν , Fρµ] + [Dρ, Fµν ]

= DµFνρ +DνFρµ +DρFµν ,

– Curvature:

0 = DµR
σ
κνρ +DνR

σ
κρµ +DρR

σ
κµν ,

• Ricci tensor:

– Gauge theory: internal space external space directions are independent

LA = − 1

2g2
trFµνF

µν = − 1

2g2
F a

bµνF
b µν
a

– Gravity: internal space external space directions are related, simpler contraction possibility

Rµ
νρσ = (Fρσ)

µ
ν = ∂ρΓ

µ
νσ − ∂σΓµ

νρ + Γµ
κρΓ

κ
νσ − Γµ

κσΓ
κ
νρ

Rνσ = Rρ
νρσ

= ∂ρΓ
ρ
νσ − ∂σΓρ

νρ + Γρ
κρΓ

κ
νσ − Γρ

κσΓ
κ
νρ

= −Rρ
νσρ
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– An alternative:

R′
ρσ = Rµ

µρσ

= ∂ρΓ
µ
µσ − ∂σΓµ

µρ + Γµ
κρΓ

κ
µσ − Γµ

κσΓ
κ
µρ

= ∂ρΓ
µ
µσ − ∂σΓµ

µρ

= −R′
σρ

• Lagrangian for gravity: R = gµνRµν , R
′ = gµνR′

µν = 0 (only if T = 0)

E. Metric admissibility

1. Geometric relation between the affine and the metric structure

T = 0 =⇒ { ρ
µν} = 1

2(Γ
ρ
νµ + Γρ

µν) = Γρ
µν (Christoffel symbol)

2. Parallel transport of two vector fields: uµ(x), vµ(x) along γ(s)

• Parallel transport:

γ̇(s)Dµu = γ̇(s)Dµv = 0.

• Scalar product preserved:

γ̇(s)Dµu
νgνρv

ρ = (γ̇(s)Dµu
ν)gνρv

ρ + uν(γ̇(s)Dµgνρ)v
ρ + uνgνρ(γ̇(s)Dµv

ρ)

= uνvργ̇(s)Dµgνρ = 0 =⇒ Dµgνρ = 0

3. Metric admissibility:

Dg = 0

4. Solution for the Chistoffel symbols: Γρµν = gρκΓ
κ
µν

Dρgµν = ∂ρgµν − gκνΓκ
µρ − gµκΓκ

νρ

Dµgνρ = ∂µgνρ − gκρΓκ
νµ − gνκΓκ

ρµ

Dνgρµ = ∂νgρµ − gκµΓκ
ρν − gρκΓκ

µν

0 = Dµgνρ +Dνgρµ −Dρgµν = ∂µgνρ + ∂νgρµ − ∂ρgµν −gκρΓκ
νµ − gρκΓκ

µν
︸ ︷︷ ︸

−Γρµν−Γρνµ

Γρµν + Γρνµ = ∂µgνρ + ∂νgρµ − ∂ρgµν

{
ρ
µν

}
=

1

2
gρσ(∂µgνσ + ∂νgσµ − ∂σgµν)
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5. Example: S2, x
µ = (θ, φ)

• Invariant length:

ds2 = r2(dθ2 + sin2 θdφ2)

• Metric tensor:

gµν = r2




1 0

0 sin2 θ



 , gµν =
1

r2




1 0

0 1
sin2 θ



 .

• Christoffel symbol:

{
θ
φφ

}

= − sin θ cos θ,
{

φ
θφ

}

=
{

φ
φθ

}

= cot θ

• Curvature:

Rθ
φθφ = ∂θ

{
θ
φφ

}

− ∂φ
{

θ
θφ

}

+
{

θ
θµ

}{
µ
φφ

}

−
{

θ
φµ

}{
µ
θφ

}

= −∂θ sin θ cos θ + sin θ cos θ cot θ = sin2 θ

Rφ
θθφ = gφφRφθθφ = −gφφRθφθφ = −gφφgθθRθ

φθφ = −1

• Ricci tensor:

R =




1 0

0 sin2 θ





• Scalar curvature: R = 2
r2

6. Metric admissible curvature tensor:

Rρκµν = −Rκρµν = Rµνρκ

• Number of independent components: 256→ 20.

• Rµ
νρσ = 0 for flat space only

7. Double contracted Bianchy identity:

0 = DµR
σ
κνρ +DνR

σ
κρµ +DρR

σ
κµν σ ↔ ν

0 = DµRκρ +DνR
ν
κρµ −DρRκµ κ↔ µ

0 = 2DµR
µ
ρ −DρR

8. Einstein tensor:

Gµν = Rµν −
1

2
gµνR

DµG
µ
ν = Dµ

(

Rµ
ν −

1

2
gµνR

)

= 0
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F. Technical details

1. Gauge invariance of the action:

S =

∫

d4xL

d4x → d4x′
∣
∣
∣
∣
det

∂x

∂x′

∣
∣
∣
∣
6= d4x′

2. Invariant integral: g = det gµν

gµν =
∂x′ρ

∂xµ
∂x′σ

∂xν
g′ρσ

g = g′
(

det
∂x′

∂x

)2

dinvx = dx
√−g → dx′

∣
∣
∣
∣
det

∂x

∂x′

∣
∣
∣
∣

√

−g′
∣
∣
∣
∣
det

∂x′

∂x

∣
∣
∣
∣
= dx′

√

−g′

3. Minor matrix:

(MA)j,k = (−1)j+kdk,j,

ր

determinant of the matrix obtained by omitting the j-th row and the k-th column of A.

