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Quantum mechanics is usually taught on four different levels:

1. Basic ideas, simple examples for a one dimensional particle, particle in spherical potential
2. More realistic, three dimensional cases with few particles <

3. Several particles, relativistic effects (Quantum Field Theory)

4. Fundamental issues, challenges, paradoxes and interpretation of the quantum world

I. PERTURBATION EXPANSION

H=Hy+gH;

A. Stationary perturbations

e Example: Atom in an EM field
e Goal: solve stationary Schrodinger equation, H|vy,) = Ep|y,)
e Expansion in g:
) = [00) + glv) + @) + -,
B, = EY) + 9B + B + -,
0 = (Ho+gH — EY) —gEY — B — - )([9?) + glvi) + ¢ [v&) +--+)
= o (Holl?) - EOW))

+g (Holwd) + B|6®) - EDW®) - EO M)
+g? (H0|¢7(12)> + H1|¢7(L1)> _ E7(12)|¢7(10)> _ E7(11)|¢7(11)> _ Er(LO)|T,Z)7(L2)>) N

Orders one-by-one:

O (¢°) : Holp) yOIMON
O (g): (Ho —E<°’>rw<”> (BD — Hy)p)
O (4 : (Ho— By = (BD — H)w®) + EO[40)
O () (Ho— EO)e) = (B — )Jul) + ES2) + -+ EO[u0)

e Zeroth order: unperturbed stationary states, |1/)§L0)>, ( ,E,?)|¢,(10)> = dmn

e Higher order: no unique solution



1. (Hy— E,(LO))*1 does not esists in the null space of Hy — Y
N
Na ={[¢)|Alp) = 0}

2. Another way to see: if \wr(f)> (k > 0 is a solution = ]wil(k)> = \wr(f)> + 0]1/17(10)> is another solution

(Ho — E)([$P) + c[p®) = (Ho — ED) [y

= (B = )W) + BPWED) + -+ BPY)

3. Unique solution: choose ¢ = —( ,(LO)WJ,(L]C)> = ( 7(10)’1/};(@> = <¢7(10)‘(w7(1k)> — \zp,(?)x 7(10)‘w7({€)>) =0

v J(K) W 0)

p®

e First order: One writes \wr(})> =>y cn7g]1/1é0)>
WO (Hy— EOgy = (BD — Hy)|g®)
3 el (Ho - EO) = w)(ED — H)p®)
?
3 e P IED — EN ) = @O NED — Hy)lp®)
VA

WO =60 = (BY —EDyenr = EVopn — Hipw (W [H [5®)

Solution:
Hygp
EUREGE k#n
Cn,k: = n k
0 k=mn,
1
Ey(L ) - Hlnn

e Necessary conditions:

@O H vy < EO
gl | Hy ) < |EQ - EY|.

e Convergence radius: 7. =0

2 2

H:;;—i-U(x), U(x):wxz—l—gﬂcd‘, g——g?
m



e Asymptotic convergence:

1. Defintion: fy(g) = Zgzo fng™ —as f(g) if W —0asg—0

2. Quantum mechanical systems: |fn(g) — f(g)| starts to grow at N = O <é> (QED: g = 1)

A error

e Degenerate perturbations:

1. Problem:
(a) H0\¢£0)> = Eﬁo)\¢£0)> = \¢£0)> is ill defined within the degenerate subspace
(b) The higher orders in [¢,) = [)) + glp?) + g2|$P) + -+ are not small

c) Singularity at g =0

(c) Singularity at g

4) gl O1H [ < [EQ — B9 is violated

k k

2. Solution: diagonalize H; within the degenerate subspace



3. Degeneracy: E,io) = Eéo) for 1 <k,l <N < dim(H)

Hyi1p O 0
0 H
122 B
Hl = 0 s
0 0 -~ HinnN
BT H

and suppose that Hy j; # Hy 1 for j # k.
4. Secular equation:
— Eigenvalues: Al|Y) =alyy) < (A—al)|p) =0 < det(A—al)=0
— det[Hy g — 650BV] =0 < B = Hy 4

5. Higher orders are regular:

) = ) +0(g)
E, = E]go) + gHypp + O (92)

6. Physical importance:

O 5+ 1@
(a) The increased sensitivity of the eigenfunctions on the perturbations: large \%\
B —E|

Weak interactions become more important for exact or approximate degeneracy

(b) An atom interacting with an ideal gas in box L:

hQ
mL?2

— Typical level spacing of the gas: AE ~

”Small” parameter of the perturbation expansion:

ngkn
72
mL?

~ 10°*mL%gHy, > 1

(m, L expressed gram and centimeter)
— Classical limit in quantum mechanics

— Relaxation in statistical physics (starting point of Statistical Mechanics)

B. Time dependent perturbations

1. Example: Atom in time-dependent EM field
2. Goal:

ihov) = Hy),  H = Ho+ gH (1),



Hy

. Typical problem:
Initial condition: [1h(t = £;)) = e+ B |[p), Holpy = Q)

Transition probability:

Posi(t) = [0 [ (1))

. Time-dependence of the state:

(1) = ) (1))

k
/ N
interaction unperturbed dynamics

Time dependent basis:

ind (1)) = Holwl (1))
Holy"(0)) = B[l (0)
W) = e 0)

. Schrodinger equation:

ihdy|p(t)) = [Ho + gH1(t)][3(t))
ihzk:(atck(t)‘wl(c(]) (t)) + c(t) i\;ﬂ; (0() (z;) = [Ho+ gH1(t)]] Zk: )00 (1))

WO i g (1) = gHa(t \ch O (t)
k
ihOyce(t) = gz (0 —gZHwk cr(t)

Hygp (t)

Order by order:

alt) = Y g @)
k
@] (go) :ih@tcéo)(t) =0
O (g") indeey™ (1) = > Hig(t)e)™ " (t)
k



6. Factorizable interaction:

C](i'O) (t) —

cr(t)

7. Transition probability:

Hy(t) = f(t)H'

= C/(co) (ti) = %nt - Cl(cm) (t:) = m,oik,n

= Vt;) - %/_OO At Hipn(t)) = —%/_OO dt' Hypn(t)

_ 5,67”—2‘% /t dt' Hygn () + O (¢7)

=l OO )5 1) = Hige 5

Eéo) . EIEO),
gH},
“h

Hy = (@ O1H'[4”(0)
/ dt' f(t')e ! + O (g%)

6k,n

Prtr)

: +0 (93)

2
gHy,

- dt/f(t/)eiwknt’

L.