• Determinant of A:

det[A] =
∑

j

Ak,j(−1)j+kdk,j ← expansion along a row

=
∑

k

Ak,j(−1)j+kdk,j ← expansion along a culomn

• Two identical rows: k 6= ℓ, Ak,j = Aℓ,j

∑

j

Ak,j(−1)j+kdℓ,j = det[A] = 0

• Summary:

∑

j

Ak,jMA j,ℓ = det[A]δk,ℓ → AMA = det[A]11 → A−1 =
MA

det[A]

4. Variation of the metric tensor:

∂ det[A]

∂Ak,j
= (−1)j+kdk,j = (MA)j,k

δg =
∂g

∂gσµ
δgσµ = ggσµ

︸︷︷︸

Mg

δgµσ

∂νg = ggσµ∂νgσµ
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5. Divergence of a vector field: (no torsion)

Γµ
νµ =

1

2
gσµ(∂νgσµ + ∂µgνσ − ∂σgνµ) =

1

2
gσµ∂νgσµ =

∂νg

2g
=
∂ν
√−g√−g

Dµv
µ = ∂µv

µ + Γµ
νµv

ν = ∂µv
µ +

∂µ
√−g√−g vµ =

1√−g ∂µ(
√−gvµ)

∫

dx
√−gDµv

µ =

∫

dx∂µ(
√−gvµ) =

∫

dsµ
√−gvµ

Dµj
µ = 0 =⇒ ∂µ(

√−gjµ) = 0, Q =

∫

d3x
√−gj0

6. Metric admissibility:

DµD
µ = gµνDµDν = Dµg

µνDν = DµDνg
µν

DµD
µφ = Dµ∂

µφ =
1√−g∂µ(

√−g∂µφ)

G. Dynamics

1. Einstein-Hilbert action:

SE = − 1

16πG

∫

dx
√−g(R + 2Λ) = − 1

16πG

∫

dx
√−g(gµνRµν + 2Λ)

2. Independent fields:

(a) Affine connection: tensor

ց

Γρ
µν =

{
ρ
µν

}
+Cρ

µν

D̃µv
ν = ∂µv

ν +
{

ν
ρµ

}
vρ

(b) Metric tensor: gµν

not gµν(!):

δµρ = gµνgνρ

0 = δgµνgνρ + gµνδgνρ

δgµν = −gµρgνσδgρσ

3. Variation of the field strength tensor: C → C + δC

(a) Gauge theory:

Fµν = [Dµ,Dν ]

δFµν = [Dµ + δCµ,Dν + δCν ]− [Dµ,Dν ]
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= (Dµ + δCµ)(Dν + δCν)− (Dν + δCν)(Dµ + δCµ)−DµDν +DνDµ

= DµδCν + δCµDν −DνδCµ − δCνDµ +O
(
δC2

)

= (DµδCν)− (DνδCµ) +O
(
δC2

)

(b) Gravity:

δRµ
νρσ = DρδC

µ
νσ −DσδC

µ
νρ

δRνσ = DρδC
ρ
νσ −DσδC

ρ
νρ

(c) Covariance:

gνσδRνσ = K ′ νρ
κ δCκ

νρ + ∂µv
µ = K νρ

κ δCκ
νρ + D̃ρv

ρ

ր ↑ տ

scalar tensor vector

(d) Non-singular K: K(C) is linear in C and K(C) = 0 =⇒ C = 0

4. Variation of the integrand: δg = ggσµδgµσ

↓

δ
√−g = − δg

2
√−g = − g

2
√−gg

µνδgµν = −1

2

√−ggµνgµρgνσδgρσ = −1

2

√−ggνσδgνσ

δ[
√−g(Rµνg

µν + 2Λ)] = δ
√−g(Rµνg

µν + 2Λ) +
√−gδRµνg

µν +
√−gRµνδg

µν

= −1

2

√−ggνσδgνσ(R+ 2Λ) +
√−gD̃ρv

ρ +
√−gδCκ

νρK
νρ

κ +
√−gRµνδg

µν

=
√−g

(

Rµν −
1

2
gµνR− Λgµν

)

δgµν +
√−gδCκ

νρK
νρ

κ +
√−gD̃ρv

ρ

↑ ր ↑

Einstein equation metric admissibility surfacce term, ignored

ց

Gµν − Λgµν = 0

V. COUPLING TO MATTER

A. Point particle in an external gravitational field

1. Equivalence Principle: no gravitational field at a selected space-time point

dξ̇a(s)

ds
= 0
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• Filling up the space-time with the solutions: uµ(x) = ẋµ

uνDνu
µ = u̇µ + uρΓµ

ρνu
ν = 0

• Non-gravitational force:

u̇µ + uρΓµ
ρνu

ν =
Fµ

mc
mcu̇µ = Fµ + Fµ

gr

Fµ
gr = −muµΓµ

ρνu
ν

Lorentz force of electrodynamics:

mcẍµ = Fµ + Fµ
ed

Fµ
ed =

e

c
Fµ

νu
ν , Fµν = ∂µAν − ∂νAµ

2. Spin precession:

• Rest frame: Sµ = (0,S), Sµẋ
µ = 0

• E.O.M.:

0 =
dSµ

ds
→ Ṡµ + Γµ

ρνS
ρẋν

• Auxiliary condition:

Sµẋ
µ = 0

• External force without torque:

dS

dt
= 0 ← co−moving frame : Ṡ = aẋ

0 =
d

ds
(Sµẋ

µ) = aẋµẋ
µ + Sµẍ

µ =⇒ a = −Sµẍµ = −Sµ
Fµ

mc

• Fermi-Walker transport:

Ṡµ = −Sν
F ν

mc
ẋµ

3. Variational equation of motion:

• Action: ẋµ(τ) = dxµ(τ)
dτ (τ 6= s to leave the variation of all components of xµ independent)

S = −mc
∫ √

ẋµgµν(x)ẋνdτ
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• Euler-Lagrange equation:

∂L

∂xρ
= −mc ẋ

µ∂ρgµν ẋ
ν

2
√
ẋµgµν ẋν

,

∂L

∂ dxρ

dτ

= −mc gρν ẋ
ν

√
ẋµgµν ẋν

0 =
∂L

∂xρ
− d

dτ

∂L

∂ẋρ

= − ẋµ∂ρgµν ẋ
ν

2
√
ẋµgµν ẋν

+
d

dτ

gρν ẋ
ν

√
ẋµgµν ẋν

=
1

√
ẋµgµν ẋν

[

−1

2
ẋµ∂ρgµν ẋ

ν + ẋκ∂κgρν ẋ
ν + gρν ẍ

ν + gρν ẋ
ν d

dτ

1
√

ẋµgµλẋλ

]

↑

symmetrize in κ and ν the factor ∂κgρν

0 = −1

2
ẋµ∂ρgµν ẋ

ν +
1

2
ẋκ(∂κgρν + ∂νgρκ)ẋ

ν + gρν ẍ
ν + gρν

dxν

dτ

d

dτ

1
√

ẋµgµλẋλ

= gρσ(ẍ
σ + Γσ

νκẋ
ν ẋκ + ẋσ ḟ), f(τ) =

1
√

ẋµgµλẋλ

ր

Lagrange multiplier for the constraint ẋ2 = 1

• Geodesics, τ = s:

uνDνu
µ = u̇µ + uρΓµ

ρνu
ν = 0

4. Geodesic deviation:

• Newton equation:

mξ̈j = −∇jU

ξ(ti) → ξ(ti) + δξ(ti)

mδξ̈j = −δξk∇k∇jU

• Geodesics:

– Fill up the space-time with geodesics ξ(s), u(x) = dξ(x)
ds = ξ̇(x), dφ

ds = uνDνφ = φ̇

– The space-time strip, bounded by ξ(s) and ξ(s) + δξ(s): ξµ(s, τ)

– Holonomic coordinate axis vectors: u = ∂sξ(s, τ), v = ∂τξ(s, τ)

∂sv = ∂τu

uνDνv
µ = vνDνu

µ
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ξ δξ

s

τ

u

v

– Deviation equation for δξ = ǫ∂τξ = ǫv:

v̈ = uµDµ(u
νDνv)

= uµDµ(v
νDνu) ← holonomy

= uµ(Dµv
ν)Dνu+ uµvνDµDνu ← Leibnitz rule

= vµ(Dµu
ν)Dνu+ uµvν [Dµ,Dν ]u+ uµvνDνDµu ← holonomy + alg. id.

= vµ(Dµu
ν)Dνu+ uµvν [Dµ,Dν ]u+ vνDν(u

µDµu)− vν(Dνu
µ)Dµu ← Leibnitz rule

= uµvν [Dµ,Dν ]u+ vνDν(u
µDµu) ← alg. cancellation

v̈ρ = Rρ
κµνu

κuµvν ← uµDµu = ξ̈ = 0

• Electrodynamics:

mcẍµn(s) =
e

c
Fµν ẋ

ν
n(s)

mc(ẍµ + δẍµ) =
e

c
Fµ

ν(x+ δx)(ẋν + δẋν)

mcδẍµ =
e

c
δxρ∂ρF

µ
ν ẋ

ν +
e

c
Fµ

νδẋ
ν

5. Newtonian limit: slow test particle, dxµ

ds ≈ (1, 0, 0, 0), and weak, static gravitational field

gµν = ηµν + γµν , gµν = ηµν − γµν

ẍµ ≈ −Γµ
00 =

1

2

∂γ00
∂xµ

← Γρ
µν =

1

2
gρσ(∂µgνσ + ∂νgσµ − ∂σgµν)

ẍ = −∇φ

φN =
γ00
2
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B. Interacting matter-gravity system

1. Gravitational E.O.M.:

S = SE + SM = − 1

16πG

∫

dx
√
−g(gµνRµν + 2Λ)

︸ ︷︷ ︸

E.O.M.: G−Λg=0

+S[g, x(s), φ, . . .]

Gµν − Λgµν = 8πGMµν(x)

Mµν(x) =
2√−g

δSM
δgµν(x)

E-M conservation: (inhomogeneous geometry!)

0 = Dµ(G
µν − Λgµν) = DµM

µν = 0

2. Mechanical E.O.M.:

SM = −mc
∫

dτ
√

ẋµgµν ẋν

δSM = −1

2
mc

∫

dτ
ẋµδgµν ẋ

µ

√
ẋµgµν ẋν

= −1

2
mc

∫

dsẋµẋνδgµν (τ → s)

= −1

2

∫

dx

∫

ds
pµ(s(t))pν(s(t))

mc
δ(x − x(s))δgµν(x)

√−gMµν(x) =

∫

ds
pµ(s(t))pν(s(t))

mc
δ(x− x(s))

Canonical E-M tensor:

T µ0(t,x) = pµ(s(t))δ(x − x(t))

T µν(x) =
pµ(s(t))pν(s(t))

p0(s(t))
δ(x− x(t))

Covariant generalization:

T µν(x) =

∫

ds
pµ(s(t))pν(s(t))

p0(s(t))
c
dt

ds
δ(x − x(s))

=

∫

ds
pµ(s(t))pν(s(t))

mc
δ(x− x(s)),

√−gM = T

3. Ideal fluid: homogeneous and isotropic fluid in the rest frame (ẋµ = (1, 0, 0, 0))

T µν =











ǫ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p
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Covariant generalization:

T µν = (p + ǫ)ẋµẋν − pgµν ,

Short enough mean free path and times:

T µν(x) = (p(x) + ǫ(x))uµ(x)uν(x)− p(x)gµν (uµ(x) = ẋµ(x))

4. Classical scalar field:

SM =

∫

dx
√−g

[
1

2
gµν∂µφ(x)∂νφ(x)− V (φ(x))

]

Mµν =
2√−g

∂
√−g
∂gµν

L+ 2
∂L

∂gµν
︸ ︷︷ ︸

1

2
gνκ

∂L
∂∂κφ

∂µφ

√−gMµν =
∂L

∂∂µφ
∂νφ− gµνL = Tµν

VI. SCHWARZSCHILD SOLUTION

A. Metric

1. Symmetry: translations in time and rotations inspace

2. Metric:

ds2 = f(r)dt2 −
3∑

j,k=1

xjhjk(r)x
k

3. Gauge choice for r: A = area of the surface of a sphere of radius r

r =

√

A

4π

4. Geometry:

(a) Metric:

ds2 = f(r)dt2 − h(r)dr2 + r2(dθ2 + sin2 θdφ2).