) = (0 = \

8. Example: Sinusoidal perturbation is turned on suddenly

e Transition amplitude:

2 cos wt, w>0 t>0
flt) =
0 t <0,
; t
Chotn = _Zg];ill/cn / dt/eiwk’nt/ <6iwt/ + efz'wt’)
0
N R T
h Wgn —W Wk.n + w w
€ —1 = e’% (ei% — e_’%> = 2iei% sing
T _2igH,'€7n e3 (@rn—w)t i Lhu2t e 3 (@rn @)t gip hntey
7#n h Wkp, — W Wkn + w
e Transition probability for w & |wgp,|:
Pt wg, > 0 (absorption),
P =
P~ wgp < 0 (emission),
492|Hl |2
+ _ k,n a2
Pk = oo 5 @k F W)t
e Small and large t asymptotics:
2
~0.- pE _ ;2 |9H x|
tR0: Py = £
+ 2 9 qin2 HwknFw) 2
t— 00 w:l: _ Pn—)k _ QW’gHI/cn’ gbln k2 _ 27T’gHI/§n’ 5 (w w)
: n—k t - h2 - t(wkn ¥ w)g - h2 t(Wkn F



(0) (0)

Ey En
photon photon
SAAYAYAVAYAVAYAY O AAAAVAVAYAYA
Ey El
(@ (b)
absorption: P.",, = P(n+~v — k) emission: P, = P(n — k+7)
2 sin? I
o(x) = — lim 2

_ HernFw) sin’mz.
2r ) (2wx)2”

C. Non-exponential decay rate

1. Time dependence:

Initial state: [1,) at t =0, H (i) # Elti)

Time evolution:

%

(1)) = e 7 i)

Probability to preserve the initial state:

Persistence amplitude:

i

A(t) = (Yinle” ntt [Yin).-

The decay is usually not exponential and has short, intermediate and long time regimes.
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2. Short time regime:

e Persistence amplitude:

2
<wzn‘H‘¢zn> - <¢2n‘H2‘wln> + O (tg)

Alt) = 1-
Po(t) = < ¢m’HWJm - 2h2 <wzn’H2‘wm>> (1 + %(wm\HWM - 2h2 <wm‘H2‘wm>> +O (tB)
2
=1+ <7/}m’HW}m> ﬁ<¢in‘H2‘win>+O(t3)
h
-t o ),  ty= Zeno ti
g PO e e e

3. Intermediate time regime:

e Projection operators: PT = P, P2 = P (spectrum= {0, 1})

(a) Longitudinal:

= |Yin) (Yinl, (Yinlthin) =1
Lly) = [Yin) (Yinlt)
L) = [in) (Win|tin) (Yin|1h) = [tin) (Win|t)) = L = |1)

(b) Transverse:

T =1-1L
T2 = 1-L)Y (1 —-L)|=1-2L+L*=T

e Separation of the longitudinal and transverse parts of the state:

() = (L+D)e” # )

L+T
——
1

= i) (Vinle” F ) + Te #|yy,)
= [Yin)A(t) + |0(2))

f
decay product, (Y, |o(t)) =

e Functional equation for the persistence ampitude:

(Winle U [p(1)) = (inle™ F b)) A(E) + (inle™ 70 (2)
Alt+1) = AWDAR) + (Winle 77 |o(t)

re—excitation
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t

e Without re-excitation: A(t+t") = A(t)A(t') = A(t) = A(0)e™~
e Evolution of the decay product back to the undecayed state: deviation from the exponential decay
e Irreversibility:

(a) HT = H = there is always a regenerated undecayed state component:

4°|Hp 2,1

+ N .

Pn—)k‘ = msln §(Wkn:|ZW)t
+ o _

Pn%k - Pk%n

(b) Irreversibility, non-unitary time evolution is needed to arrive at exponential decays
e Spectral representation:

(a) Spectral function: H|n) = E,|n)
At) = 3 I{nlin) Pe™ h5
= S l(alin) P [ dBS(E - B)e i
= / dE Y |(n|in)P6(E — E,) e #5 = / dEp(E)e #P"

/

N~

p(E)
) A(t) and p(F) are related by Fourier transformation
) “Uncertainty relation“: the width of A(t) and p(F) are inversely proportional
d) There is no universal decay law
)

Exponential decay: Lorentzian spectral weight,

AF _;Eoy _AB
i

p(E) = T[(E — Eo)? + AE?] Alt) =e el

e h

(f) Natural line width of atomic spectra:
i. Partial resummation of the perturbation series of QED

T T - h i
ii. Decay of excited state = finite life-time — F — F — i%, e h Pt 5 e (Bt = o—i Bl
4. Long time regime:

(a) Bundedness of the Hamiltonian from below: p(E) =0 for E < Ej
(b) Shrunk of the support of a Lorentzian spectral function p(F) = 0 = spread of A(t)

(c) Slower than exponential decay rate for long time



D. Quantum Zeno-effect

1. Zeno: (b. Elea, 488BC) Achilles can not pass a tortoise!
2. Quantum Zeno effect: (short time, the parabolic decay regime)

e We observe the system at times jAt, At =t/n,j=1,...,n
e Schrodinger equation is local in time = the eventual decays are independent
ihdy|p(t)) = HIy(t))

B(( + DALY = e 12 [y (jAL))
Po(t—l-At) = Po(At)PQ(t)

e Probability of not having decay:

Py(t) = By(AD)

- <7£—Z>2 e (M)]n

_ ln[l—(ﬁ)Q—l—O(n’?’)}

—1

e Continuously monitored radioactive atom does not decay:

(a) Undecayed state is completely regenerated by the collapse of the wave function (observations)

(b) Wave function has no time to spread, an O (At?) effect

e Watched pot paradox: (water does not boil in a continuously watched pot)
3. Measurement process:

e Microscopic = macroscopic transition (e.g. tracks in Wilsons’s could chamber)

e Selection of a spectral element of the observable, a,,
Aln) = agn), [¥) = 32, ealn), (WIY) =1, (Y]A[Y) = 3, [enl*an

e Collapse of the wave function

| 2 W

X
obs

12
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Non-determinsitic choice of s

— QM: averages only.

— No deterministic, causal theory for a single event

Reality?7?

Quantum Bar Kokhba game

Hidden parameter theories:
— Classical description of each microscopical quantity by the help of so far unobserved classical
degrees of freedom
— Non-local = acausality
— Contextuel = no mathematical structure
« Three observables, A, B and C, [4,B] =[A,C] =0, [B,C] #0

* The value of A depends on whether we measure B or C simultaneously.

E. Time-energy uncertainty principle

1. Heisenberg’s uncertainty principle:

(a) Algebraic derivation:

[A,B] = iC, A=A, B=B! Cc=cC"

A
Ay = A—(A), By=B—(B), (A)= WA pure state , [Ao, Bo] = iC

TrpA mixed state
AA? = (Af) = (4%) —(A)*, AB®=(Bj) = (B?) - (B)?
Non-negative norm: O = Ay +izBg, x € R
(00") = (A§) —ix([Aog, Bo]) + *(Bg) > 0

Tmin = — (©
"= 3By

~

Uncertainty:

AAAB > L[(0)

(b) Fourier transformatiun for x and p: Gaussian wave packet,

. 2 A/ -
Y(z) Z/%elkxif_? Vi

2 o

Uncertainty:

2 k2

P(z) =e” 2&2, (k) =e 2202 = AzAk=1, AzAp=nh




2. Frequency and observation time:

(a) Intuitive approach: TAw ~ 1, E = hw, TAE ~ h

(b) Fourier transformation
(c) Width of the energy spread:

9% H}, ,|? 1
+ _ k.n 2
Pnﬁk;ﬁn = msln §(Wkn jI(AJ)t

tAlw £ wy,| =~ 27, AFEt~2rh.

sin? 7z
(2rz)2 "

F. Fermi’s golden rule

Transition from discrete to continuous spectrum

Final states are assumed to be decohered (no interference)

1

‘chont.,discr. ‘2 4 Sin2 §(wcont.,discr. + w)t

Pcont.<—discr. = /dEg(E)

Spectral density: g(F) the number of state in the energy interval [E, E + AFE]

Change of variable: ' = fiw — 8 = %(Wcont.,discr. +w)t, df = dE%

2t sin®
Pcont.<—discr. = = /dﬁg(E)|chont.,discr.|2

h 32

h? (Wcont. ,discr. + W)2

)

14



e Assuming that ¢ is large enough to keep g(FE) approximately constant

00 102

2w
Pcont.ediscr. ~ t?g(E)’chont.,discr. 2

G. Variational method

e A non-perturbative and not completely systematic approximation
e An approach of the non-degenerate ground state:

— Hilbert space of states: H

— Variational subset: V = {|y(a))} C H

— Minimization of the energy:

[(a)) = ch(a)|n>

n

G@IHB) T, lea(0) PEn
W@) — Sleal@F =

Ela) =

— Lower is E(a), |¢(«)) is a better approximation of |1g)

E(a)=Ey = [¢(a)) = [¢o)

e Problems with degenerate ground state or spectrum with small gap (E; — Ey < Ejy)

15



II. ROTATIONS

A. Translations

. Classical physics: coordinate space

r—T(a)r=r+a.

. Functions in space:

flr) = f'() = f(r' - a).

. Quantum mechanics: Hilbert space

Y(r) = U(T(a)Y(r) = ¢(r — a).
. Representation: T'(a) — U(T'(a)) preserves the algebraic structure

U(T(a)U(T(b)ip(r) = ¢(r —a—b) = U(T(a+b))y(r)

. Unitary representation:

(Wlo) = (UplUg) = (] U'U |9)

vtu=1

[dwit@-a@-a) = [dev @)

. Infinitesimal translations:

r — r+or '
(r) = (r) = 5rVi(r) = (r) — 2orGu(r)

Generator: G = %‘V =p

. Finite translations:

o~ (—aV)"

n!

U(r) = P(r—a) = Y(r) = e V() = e FWPY(r)

n=0

Ula) = o hav




B. Rotations

1. Classical physics:
o 313 matrix:

r — Rp(a)r

axis angle

e Orthogonality:

u,v) = ujv; = (Ru, Rv) = u)j, () = jRURLI Ve = ) U L fuie ve
(u,v) (Ru, Rv) = 3 (Ru)j, (Rv); = 3 RiuxR Ry R
F j jke Jkt
—1 tr et
R (a) = Rp(—a) = Ri(a)

e Rotation around the quantization azis z:

cosa —sina 0
R.(a) = | sina cosa 0

0 0 1

e Rotation around an arbitrary axis v = Au:
Ry(a) = ARy (a)A™!

Proof:

— A rotation matrix has a single eigenvactor with zero eigenvalue, the axis, Ry(a)v = v
ARy (a)A™ v = ARy (0)u = Au=v

— The rotation angle remains the same during basis transformation

In particular: n = Az
Rp(a) = AR.(a)A™"
2. Functions in space:
f(r) = UR)f(r) = f(R™'r).
3. Quantum mechanics: Hilbert space

U(r) = U(R)Y(r) = p(R™'r).

17
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4. Representation:

5. Unitary representation:
[ dwv (Rejottte) = [ dwi @) —  URUIE) -1
6. Infinitesimal rotations:
r —r+enxr

P(r) = () = (en x7)Vi(r) = P(r) —en(r x V)i(r) = ¢(r) - %ean(T),

S

Generator: angular momentum
7. Finite rotations:

(a) One dimensional subgroup of rotational around a fived axis: {Ry ()}
(b) Generator: nL

(c) Representation:

8. L is a vector operator:

(a) Definition: transforms under rotations as a vector and as an operator and the two transformations

agree.

(b) n; = A_lej’

— U(A™)U(Re,(a))U(A)

= U(A e iU (4)

= > S (4 e,y v(4)
n=0 )

= > S e, Loy
n=0

_ e—%aU(A_l)ejLU(A)
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(c) Another expression: mj = A~le; = A%e; = e;A

U(Rn, (o)) = e 7enk

— e—}%aejAL

AL = UT(A)LU(A)

vector

C.

1. Definition:

operator

Euler angles

Zu, Zrd Zrh
i ¢
\U
:)ER//;:)M :)ER
XM I91
e T
T
XM
(91 = ¢ 92 =0 93 =«

2. Another, equivalent expression: n = Az, R,(a) = AR, (a)A~

Razn(a) Ry (6) Rz (0)

1

_ Ry/(H)RZ(Q)R_l(Q)JRy/(H)Rz(@

yl

N~

Ron(a)
= R.(¢)Ry(0)R; (#) Rx(a)R2(9)
Ry/(6)
= R:(¢)Ry(0)R:(a).




3. Relation to the parameterization R, (a):

sin @ cos ¢
n = R(¢,0,x)z = R.(¢)Ry(0)R.(x)z = | sinfsin¢

cos 6

Rp(a) = R(¢,0,x)R(a)R™1(4,0, x)
Proof: v = Au, R,(a) = AR, (o)A~}

R(¢,0,x)R-(a)R™1(¢,0,x) =

D. Summary of the angular momentum algebra
1. Orbital angular momentum:

L=rxp

2. Commutation relations:

[La, Ly) = ih Y eapeLe.
(&

3. Maximal set of commuting operators: {L., L?} = eigenvalues to label the basis vectors,

L.|t,m) = hm|t,m), L*¢,m)=h2+1)[¢,m)
0 =0,1,---, me{—l,—L+1,--- 0110}

20
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4. Ladder operators: Ly = L, £iL,

[L.,Ly] = +hLy, [Ly,L_]=2hL,
Lilt,m) = B0l +1) —m(m £ 1)[{,m £+ 1)

/

to stop at the highers (lowest) state
5. ¢ remains unvariant under L:
<€,m|La|€/,m’> = 5g,g/Fa(€,m,m’)

block diagonal structure ¢

E. Rotational multiplets

1. Helicity basis:

U = (Ug, Uy, Uz) = (Up, U, Uz), Ut = Uy £ TUy
nL = ngL;+nyLy+n.L,
1 1 , . . .
= §(n+L+ +n_L_)+n,L, = 5[(711 —iny)(Lgy +iLy) + (ng +iny)(Ly —iLy)] +n. L,

2. Rotation of |¢,m):
e_f%oml’w,rm = Z

. (—ia)n 1 1 "
= Z # (nng + 571.:,.[/_ + §n—L+> ‘67 m>

(nL)"|t,m)

= Z cm’(a7n)’€7m/>

—L<m/’

and all coefficients are non-vanishing if ny # 0
3. Rotational multiplet: H, = {3° __, z,.[¢,m)}
4. Properties:

(a) Basis: {|t,m)| —€<m </{}, DimH,=20+1
(b) Hg is closed with respect to rotations, 6_%0‘"1‘7-[( C Hy.
(c) Hg is irreducible with respect to rotations.

i. H =H1 ® Ho is reducible if each component is closed, e_f%omL%j CH;,j=12
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ii. Star condition of irreducibility of H: J|¢y) such that V|y) € H IR such that (|U(R)|yg) # 0

A suitable rotation of [iy) has a projection onto any state.

_i
e haan,m

( L, + n+L + n L+> |0, m)

:rls

Zc:n/ (, m'|e_f%0mL|€,m

) = Z
) = i Zc (0 m|<nsz+%n+L—|—%nL+>n|€,m>:0
n=0

m/

/

oo equations for 3 variables (not a proof!)