(b) Christoffel symbols: non-vanishing components only,

Γt
rt =

f ′

2f
, Γr

tt =
f ′

2h

Γr
rr =

h′

2h
, Γr

θθ = −
r

h
, Γr

φφ = −r sin
2 θ

h
, Γθ

rθ = Γφ
rφ =

1

r
Γθ

φφ = − sin θ cos θ, Γφ
θφ = cot θ
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(c) Ricci tensor: diagonal

Rtt = −f
′′

2h
+
f ′

4h

(
f ′

f
+
h′

h

)

− f ′

rh

Rrr =
f ′′

2f
− f ′

4f

(
f ′

f
+
h′

h

)

− h′

rh

Rθθ = −1 + r

2h

(
f ′

f
− h′

h

)

+
1

h
Rφφ = Rθθ sin

2 θ.

(d) Scalar curvature:

R|r 6=0 = 0

5. Einstein equation: for r 6= 0

0 = Rtt = Rrr = Rθθ

0 =
Rtt

f
+
Rrr

h
= − 1

rh

(
f ′

f
+
h′

h

)

=⇒ 0 =
f ′

f
+
h′

h
=

d

dr
ln fh =⇒ hf = A

r →∞: flat space =⇒ f = h = 1 =⇒ A = 1

0 = Rθθ = −1 + rf
f ′

f
+ f = rf ′ + f − 1 =⇒ drf

dr
= 1 =⇒ f = 1 +

B

r
, B = −2GM

c2
= −rs

ds2 =
(

1− rs
r

)

dt2 − dr2

1− rs
r

− r2(dθ2 + sin2 θdφ2)

Dimensionless coordinates: t→ trs and r → rrs

ds2 =

(

1− 1

r

)

dt2 − dr2

1− 1
r

− r2(dθ2 + sin2 θdφ2)

6. Properties:

(a) Weak field limit: r ≫ rs, x
0 = tc

φN =
γ00c

2

2
= −c

2rs
2r

= −GM
r

(b) Gravitational red shift: (between stationary observers)

i. signals at te1 and te2 emitted at re and received at tr1 and tr2 at rr

time independent metric =⇒ tr1 − te1 = tr2 − te2 =⇒ tr2 − tr1 = te2 − te1

ii. proper time is measured by a clock travelling with the object

∆se =

√

1− 1

re
(te2 − te1), ∆sr =

√

1− 1

rr
(tr2 − tr1)
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iii. redshift:

∆se
∆sr

=
νr
νe

=

√
√
√
√

1− 1
re

1− 1
rr

(c) Singularities:

i. Coordinate singularity at r = rs

rs ≈







2.8 M
Msun

km

2.4 M
Mproton

· 10−52 cm

Rtθtθ = Rtφtφ = −Rrθrθ = −Rrφrφ =
1

2
Rθφθφ = −1

2
Rtrtr =

1

r3

=⇒ Regular force during the free fall

ii. True singularity at r = 0

(d) Singular forces on a stationary extended objects:

uµ =




1

√

1− 1
r

, 0, 0, 0





aµ = uνDνu
µ = uν∂νu

µ + Γµ
ρνu

ρuν =
Γµ

tt

1− 1
r

= (0, ar, 0, 0), ar =
1

2r2
= φ′N (r)

Gauge invariant acceleration: is obtained by multiplying it by
√
grr,

√
−aµgµνaν = ar

√−grr =
1

2r2
√

1− 1
r

,

diverging tidal (r-dependent) forces at r = 1

(e) Causal singularity at rs:

i. light cones flip at rs:

ds2 =

(

1− 1

r

)

dt2 − dr2

1− 1
r

=⇒ dt

dr
= ± 1

1− 1
r

ii. the role of time and radius is exchanged

inward outward

iii. Irreversible dynamics within the Schwarzschild sphere =⇒ Impossible to leave it?

(f) Realistic, non-singular mass distribution ρ(r) 6= δ(r): naked horizon only if ρ(r) = 0 for r ≥ rs

(g) Characteristic lengths of a particle:

i. Compton wavelength λC = ~

mc , maximal localization
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r
rs

ct

ct rs r

ii. Schwarzschild radius rs =
2Gm
c2

iii. rs ≪ λC : quantum particle, vacuum polarization, known physics

iv. λC ≪ rs: black hole ???

v. 2λC = rs: Planck mass, mP l =
√

~c
G ∼ 2.1 × 10−5g, Planck length: λC = ~

mPlc
∼ 1.6× 10−33cm

(h) Role of spherical symmetry:

i. The solution remains the same when time independence is not assumed

ii. The spherically symmetric solutions of the vacuum Einstein equation are static

iii. Trivial in the Newtonian theory (no gravitational dynamical degrees of freedom)

iv. No s-waves in gravitational radiation field

B. Geodesics

1. Lagrangian:

L = −mc
√

ẋµgµν(x)ẋν

= −mc
√(

1− 1

r

)

ṫ2 − ṙ2

1− 1
r

− r2(θ̇2 + sin2 θφ̇2)

2. E.O.M. for θ:

r2 sin θ cos θφ̇2 =
d

ds
r2θ̇ =⇒ θ = 0,

π

2

θ = π
2 , planar motion

3. Cyclic coordinates: t and φ

− 1

mc

∂L

∂ṫ
=

(

1− 1

r

)

ṫ = E,

1

mc

∂L

∂φ̇
= r2φ̇ = ℓ,

4. Radial equation:
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(a) Energy conservation ← ẋ2 = κ(= 1)

κ =

(

1− 1

r

)

ṫ2 − ṙ2

1− 1
r

− r2φ̇2 =
(

1− 1

r

)
E2

(1− 1
r )

2
− ṙ2

1− 1
r

− r2 ℓ
2

r4
=
E2 − ṙ2
1− 1

r

− ℓ2

r2

E2 − ṙ2 = V (r), E2 = ṙ2 + V (r), V (r) =

(

1− 1

r

)(

κ+
ℓ2

r2

)