F. Wigner’s D matrix

1. D matrix: action of rotations within a rotational multiplet
2. Definition: Y, ., |¢/,m){¢',m/| =1
U(R)|t;m) = LU(R)|t,m) Z [, m) (€ |U(R)|, m)

= Zw’m m/,m )

DY) (R) = (t,m|U(R)|t,m)

3. Euler angles:

D) (R(a,8.7)) = DY) (Rz(a)Ry(ﬁ))Rz(v))
Z DY) . (Ra(@))DY) ., (Ry(8)D) (R (7))

mi,m2
(Cmle™ 2|0 m) = DL (Ra(@)) = By e
_iB
DY) (Ry(8)) = (Lomle™ 55| ,m) = d) ()

m’,m

D(Q (R(Oz,ﬂ,’y)) — g tam —z'ymd(é) (5)

m/,m m’,m



/!

Reduced d-matrix

4. Block diagonal structure: Basis: {|0,0),|1,1),|1,0),|1,-1),]2,2),|2,1),]2,0),|2,—1),|2,—2),--- }
N—— ~ v
Ho H1 Ho
DO ¢ 0 --- L©® ¢ 0
o DO o ... o LM o
U = 5 L = )
0 0 D@ ... 0 o L® ...
¢ 0 -~ 0 0 0+v20 -0 0 0 0--- 0
0¢—1--- 0 0 0 0 -0 0 V20 0 - 0
ng) — 5l . . ,Lf):h ,L(_Z):h . . .
0 0 —+1 0 0 0 0 V20 0 0--- 0
0 0 0o —/ 0 0 0 0 0 0 --- V2

5 8= %: Pauli matrices,

) )

1 noonlfo1 0 —i 10
21\10 i 0 0 —1

1
<§vm/’L’§vm> = 50=

h  h : h
[5 J‘viak] - ZFLZ%@U@ [0, 04 :22%5‘”
7 l

6. Two important relations:

040y = Oqp+1 Z €abcOc < (uo) - (vo)=1luv +i(u X v)o

c
ek
0yO0y = g

7. Finite rotation:

e Fuler’s relation:

(ia)? | (ia)® | (ia)*
(,2!)2 + (.3!)3 * (,4!)4
o T3 T

— % (eia + e—ia) + 5 (eioz _ e—ioz)

= cosa +1sina

e = 1+ia+

= 1+4+ta+

o Generalized Euler’s relation:

€M = 1 +jano + (no)* +

2!

)

23



)2 : \3 - \4
= 1 +iano + Il(m) n? + (ic) n’no + IL(ZL)TL4 4.
2! 3! 4!
1, . 4 4 4
= 115 (e +e™*) + n2_¢7 (e —e)
= lcosa + ino sin a.
o Reduced d matriz:
(3) 1, e 1 B . B
d,> (B) = (5,m|e”" 2 |5,m) = | lcos 5 —ioy,sin 5 ,
m-,m 2 2 2 Yy 9 ' m
B _ainB
d(%)(ﬂ) _ oS 5 sin 5
sin g Cos g
G. Invariant integration
1. Two sphere, S5:
o Rotational invariance:
sin 6 cos ¢
n(#,¢) = | sinfsiné | d¥ = dfsin 0d¢ = d cos Od¢
cos 6

/]\

elementary area on the unit sphere

e Invariant integral:

/ dpdcosff(n) = / dodcosf(R™n)
%

RY
2. Rotational group SO(3):
e Invariant integral:

sin 6 cos ¢
n = R(¢a 0, X)Z = Rz(¢)Ry(9)Rz(X)Z = sin&simb

cos 6

/ dndyf (Ba(X)) = / d¢d cos By f (R (X)) = / déd.cos 0 f (R~ Rn(x)
1% 1% RV

/d¢dcos@dxf(R(¢,9,X)) = / dod cos Odx f(R'R(9,0,x))
\%4 RV

e FEquivalent form (Haar mesure): dR = d¢d cos 6dx

[ars@w) = [awrsw = [arsr-

defined up to a normalization constant

24
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o Volumes:

1 s
/dE:/ dc/ do = 4r,
So —11 -
/ dR:/dc/ dé | dx = 8r?
S0O(3) -1 -7 -7

H. Spherical harmonics

. Definition: wave function of |¢,m),
sin 6 cos ¢
(nlt,m) =Y, (n) =Y;(0,6), « n=|sinfsing
cos 6

determined by the structure of the rotation group.

. Normalization:

1= [ i)
Sa
. Definining relations:

e Necessary: and sufficient condition

LY (n) = L.(nlt,m) = (n|L,|t,m) = hm(n|t,m) = hmY} (n),
LiYy(n) = (n|Llt,m)

= I +1) —m(m =+ 1) {(n||t,m£1)

= Wl +1) —mm+ 1Y, (n)

m

e Sufficient:
— Eigenvectors of hermitian operators = basis set on the unit sphere

— Non-degeneracy in L,: a set of functions on the unit sphere satisfying these eqs. are the spherical

harmonics up to a constant
. Spherical harmonics in terms of D matrices:

e Relation between the Euler angles and the polar angles:

sin 6 cos ¢
n = |[sinfsing | = R(¢,0,x)z
cos 0

n) = U(R(¢,0,x))|2)

with z = (0,0, 1) and y left arbitrary.
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e Resolution of unity: >y .. [€/,m/){l',m'| =1
In) = U(R(¢,6,x))1|2) = ZU (6,0, X)) |6, m) (€, m|2)
e Projection on (¢, m’|:
o) = Yl) = Y 2L, R0 0) )

e Last factor in three steps:

(a) Consider

(mlU(R=(x))1z) = Y (& mlU (R ()€, m/) (€', m|z)

m/
= YD (R.())(t,m|z)

= e "™X(0, m|z)
(b) z = R,(x)z = no x-dependence,
(€;m|U(Rz(x))|z) = (£, m|z)
(c) Hence
&m0, mlz) = (6, m]z)
acting on it by % and setting x = 0:
—im{l,m|z) =0 = ({,m|z) = dn 0c

e Normalization:
— Resolution of unity: 1 = [ dn|n)(n]

— Integration over the unit sphere:

) sin @ cos ¢
/S2 dQf(n) = /1dc089 7ﬂd¢f(@), n = |sinfsing | = R(#,0,x)z
n cos 6
1 s
= / dcos 6 do f(R(¢,0,x)z)
-1 -7
fSQ dn
1/t i "
= — dcosf do dx f(R(¢,0,x)z)
2w -1 - -

fSO(s) dR



— Normalization:

1 = (£,0[¢,0)
= (£,01]¢,0)
_ / dn{¢,0[n) (n]¢,0)
So
_ L dR(L,0|U(R)|z)(z|U"(R)|¢,0)
21 Jso(3)

— Resolution of identity: 1 =3, [¢,m){(,m|

= L AR(C, 0|V (R)1|2) (=10 (R)|¢, 0)
21 Jso(3)
1
= oo X[ dREOURI ) ¢ 1z) el m el (R0

0,0 m,m/’
T O 0C Omyoce

<£,0|z>|2/ ©) ) 12 20+ 1
= X dR|DyA(R — ¢ =
o Jsow Dy o(R)] =

/

8m2

2041

(assuming that ¢, is real and positive)

e Finally:

Yi(n) = ZD@* R($.0,)){f,m'|z)*

B 2€ + 1 g)*
Yi(n) = | = —emd )i 6)

5. Example: Y,! :

e Three functions on the unit sphere, transforming under rotations in an irreducible manner
e n= (% % 2)do the same
e Two different bases for H;: Y,. and n

— Yy LY =0, L.z = 0, normalization: [ dn|Y(n|* =1, Y] = /&2

Am r

1.
- Y:l:l'

Yill(") = \/—hLﬂ:YO( n)
- ﬁu:ziwyw&(n)

/3 .
= \/_hT’ [ypz ZPy + Z(Zpar - xpz)]z7




3 .
1 _ _ » —i¢
Yoi(n) = o V& sin fe*?.

III. ADDITION OF ANGULAR MOMENTUM

A. Composite systems

1. Two independent systems: linear spaces H; and Hs
The two systems together: linear space consisting the pairs ([¢1), [12)), [¥;) € H;

Two widely used algebraic structures:

2. Direct sum: [¢)1) @ |1)2) = [11) + [1h2) € H1 @ Ho = Hi + Hy treated as an orthogonal sum H; L Ho

(a) Multiplication:
(cltp1)) @ |v2), [¥1) & (clt2)) € Hi & Ha
(b) Addition:
(1) @ [¥2)) + (191) @ [W5)) = (Ior) + [¥1)) @ (1¢2) + [93))

(c) Scalar product:

(1] ® (W2]) (1) @ o)) = (Wulvh) + (P2lebs) “
(d) Operators: A;: H; — H; = A1 @ Ay : H1 O Hy — H1 ® Ho

(1] @ (P2]) (AL ® A2) (Y1) ® [¥5)) = (V1] A1|v) + (W2l Aalv)

(e) Basis: {|n;)} a basis for H,;

i. = {|n1) @ |n2)} a basis for H; @ H,

ii. dimH; ® Ho = dim H + dim Ho —
iii. Components: (j|(|11) @ |v2)) = (Jl1) + (Flv2) A
iv. Wave function: (¢1 @ 12)(z) = (z|(|th1 @ ¥2)) = 1 (z1) + V2 (x2) —

3. Direct product: [1) ® [1h2) € H1 ® Ho treated as a linear space generated by the pairs ({H1},{H2})

sum

sum

sum

sum

sum

28
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(a) Multiplication:
(clthr)) @ [ih2) = [1) © (clyp2)) = (|1} @ [42))-
(b) Addition:
(It1) @ b)) + (1¥1) @ [93)) € Hy ® Ho

(c) Scalar product:

(1] @ (2] (IV1) ® [¥5) = (P [v1) (W2 ) < product

(d) Operators: Aj:H; = H; = A1 ® Ay : H1 @ Ho — H1 ® Ho

(1] @ (o) (A1 @ Ag)(|¢1) @ [5)) = (hr[Ar]ehn) (2| Az|t)t) < product

(e) Basis: {|n;)} a basis for H,;

i. = {|n1) ® |n2)| a basis for H; ® Ha

ii. dimH; ® He = dim H1 dim Ho < product
iii. Components: (j1, j2|11) ® |[t2) = (j1]11) (J2|1)2) + product
iv. Wave function: (11 ® v2)(x1,x2) = (x1, 22|(|1h1 ® 12)) = 1 (x1)2(z2) < product
4. Usage:
(a) Direct sum: exclusively existing components

example: s, p, d, etc, atomic shells, Y(x) =D, CpmiVnmi(x)

(b) Direct product: simultaneously existing components

example: two-particle state, ¥(x1, x2) = 11 (1)1 (x2)

B. Additive observables and quantum numbers

1. Momentum: Generator of translations, r — r + €

0Y(r1,m2) = P(r1 — €12 —€) = P(ry,r2)
7

=3 (p1 + p2)Y(r1,72)

(3
= —ﬁéplb(rlﬂ“z) — P=p +p

2. Angular momentum: Generator of rotations, r — r — % enL
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e An infinitesimal rotation around the z axis:

rsinf cos ¢ rsin 6 cos(¢ + €)
T = | rsinfsing | = | rsinfsin(¢ + ¢€)
r cos 6 7 cos 0

0p(r1,m2) = —€(Bp + g, )1b(11,72)
7

- A (le + L2z)¢(7‘17 TQ)

7
= _ﬁEsz(rh""Z)

General case: Ry (€) is generated by n(L; + Ly), = L = Ly + Ly

Commutation relations:

[Laa Lb] = [Lla + L2aa le + LQb]
= ih Z 6at,b,c(Llc + LQC)

C
= ih Z €ab,cLe.
4

ButL? = L? + L3 + 2L, L, is not additive = ¢ is not additive neither

Allowed values of £7

— Classical mechanics

(V- V) <205 (/i )

— Quantum mechanics?

C. System of two particles

1. System of two particles:

e States |p1) € Hy,, |p2) € Ho,
e Representation of rotations: e_%omL\(bﬁ ® |p2) in H = Hyy @ Hy,.
e Spectrum of L? = (Lq + L2)?: {l1,0a,..., 0y} <= H =Hy, ©Hp, © - ©Hy,

e A reducible unitary representation can always be broken up into the direct sum of irreducible repre-

sentations
2. Two different bases:
(a) Decoupled basis:

|€1,€2,m1,m2> = |€1,m1> ® |€2,m2>, — fj < m; < fj, dimH = (2(1 + 1)(262 + 1)



(b) Coupled basis: {|L,M)}:

L*|L,M) = R*L(L+1)|L, M),
Ls|L, M) = hM|L, M),
3. Reduction (construction of the coupled basis):
o M = Mpqr = mq + mo:
(a) |€1a€2a€17£2> |MmamaMmam> € %Mmaz CH
(b) |61,402,¢1,¢5) is unique = no other Hyy,, .. C H
(¢c) No Hy C H with £ > Mypan
(d) URH CH = H =Hip,, ©
M A
H-X-- X
,,,X,,,X,,
X X
X X
X X
X X
X X
max_2 0 xx
m, | X X
X X X X < x
X X X X X X xxxxxx\*kmax_j
N X X
X 4 X X X X X >
. X X
X X X X X X X X X X X X
m X X
X X X X X X X X X X X X 1
X X
X
o M =Mporz—1=m1+mg— 1
(a) Application of L_ = Lyj_ + Ly_:
Mgy Moy — 1) = ——
max s max - hm

(b) Two decoupled basis elements with M

X X X X X X X X x x x X

= Mpee — 1: |£13€2a€1 -

,,,,,,,,,,,,,, M max

—————————— XI\/lmax 1
-

X I\/lmax_‘

X X

X X

X X

X X

X X

X X

X X

X X

X X

X

L_ |Mma:va Mmam>-

1,€2> and |f1,£2,f1,€2 — 1>

(C) SMmax—l = {01‘61,52,51 — 1,€2> + 02’51,52761762 — 1>} < dashed lines

— dim(SMmazfl) = 2
= SMpazr—1 CH

(d) Choose a basis vector |Mazs Mimaz —

1) € Sn,,,,—1 such that |Mpae, Mpae — 1 €)Hag,,..