= 2φN (r) +O
(
r−3
)

ր

relativistic effects

(b) Effective potential:

dV (r)

d1
r

= −3 ℓ
2

r2
+ 2

ℓ2

r
− 1 = 0 =⇒ D = 4ℓ4 − 12ℓ2 = 4ℓ2(ℓ2 − 3)

0 2 4 6 8 10

0.75

0.80

0.85

0.90

0.95

1.00

FIG. 1: ℓ2 = 1.5,
√
3, 1.85, 2.0

(c) Radial motion:

i. ℓ ≤
√
3: falling into the center

ii. ℓ >
√
3: stable orbits rmin ≤ r ≤ rmax in certain range of E

rmax =
3

1 +
√

1− 3
ℓ2

, rmin =
3

1−
√

1− 3
ℓ2

,

(d) Perihelion motion of Mercury: O
(
r−3
)
relativistic term in the effective potential

5. Light:

(a) m = 0 coupling to gravity?

(b) Fermi-Walker transport of the polarization direction =⇒ coupling to gravity

(c) geometric optics, Fermat’s principle, κ = 0

(d) Deflection of light around the Sun

C. Space-like hyper-surfaces

1. Visualisation of a t = t0 and θ = π
2 hyper-surfaces:

−ds2 = dr2

1− 1
r

+ r2dφ2.
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2. Embedded into a three-dimensional Euclidean space with cylindrical coordinates (z, r, φ):

−ds2 = dz2 + dr2 + r2dφ2

on a surface z = z(r):

−ds2 =
[
1 + z′2(r)

]
dr2 + r2dφ2

3. Matching:

1 + z′2(r) =
1

1− 1
r

=⇒ z(r) =

∫ r

1
dr′
√

1

1− 1
r

− 1 =

∫ r

1
dr′

√
1
r

1− 1
r

=

∫ r

1

dr′√
r′ − 1

= 2
√
r − 1 (r > 1)

z

y

x

D. Around the Schwarzschild-horizon

ds2 =

(

1− 1

r

)

dt2 − dr2

1− 1
r

− r2(dθ2 + sin2 θdφ2)

ր տ
too slow time too detailed radius

1. Falling through the horizon: radial motion, ℓ = 0

(a) E.O.M.:

E2 = ṙ2 + V (r), V (r) =

(

1− 1

r

)(

κ+
ℓ2

r2

)

ṙ2 =
1

r
+ E2 − 1

(b) Initial conditions: r(s0) = r0 > 1, ṙ(s0) = 0

ṙ =

√

1

r
+E2 − 1 =

√
1

r
− 1

r0
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ds =
dr

√
1
r − 1

r0

r =
r0
2
(1 + cos η)

s =
r
3/2
0

2
(η + sin η)

s

●

●

r

η

1 2 3 4

0.5

1.0

1.5

2.0

Geometrical origin Free fall from r = 2

(c) No irregularity at the horizon: r = 1

(d) Proper time of falling into the center: η = π, s = π
2 r

3/2
0

2. Stretching the horizon: tortoise coordinate

• Origin of the singularity:

ṙ =
dr

dt
ṫ =

dr

dt

E

1− 1
r

,

• Zoom onto r = 1: r → r∗

0.5 1.0 1.5 2.0 2.5

-4

-3

-2

-1

1

2

3

dr∗ =
dr

1− 1
r

,
dr∗

dr
=

1

1− 1
r

, r∗ = r + ln |r − 1|
(
dr∗

dr
= 1 +

1

r − 1
=

r

r − 1

)

ṙ =
dr

dt

dr∗

dr
E =

dr∗

dt
E

• E.O.M.:

ṙ2 =
1

r
+ E2 − 1

E2

[

1−
(
dr∗

dt

)2
]

= 1− 1

r
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• Approaching the horizon: r ց 1 =⇒ dr∗

dt → −1 =⇒ t ∼ −r∗ →∞

takes infinitely long coordinate time

3. Szekeres-Kruskall coordinate system:

• Light cone coordinates:

(a) Minkowski space-time:

u = t− r, v = t+ r, ds2 = dt2 − dr2 = dudv =⇒ light cone : du = 0 or dv = 0

x

t
u v

(b) Schwarzschild geometry:

u∗ = t− r∗, v∗ = t+ r∗

dr∗

dr
=

1

1− 1
r

=⇒ dr2 =

(

1− 1

r

)2

dr∗2

ds2 =

(

1− 1

r

)

dt2 − dr2

1− 1
r

=

(

1− 1

r

)

(dt2 − dr2∗) =
(

1− 1

r

)

du∗dv∗

is still singular but already has a clear causal structure

• Yet another singular rescaling to avoid the singularity at r = 1:

(I) (r > 1) u′ = −e−u∗

2 = −
√
r − 1e

r−t
2 , v′ = e

v∗

2 =
√
r − 1e

r+t
2 ,

u∗ = t− r − ln |r − 1|, v∗ = t+ r + ln |r − 1|
du′ =

du∗

2
e−

u∗

2 , dv′ =
dv∗

2
e

v∗

2

du′dv′ =
du∗dv∗

4
e

v∗−u∗

2 =
du∗dv∗

4
er

∗

=
er

4
(r − 1)du∗dv∗ ← r∗ = r + ln |r − 1|

du∗dv∗ =
4

r − 1
e−rdu′dv′ =

4

r

1

1− 1
r

e−rdu′dv′

(II) (r < 1) u′ = e−
u∗

2 =
√
1− re r−t

2 , v′ = e
v∗

2 =
√
1− re r+t

2

ds2 =

(

1− 1

r

)

du∗dv∗ =
4

r
e−rdu′dv′

regular at r = 1
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• Return to ”time” and ”space” coordinates:

u∗ = t− r∗, v∗ = t+ r∗ ρ =
v′ − u′

2
, τ =

v′ + u′

2
(I) u′ = −

√
r − 1e

r−t
2 , v′ =

√
r − 1e

r+t
2 ,

ρ =
√
r − 1e

r
2 cosh

t

2
, τ =

√
r − 1e

r
2 sinh

t

2

(II) u′ = e−
u∗

2 =
√
1− re r−t

2 , v′ = e
v∗

2 =
√
1− re r+t

2

ρ =
√
1− re r

2 sinh
t

2
, τ =

√
1− re r

2 cosh
t

2

• Analytic continuation for v′ < 0:

(III) u′ = e−
u∗

2 =
√
r − 1e

r−t
2 , v′ = −e v∗

2 = −
√
r − 1e

r+t
2

ρ = −
√
r − 1e

r
2 cosh

t

2
, τ = −

√
r − 1e

r
2 sinh

r

2

(IV ) u′ = −e−u∗

2 =
√
1− re r−t

2 , v′ = −e v∗

2 = −
√
1− re r+t

2

ρ = −
√
1− re r

2 sinh
t

2
, τ = −

√
1− re r

2 cosh
t

2
.

• Metric:

ds2 =
4

r
e−r(dτ2 − dρ2)− r2(dθ2 + sin2 θdφ2)

(r − 1)er = ρ2 − τ2 (I), (II), (III) and (IV ), t =







2arcth τ
ρ (I) and (III),

2arcth ρ
τ (II) and (IV ),

ρ(I)
(II)

(III)
(IV)

τ
v’u’

4. Einstein-Rose bridge:

• Embedding the surface (ρ, φ) into an Euclidean space with coordinates (z, u, φ) as z(ρ)

−ds2 = dz2 + dρ2 + r2dφ2 = [1 + z′2(ρ)]dρ2 + r2dφ2

=
4

r
e−rdρ2 + r2dφ2
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1 + z′2(ρ) =
4

r
e−r

z(r) =

∫ r

1
dr′

dρ

dr

√

4

r′
e−r′ − 1

Reduplication of the Universe at each point particle

z

x

y (I)

(III)

• Time inversion:

(a) Classical physics: T : x(t)→ Tx(t) = x(−t)

(b) Pure states: T : |ψ(t)〉 → T |ψ(t)〉 = |ψ(−t)〉 = |ψ(t)〉∗ = 〈ψ(t)|tr,

Ā(t) = 〈ψ(t)|A|ψ(t)〉 = (|ψ(t)〉)†A|ψ(t)〉 = (T |ψ(t)〉)trA|ψ(t)〉

uncorrelated quantum fluctuations

(c) Mixed states:
∑

n pn|ψn〉〈ψn| correlated quantum fluctuations

(d) Mixed states of black holes?

5. Causal structure: no way to leave (II) and (IV)

τ

ρ

v’u’

(I)

(II)

(III)

(IV)
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VII. HOMOGENEOUS AND ISOTROPIC COSMOLOGY

A. Robertson-Walker metric

1. Curvature tensor in maximally symmetric spatial geometry:

gµν =




1 0

0 h





(a) A transformation of second order antisymmetric contravariant spatial tensors:

R̃j
kℓm → R̃jk

ℓm = R̃j
nℓmh

kn

T ℓk → R̃kℓ
mnT

mn

(b) R̃kℓ
mn = R̃mn

kℓ =⇒ R̃ is diagonalizable

(c) Isotropy: degeneracy in d spatial dimensions

R̃jk
ℓm = K(δjℓδ

k
m − δkℓ δjm)

R̃ = R̃jk
jk = Kd(d− 1) = k|R̃|, k = −1, 0, 1

R̃k
m = R̃jk

jm = K(d− 1)δkm =
R̃

d
δkm

2. Embedding into R4: k = signK

(a) k = 1:

a2 = x2 + y2 + z2 + w2

0 = xdx+ ydy + zdz + wdw

ds2 = dx2 + dy2 + dz2 + dw2

= dx2 + dy2 + dz2 +
(xdx+ ydy + zdz)2

a2 − x2 − y2 − z2

= dr2 + r2(dθ2 + sin2 θdφ2) +
r2dr2

a2 − r2

=
dr2

1− r2

a2

+ r2(dθ2 + sin2 θdφ2).

(b) k = −1:

−a2 = x2 + y2 + z2 − w2

0 = xdx+ ydy + zdz − wdw
ds2 = dx2 + dy2 + dz2 − dw2

= dx2 + dy2 + dz2 − (xdx+ ydy + zdz)2

a2 + x2 + y2 + z2

= dr2 + r2(dθ2 + sin2 θdφ2)− r2dr2

a2 + r2

=
dr2

1 + r2

a2

+ r2(dθ2 + sin2 θdφ2).
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3. Invariant length: r → a(τ)r

ds2 = dτ2 − a2(τ)
[

dr2

1− kr2 + r2(dθ2 + sin2 θdφ2)

]

= dτ2 − a2(τ)
[
dχ2 + h2(χ)(dθ2 + sin2 θdφ2)

]
,

dr√
1− kr2

= dχ

︸ ︷︷ ︸
dr
dχ

=
√
1−kr2

, r = h(χ) =







sinχ k = 1

χ k = 0

sinhχ k = −1
rph = a(τ)h(χ) cosmic distance

= a2(η)
[
dη2 − dχ2 − h2(χ)(dθ2 + sin2 θdφ2)

]
, η =

∫
dτ

a(τ)

4. Geometry: µ, ν = (τ, r, θ, φ)

gµν =




1 0

0 −a2(t)g̃ij



 , g̃ij =








1
1−kr2 0 0

0 r2 0

0 0 r2 sin2 θ







,
√−g = a3(τ)

r2 sin θ√
1− kr2

Γτ
ij = ȧag̃ij , Γi

τj =
ȧ

a
g̃ij , Γi

jk = Γ̃i
jk =

1

2
g̃iℓ(∂j g̃kℓ + ∂kg̃ℓj − ∂ℓg̃jk),

(

ȧ =
da

dτ

)

R̃jm = 2kg̃jm

Rµν =




R00 0

0 R̃jk + g̃jk(aä+ 2ȧ2)



 =




−3 ä

a 0

0 g̃jk(aä+ 2ȧ2 + 2k)





R = R00 −
1

a2
g̃jkRjk = −6

(
ä

a
+
ȧ2

a2
+

k

a2

)

.