31
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(e) The other, orthogonal basis vector belongs to a new multiplet, |M,,q: — 1, Minar — 1) € Sar,,0.-15
’Mmax - 17 Mmaa} - 1> S 7'[Mmagc—l

(f) € Hatppoo—1 C H comes with multiplicity one in H.

(&) URHCH = H=Hpo S Hilpar—1 S -

e Jteration:

or

e Sum rule:

H=Hpy o) D O Hey 1o,

€1®€2:wl—52’@’51—52‘—1-169"'@614‘62—1@614‘62

dimH = (201 + 1)(2o +1) = > @+,
|01 —L2|<€<L1+L2

e Resolution of the identity in H:

1= Z |£1,€2,m15m2><€1;€2;m1,m2| = Z |L,M><L,M|

mi1,ma2 L,.M

e Appears reasonable in the semiclassical limit, I1,ls — oo

4. Clebsch-Gordan coefficients:

e Definition:

‘ (01,42, m1,ma|L, M) = (€1, 0y, m1,ma|L, M) ‘

e Decoupled — coupled:

e Additivity of L,:

L, M) = > |1, Lo, my,ma){l1, Lo, my, mo| L, M)

mi,ma2

= Z 01, 2, m1, ma) (€1, b2, m1, ma|L, M)

mi,ma2

(1,02, mq, ma|L, M) = 0y 4-mo,m (b1, 02, m1, M —my|L, M)

e Theorem: One can choose the phase of |¢,m) in such a manner that Clebsch-Gordan coefficients

become real.



e Coupled — decoupled:

|61, b2, ma) = Y |L, M)(L, M|, b2, mi,ms)

L,M
= Z|L,M><€1,€2,m1,m2|L,M>*
L,M
= Y |L, M)(ty, €2, m1, my| L, M)*
L,M
= Y |L, M)(ty, 2, m1,ma| L, M)
L,M
5. Simplest non-trivial example: %@ % =061
o M =41:
1 1
I1,+1) = |+ =,+=)
11 1 1 22
(==, £, 2|1, £1) = 1
2°2° 27 2
e M =0:
(a) L=1:
L,0) = ——L_|1,1)
) \/ih - )
1 ) 11
= ﬁ[alx + 025 — i(01y +02y)]|§,§>
1 00 00 11
= NG + !§,§>
21\10 . \Lo/,
_ L (L L1
V22 2 2’2
ALl oLy g
2’2? 2’:':2 ) - \/5
(b) L=0

0,0) = — (2. —2) — - 2.3)
22 2 2’2
11,1 _1 1

=2, S, F21,0) = £—
(2727 27:!:2’7) \/5

(¢c) Hq: symmetric with respect to the exchange of the two particles

Ho: antisymmetric with respect to the exchange of the two particles

IV. SELECTION RULES

A. Tensor operators

1. Definition: {Ty(,f)}, —¢ < m </, transform according to two equivalent ways
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e operators acting in the Hilbert space and

e as tensors, basis vectors of an irreducible multiplet in the linear space of operators,

(R TOUR) =Y 1D, (R | =Y D%, (R)TY)

AL = LA ' = U (A)LU(A),

/ N

vector operator

2. Invariance:

ZUT RTYU(R)D., ,\(R) = TV

3. Spherical harmonics:

(a) Transformation of kets and wave functions:

Yi(Bn) = UR™Yh(n) = mlUR|em) = (a0 R m)
= " (n|t,m/) {0, m/|UR")|¢,m) Zye )0, (R

/

m
D([) (Rfl)

(b) Transformation of the spherical function of operators: Y;* (n), Ri = UT(R)AU(R)
S

vector operator
Va(RR) = YD ()
= Y%UT (R)AU(R)) = UT(R)Y,,(R)U(R)

B. Orthogonality relations

1. Orthogonality theorem: The set of matrix elements of all irreducible representations of a group form a

full, orthogonal basis for functions on the group.
2. SO(3):
0)
Dl (B(9,0.X) = (6,1 |[U(Rx(6)U (Ry (6)U (Rx(x)|¢, m)

_ efzmzﬁ zmxd(f) (9)

mm

is a basis for SO(3) = {R(¢,0, x)} with the integral measure d¢d(cos 6)dx,
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e Orthogonality:

£1)* 4 8772
/dRD( D* (RDY) (R) = m5zl,zz5mg,mg5m1,m2

ml,ml mh,msa

e Completeness:

F6,00= > fommD . (R(®,0,X))

£,m,m/
where

14
femm =233 " a0 [ ateoso) [ ax0l0ot06.0.0016.0.0

for square integrable functions over SO(3).
e Hand waving argument: Dm o (0,0, %) = dgﬁ)m/ (9)e—imo—im'x
— Set of spherical harmonics,

20+ 1 (0 gy ime
— dmo(0)e

Y (0,0) =
is a basis over 6, ¢ (S2) with the integral measure d¢d(cos 6).
— x-depenence: {e~""X} is a basis for S; = U(1) with the integral measure dy

— Normalization:

872
dR|DSY(R)|? = ——
/50(3) Dy o(R)| 5+ 1

3. Applied for the addition of angular momentum:

e (Clebsch-Gordan coefficient are real = the basis transformation from the decoupled to the coupled

basis is not only unitary but orthogonal,

|L, M) = Z (1, m1) @ [l2, ma2) (€1, la, m1, ma|L, M)

mi,m2
|€15m1> ® |€25m2> = Z |L,M>(€1,£2,7TL1,’I’I’LQ|L,M)
LM

e Two ways of calculating the result of a rotation:

(a) Commutative diagram:

[l my>[lp,m, > Ull,m>§.,m >

C.G. C.G.

LmM>  — ulL,M>



U(R)’€1,m1> ® \62,m2> = Z Ml;m/1> ® w?vm/2>Dfﬁi?ml (R),D(Kz) (R)

Projection on (¢

mb,ma
m},ml
— Z ]L,M’>D§\§,)7M(R)(517527m17m2\L7M)
L,M,M’

(L, M|ty ,£2,m1,mz2)
= S [, mh) @ [y, mb) (L, Ly, my, mb|L, M)
L,M,M'm} ,ml

|L,M")
D](\f[l’),M(R)(eh la,my, ma|L, M)

’m/1| ® <£2’m/2|:

(1, m}| @ (L2, mh|U(R) |61, m1) ® [, ma) = DY (R)DY? (R)

(b) Resolution of the

m’lvml m’gme
= 37 (1,6, mhy L, MYD) (R (€1, b2,y ma| L, M)
L,M,M’

identity:

i. Trivial (single basis):

L= |n)nl

(Al = (] 1 A A ) = {nlAln)

D fm)(ml 30 [m ) (m |

ii. Less trivial (several bases):

and

g = Y [1,m1) @ [a,ma)(fa, m1| @ (fa, my|

mi,ma
e = > |L,M){L,M|
L,M
1,UR) 1y = 141.U(R)1 1y
=1g »  |L,M)(L,M|UR)L,M')(L,M'|14
L,M,M’

1.uR)1.

(01, m}]| @ (b2, my|U(R)ly,m1) @ |[la, ma) =

L7
L7

L7

(L)*M(R) and integration over R:

o Multiplication by D,,;

'D(fl)

/
my,mi

(L)x* Y
/ arD), Dl

> (b, my| @ (g, mb|L, M)(L, M|U(R)|L, M")(L, M'|(y, m1) ® |[€2,m2)
M, M’

S (. ba,ml, m|L, MDY | (R)(L, M|ty by, my o)

M, M’
S (1, b, my, my|L, MDY (R) (41, o, my, ma| L, M)
M, M’

(RID (R) = D7 (trbaumi, my| L MDYy (R) (6, b2,y ma| L, M)
L,M,M'

(R)D2, |, (R) =

/
my,m2

/ dRDY)) (R (€1, b, iy, mb| L, MYDSE)  (R) (01, 62, m, ma| L, M)

36
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e Orthogonality relation for Clebsch-Gordan coefficients:

2
L)« ) 02) 8
[ RO (B, (RIDS), (R = 57 (s o | L M) s a2 )
/ N
<€1,£2’m,1’m,2|L’M,> <L,M|€1a€2am1,m2>

C. Wigner-Eckart theorem

. Selection rules for a tensor operator: Rotational quantum numbers {¢, m}, remaining quantum num-

bers n
M= (nl,ﬁl,ml\T,(f)\ng,ﬁg,m2>
/ N
Rotational quantum numbers {/,m} remaining quantum numbers n
. Derivation:

e Tensor operator invariance: ), UT(R)TS,)U(R)Dfn/,m(R) =¥

M = (ny, £, m1| T |ng, le, ms)

= > (1, b0, | UNR)T U (R)[ng, 3, m2) DLy 0 (R)

= >t b, U RIS TU (R o, £, ma) Dy o (R) = 1= [, m){t,ml

= Z <n15Elam1|UT(R)|nlagl,m/1><n15glam/1|T7§f/)|n2,€27m/2> <7’L2,£2,m/2|U(R)|TL2,£2,m2>
m’lmém’ <n1,£1,m’1\U(R)\n1,€1,m1)* (n2,€27m'2|U(R)|n27f2,m2>
XDﬁm’,m(R)

Integration over R:

M/ dR="3" (ny, 01, mi |7 Ing, o, mh) / drD(Y" (R)DY) (R)D'? (R)

/
mj,mi m’,m mh,ma

[ )
mfy,ms,m

e Orthogonality relation for Clebsch-Gordan coefficients:

8 2
M/dR: T&(€7€27m7m2’€17m1) /Z/ /(67627mlaméwlamll)<n17€17mll‘Tr(rf/)’n27€27ml2>'
872 o

e Wigner-Eckart theorem:

M= (ﬁ,ﬁg,m,mgwl,ml) < nl,ﬁl\T“)]ng,ﬁg >




Factorization of the rotational kinematics from the rest of the dynamics

/ N

(0, 4o, m, ma|l1,m1) reduced matrix element:

> (€, o, |0y, ) (ny, 1, [T o, o, ),

’

07O |ng, by >=
< ny, 4 |T g, b > 1

mi,mbh,m

3. Selection rule: (nl,fl,m1|T,§f)|n2,€2,m2> is vanishing if (¢, 5, m, ma|l1,m1) =0
4. Examples:
(a) £=0:

(625 0) ma, 0|€1 ) ml) = 641,6267”177”2

(n1, 01, M1 | TO|ng, £o, my) = 001,05 0my s K n1, 6| TO|ngy, by >
Rotation invariant potential U(r) = rP

(ny, 1, mq|rP|ng, lo,ms) = /dgb/ (cos ) Yﬁl* 9,¢)Y£22(9,¢)/drr2+pnm 01 (T) g (1)

(£2,0,m2,0[¢1,m1) <Kn,li|rPlng o>

(b) ¢ =1: angular momentum
(n1, b, ma|T |na, ba, ma) = (1, Lo, m, ma|ly, my) < ny, 4T |ng, lo >
To find the reduced matrix elements for the angular momentum Tél) =L,, Till) = :F%Li:

(n1, 01, 41|Lo|na, €o, la) = (1,02,0,02]01,¢1) K ni, Li|L|ng, o >

(n1, €1, m|Lo|na, b2,m) = Wmdn, ny00, 0
2
1,01,0,01|01,41) =
(71771’171) €1+1
01, 01|L Uy, b
— <<7’L1,€1’L‘7’L2,€2>> — (nla 1, 1| 0|n2a 25 2> :5n1,n25£1752h /g(e_i_ 1)

(1’62’ Oa €2|€15 61)

V. RELATIVISTIC CORRECTIONS TO THE HYDROGEN ATOM

A. Scale dependence of physical laws

1. No ”constants” in physics: no truly isolate system

‘ Measured results depend on the scale of observation (environment) ‘

Scales in physics: dimensional quantities, M, L, T, and ...

N
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to establish relation between physical quantities

Bureau of Standard: to assure unchanged environment

(a) Mass: a ball moving with velocity v in a viscuous fluid

o d2 Etot (U)

Eiot(v) = Epann(v) + Et,  Epau = 702

(b) Charge:

e Polarization:

Classical polarizable medium Vacuum polarization around a charge in QED
e Running electric charge: ac) 3
qq qq(R)
( ) # R2 ( ) R2 qph)s 77777
XL x
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e Renormalized trajectory: Identical physics, changing resolution

Ae
short

long

vy 3

(c) Speed of light:

3

(d) Relevant length scales:

: 80
few particles 107" particles 10

Quantum Classical
: 27

-30 -15 -1% -5 7 21
10 10 - 1 10 10
P M e | - et
Q-gravity proton atomicell 7@ Earth Milky Way Universe
weak interaction N
B S —
strong interaction electrodynamics

<
<

A\

gravitation

A
\/

(e) Theory Of Everything: parameter space of all “constants”, a guided tour of physics

IR’



2. Why can not we understand Quantum Mechanics?

The brain is a problem solver organ for the problems presented by the senses

We learn about the classical world in childhood by playing with macroscopic objects
Intuition, logics are based on macroscopic, classical physics,

We have no clue to the quantum world

What is left is the universal language of mathematics without “understanding*

3. Quantum Biology: Life = microscopic order enfolding on macroscopic level

Branch of Life 4

complexity

human brain
multi-cellular organism
bacteria length
proton atom ce
Earth
Milky Way

Universe

Average of micr. events

— Photosynthesis (molecular antennas)

— Electron transfer in proteins (transport at the mler-mAcr edge)
A single micr. event

— Rhodopsin in the retina (photon detector)

Olfaction (spectrum analyser)

— Bird navigation by the Earth’s magnetic field (quantum measuring device)

Neuron dynamics (brain as an amplifier)
Evolution:
— 10% possible proteins, 6225 appear in living organisms
— How were they selected?
* At least 165 nucleic acid bases in RNA for reproductibility
% 4165 ~ 109 possibilities

025

* One from each in a primordial soup: 1 X Myniv.



x “Survival of the fittest” is not enough
— Quantum criticality
* 500 randomly chosen proteins function in between the micr. and the macr. domain

x Life exploits the more efficient quantum transport processes on the macr. scale

B. Hierarchy of scales in QED

1. Fine-structure constant:

(a)

(b)

Relativistic effects in the hydrogen atom: ag = %

52
vt mrag et
c? c? h2c?

Hierarchy of length scales:

Bohr radius, ag = perturbation expansion = length scales r,, = apa™, n = 1,2, ...

—> semiclassical expansion = length scales r,, = apa™, n =1,2, ...