B. Equation of motion

1. Energy-momentum conservation:

(a) Divergence of a tensor:

Dµv
µ = ∂µv

µ + Γµ
νµv

ν = ∂µv
µ +

∂µ
√−g√−g vµ =

1√−g ∂µ(
√−gvµ)

DνA
µν = ∂νA

µν + Γν
ρνA

µρ + Γµ
ρνA

ρν =
1√−g∂ν(

√−gAµν) + Γµ
ρνA

ρν

(b) Energy-momentum tensor:

T µν = (ρc2 + p)uµuν − pgµν

• Scale invariance (EM radiation):

– Generator of scale transformations xµ → eλxµ: T µ
µ

– T µ
µ = ρc2 − 3p = 0

• Matter at rest (cosmic dust): p = 0
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• Vacuum: T µν ∼ gµν , p = −ρc2

always ρc2 + 3p ≥ 0

(c) Continuity equation:

0 = −∂νpgµν +
1√−g ∂ν [

√−g(ρc2 + p)uµuν ] + Γµ
ρν(ρc

2 + p)uρuν

uµ = (1, 0, 0, 0) =⇒ µ = 0 is non-trivial

ṗ =
1√−g

d

dτ
[
√−g(ρc2 + p)]

i. Cosmic dust:

a3ṗ =
d

dτ
[a3(ρc2 + p)] =⇒ 0 =

d

dτ
(a3ρc2)

ρ ∼ 1

a3

ii. Radiation:

a3ṗ
︸︷︷︸

a3

3
ρ̇c2

=
d

dτ
[a3(ρc2 + p

︸ ︷︷ ︸
4

3
ρc2

)]

0 =
4

3

d

dτ
(a3ρc2)− a3

3
ρ̇c2 = 4ȧa2ρc2 +

4

3
a3ρ̇c2 − a3

3
ρ̇c2 = 4ȧa2ρc2 + a3ρ̇c2 =

1

a

d

dτ
(a4ρc2)

ρ ∼ 1

a4

iii. Faster expansion in the first (radiation dominated) phase of the Universe

2. Einstein equations:

R00 −
1

2
R− Λ = 3

ȧ2 + k

a2
− Λ = 8πGTττ = 8πGρc2

1

a2g̃rr

[

Rrr −
1

2
grr(R+ 2Λ)

]

=
1

a2g̃rr

[

Rrr +
a2g̃rr
2

(R + 2Λ)

]

=
ä

a
+ 2

ȧ2

a2
+ 2

k

a2
− 3

(
ä

a
+
ȧ2

a2
+

k

a2

)

+ Λ

= −2 ä
a
− ȧ2

a2
− k

a2
+ Λ

=
8πG

a2g̃rr
Trr = 8πGp

3. Friedmann equation 1
2 [

1
3 (00) + (rr)] :

ä

a
=

Λ

3
− 4

3
πG(3p + ρc2)

• Cosmological constant: negative pressure and modification of the Newtonian limit. Λ = 0 in the rest

• Absence of static solution: ä < 0, for 3p+ ρc2 > 0
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– Rate of change of spatial physical distances, ℓph = ℓ̃a with fixed ℓ̃

v =
dℓph
dτ

= ℓph
ȧ

a
= Hℓph, H =

ȧ

a
∼ 70km/s/Mpc ← Hubble′s constant

– Hubble’s law:

v = Hℓph

N.B. v > c for large separation (not in contradiction with special relativity) =⇒ horizons

• Evolution of the universe:

(a) Expanding at the present, ȧ > 0

(b) Deacceleration: ä < 0, expansion slows down

(c) For constant expansion rate:

a(τ) = ȧ(τobs)τ

Approximative age of the Universe:

τobs =
a(τ)

ȧ(τobs)
=

1

H

Slowing expansion rate =⇒ the true age is shorter

(d) Big Bang singularity at τ = 0

(e) Singularity theorems of general relativity: singularity even without assuming homogeneity and

isotropy

(f) Early Universe is in the quantum regime until a ∼ ℓP lanck

(g) k-dependence:

i. Flat or open universe: k = 0 or k = −1 expansion forever

R00 −
1

2
R = 3

ȧ2 + k

a2
= 8πGTττ = 8πGρc2

ȧ2 =
8πG

3
a2ρc2 − k > 0

ii. Closed universe: k = 1,

A. deacceleration continues

ä

a
= −4

3
πG(3p + ρc2) ← Friedmann eq. for Λ = 0

B. contraction after

amax =

√
3

8πGρc2
← ȧ = 0
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C. big crunch at a = 0

iii. Critical density at k = 0:

ȧ2 =
8πG

3
a2ρc2,

a

ȧ(τobs)
=

1

H
, → ρcc

2 =
3H2

8πG

(h) Observations: ρmatter + ρΛ ≈ ρc, ρmatter ≈ 0.27ρc, ρΛ ≈ 0.73ρc

C. Doppler effect

1. Relativistic: Monochromatic plane wave, kµ = (ω0

c ,k), k
2 = m2c2

~2

Source is moving with velocity v with respect to the observer in flat space-time

In the observer’s reference frame:

k2 =
ω2
0

c2
− k2 =⇒ |k| =

√

ω2
0

c2
− k2 =⇒ vk = v

ω0

c

√

1− m2c4

~2ω2
0

cos θ

ω =
ω0 − vk
√

1− v
2

c2

= ω0

1− v
c

√

1− m2c4

~2ω2
0

cos θ
√

1− v
2

c2

Broadening of spectral lines of distant stars

2. Time independent gravitational field:

• e−e+ pair at rest at x1 and falls to x2

L

. .

. .

electron positron

E1 = 2mc2, E2 = E1 + 2m∆U =⇒ E2 = E1

(

1 +
∆U

c2

)

• e−e+ pair annihilates at x2 and the photon propagates back to x1

E2 = ~ω2, E1 = ~ω1

ω2

ω1
=

E2

E1
= 1 +

∆U

c2
∆ω

ω1
=

∆U

c2
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• Sun:

r1 =∞, U(r) =
GM

r
,

∆ω

ω
=
GM

rc2
∼ 2 · 10−6 at the surface

3. Time dependent gravitational field:

• A light signal is emitted at p0 = (cte, r) and received at p = (cto,0) by stationary source and receptor

• World line of the signal:

ds2 = dτ2 − a2(τ)
[
dχ2 + h2(χ)(dθ2 + sin2 θdφ2)

]

dτ = a(τ)dχ,

∫ τo

τe

dτ

a(τ)
= χ

• Emission of dne = dτeωe light periods and reception of dno = dτoωo periods

dne = dno =⇒ dτeωe = dτoωo

• Red shift: λ = 2πc
ω

z =
λo − λe
λe

=
ωe

ωo
− 1 =

dτo
dτe
− 1 =

a(τo)

a(τe)
− 1

ր

stationarity:

χ =

∫ τo

τe

dτ

a(τ)
=

∫ τo+dτo

τe+dτe

dτ

a(τ)
=⇒ dτe

a(τe)
=

dτo
a(τo)

• Slowly changing a(τ): ao = a(τo)

z =
ao

ao + (τe − τo)ȧo + 1
2(τe − τo)2äo + · · ·

− 1

=
ȧo
ao

(τo − τe) +
[(

ȧo
ao

)2

− äo
2ao

]

(τo − τe)2 + · · ·

=
ȧo
ao

(τo − τe) +
(
ȧo
ao

)2(

1− aoäo
2ȧ2o

)

(τo − τe)2 + · · ·

• Deceleration parameter:

q = −aä
ȧ2
∼ 1

• Hubble’s law:

z ≈ ȧo
ao

(τo − τe) ≈
ȧo
ao
ℓ = Hℓ.
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D. Horizons

1. Conformal flat Universe:

ds2 = a2(η)
[
dη2 − dχ2 − h2(χ)(dθ2 + sin2 θdφ2)

]
, η =

∫
dτ

a(τ)

2. Existence of horizons:

∫ ∞

ǫ

dτ ′

a(τ ′)
<∞ =⇒ no signal from the whole universe

(a) k = −1 or 0: Dust dominated universe a(τ) = O
(
τ2/3

)
for τ ≈ 0 =⇒ horizon

(b) k = 1:

i. dust: horizon disappears after amax

ii. radiation: remains present

(c) Problem: no relaxation between acausal regions

(d) Cosmic Microwave Background:

i. Inhomogeities: quantum fluctuations at the Big Bang

ii. Weak inhomogeneities:

The Universe started in an unusually homogeneous state =⇒ inflationary model

E. Evolution of the universe

1. Planck-era: t ≈ 10−43s, T ≈ 1031K, ρ ≈ 1092 gm/cm3

(a) Quantum gravity (?)

(b) Thermodynamical equilibrium (?)

(c) Radiation dominated

(d) Matter-anti matter domains?

2. Strong interaction appears: t ≈ 10−36s

3. Electromagnetic and weak interactions separate: t ≈ 10−12s

4. Hadron formation: t ≈ 10−6s, quark confinement

5. Neutrinos decouple: t ≈ 1s

(a) Until now: ν, γ, e±, p, n
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(b) νν̄ 6↔ e−e+ =⇒ ν decouple and follow a passive red shift in the rest of the time.

(c) β-decay n→ p+ e− + ν becomes irreversible =⇒ stable p

6. e+ disappear: t ≈ 4s, kBT ∼ 2me e
−e+ 6↔ γ, photons heat up slightly

7. Nucleosynthesis: 10s < t < 10min, thermal energy reaches the nuclear binding scale

(a) He era: few minutes, 4He nuclei are produced, no stable elements with Z < 8

(b) later 2H, 3He and 7Li

8. Matter radiation equilibrium: t ≈ 4 · 105year

9. Neutral atoms: t ≈ 106year, kBT ≈ 5 · 10eV

(a) neutral universe

(b) photons decouple, T ∼ 3000K, today 2.7K Cosmic Microwave Background

10. End of the quantum-driven evolution: decoupling of matter and radiation

(a) loss of radiation pressure

(b) gravitational instabilities for M > 105Msun, Msun ≈ 2 · 1033g

(c) galaxy formation

11. Hadronic matter domination: t ≈ 103 − 107years

12. Today: t ∼ 14 · 109years

VIII. OPEN QUESTIONS

1. Action: best tested predictions in Schwarzschild geometry, several candidate theories are indistinguishable

Einstein-Hilbert action:

• Galactical scale: Galactical rotation, velocity distribution =⇒ stronger gravitational force

(a) dark matter?

(b) corrections to the action? ← renormalization group

• Cosmological scale:

(a) ρ ∼ ρcrit

(b) deficit ρcrit − ρmatter = ρΛ
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i. dark energy?

ii. corrections to the action? ← renormalization group

• Consistency (?):

(a) H = 73.5± 0.5km/sec/Mpc (nearby galaxies)

(b) H = 67.4± 1.4km/sec/Mpc (inhomogeneity of CMB at galactical scales)

2. Quantum gravity:

(a) No experimental indications

(b) Theoretical difficulties:

• Emergence of classical space-time coordinates, input for quantization of matter

• Renormalizability? ← renormalization group (may not be needed)

3. Thermodynamics: The thermodynamical laws are modified

• Short long distances (information loss at horizon)

• Long distances (long range gravitational force)

Oral exam questions:

1. Classical field theory

2. Gauge theories

3. Covariant derivative, curvature tensor, metric admissibility

4. Einstein-Hilbert action, equations of motion

5. Horizon in Schwarzschild geometry, regularity

6. Orbits in Schwarzschild geometry
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