2. Bohr radius: n =0,

ap = mh—; ~ 0.053nm

size of a hydrogen atom

@) (co) = non-relativistic physics

3. Compton wavelength: n =1

Ao =L ~3.86- 10" em = 386fm
@ (eo) — relativistic dynamics of a neutral particle

particle localized in a region of length ¢ < A\¢ = pair creation

12
E =cvm?c® + p? = c\/m2c? + 7

4. Classical electron radius: n =2

electron-proton Coulomb energy creates electron-positron pairs

Te :
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e O (ho) — classical physics, embedded deeply into the quantum domain

e Abraham-Lorentz force, the last more or less open chapter of classical electrodynamics
5. Lamb shift: n =3

o (1= o ~0.02fm

e accidental degeneracy of the hydrogene atom spectrum

6. Beyond n=0,1,2,3:
visible

—N—
_27 _17 07 17 27 37 47 57 67
[ ——

T T

Overwritten by classical physics by the electro-weak interaction

C. Unperturbed, non-relativistic dynamics

1. Hamiltonian: P =p. +py,, P=Pc —Pp, T =Te — Tp

P2 p2 €2 1 1 1 1
= — _— M g _ = — _— N —
2M+2m r’ Me =+ Mp, m me+mp Me

2. Eigenstates: P free motion

U tmssesy (T3 05 0,0, ) = ()Y (0, 0) xs. (0) s, (2),

3. Eigenvalues: Rydberg constant: R = R~ 13.6eV

2
2mag

R
En,é,m,s:_m, 6:0,...,71—1, —egmgg

accidental) Degeneracy: (25, + 1)(2S. + 1)n? = 4n?-fold
( g y: (25

D. Fine structure

1. Relativistic effects:

e Kinetic energy: relativistic free particle

e Interactions: dynamical degrees of freedom of the E.M. field are resolved

2. Kinetic energy



(a) Origin:
P 7 v\ 6
E=cym2+pl=mé®++—— ——=+0 <—>
2m  8m3c? c
(b) Form:
2 4 2
0= P P__P Hy,.

(¢c) Magnitude:

p 2
’Hm‘ ~ m3c? 2
6} ~ 6) = —2 =
p p- C
2m m

3. Darwin term:

(a) Origin: cloud of virtual electron-positron pairs, the vacuum polarization of the Dirac-see

O O
O OO
-

(b) Form: Smearing, p(r) =4d(r) — p(r), [drp(r) =1, Uc(r) = € 5 U(r)=Uc(r)+ Up(r)

T

Multipole expansion:

dr'p(r'YUc(r + 7')

——
322
9 47°C
A
= Uc(r) + =7 VUe(r)
1 mh?e?
Hp = —Up = gxév?UC(r) = ——we?\ii(r) = ~5330(r)
/]\
V% \mim = —4nd(x — y)
(¢) Magnitude:
mh?e? 5 €2h? m3eb e 9 4
~Un) = 5aa WO~ ez e = ga = mee
~_1
T
h? B2 m2et  me* 1
H ~ = = — = = — 2,2
Ho) ~ R= 2 = om o~ 2™
[{(Hp)| 2

%
Q
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4. Spin-orbit coupling:

(a) Origin: spin = magnetic moment & moving charge (proton!) = current = magnetic field

o Form:
Hi =-mB
o E.M. field in quantum mechanics: canonical quantization

L = %;@2 —ep(t,z) + i At @)
C

OL (4 1
p:ﬁ:mds—FEA(t,m) — d:z—(p—EA>
ox c m c
. i
[mj,pk] = Zh5j7k — p = ﬁV
H = pi— L =pi— %a’cZ tep(t,z) — SE A, @)
c
1 e 1 e \?2 e e —A)?
~p—(p-°4)-—(p-A4) +eo—— (p--A) A= p-eAr | o
m c 2m c cm c 2m
e Magnetic moment of the orbital angular momentum:
— Homogeneous magnetic field
L 1
AF = (0,A), A,=(0,-A), A= 5T X B
1 1 1
Bi = (V x A)i = —5€ijiVjerm@eBm = =5 €ijiekjmBm = 3 €ijkejkm Bm = Bi
26im
— Hamiltonian:
2 2
p € € 2
H=—-—(pA+A A
27721 2mc(p +Ap) + 2mc? )
P _eh e :
= ——-—A —VA A
27721 me P + “Sme ;_ 2mc?
p e € 2
= — 4+ — B A
27721 + 2mc (rx )p;— 2mc?
_ P _° B + € 42
2m  2me 2mc?
— Magnetic moment:
¢ 5 L eh
m = —— = J— _
2me HBT» BB =500

e Magnetic moment of the spin: Pauli 1927, Dirac 1928
— Pauli: P=p—-2A—oP,

P2 (oP)? _ {0, 0k H{P;, Pi} + [0, onl[P), Pl
2m 2m 8m
0a0h = Oab +izeabc0'c = {oj,08} =20k, [0j,0%] = 2i€jpe0q

H:

C
5 _ 205 Py, Py}t + 2iejpion P, By] P2 L Gkt Dy, il
8m 2m dm



(Vi +fi Vi + fil b = [V, Vilh+ [fs, filh + [V, frilh +1f5, Vilh = (Vjife = Vifi)h
N —

Vi(fth)=fkVjh

(o P)? p? i he p? he
L et (VA — VLA = A
2m 2m  4m EJMUZZ' c(v] k= Vidj) 2m 2mc€ﬂdv] kot
P? he P? B he he s
2m  2mc CF T 2m 2mc mch
p=gsps, gs =2
— Magnetic moment of a composite particle: J =L + S
L+ gS J+(g—-18 J
m o= pp——— = pBT—— g R YPUBT, gp #1

e Magnetic field in the hydrogen atom:
— The best frame: rest frame of the electron

— Homogeneous electric field E seen by velocity v:

1
B=—uvx FE
c

(b) Form:
sl _ e eh s1 _e e 1.1
HSO = —msB = —Q/LB%E(?T;’U Xr= —Q%ﬁg&»;v Xr= —W;BT;S(I) X 7‘)
e? 1.1
- mZCQ;aT;SL



(¢c) Magnitude:

1. Origin:

47

<H80 m2c2a} h? h? e 9
~ — = = =
(Uc) % m202a% m202(—7522 )2 h2c?

E. Hyperfine structure

(a) Se, L. = magnetic field for S,

0.51MeV 1

(b) suppressed by ;”L—; ~ Ssanievy ~ 3000 compared to the fine structure

2. Form:

3. Magnitude:

1. Hamiltonian:

Ls in H,,:

Coupled basis:

1 _€ 1 8w
-T2 {meR3 Lm,, + ﬁ[?’(men)(mp") — memy| + ?mempé(?’)(}z)}
eh s,

gp = 5.585 (# 2)

e2h? m
(Hpfp) = ———5—= ~ (Hso)—

mempclag mp

F. Splitting of the fine structure degeneracy

Hf:Hm+HD+H30-

J=L+s =— Ls=_(J°-L*-5s

1
|n, J, M, ) = Z\n,&M — Sey Se) (4, §,M — Sey Se|J, M).

Se

Spectroscopic quantum numbers: nfy, £ =0,1,2,3,... =s,p,d, f,g,....

2. n =1: 1s level, 2 dimensional degeneracy (s.)



o We seek EV) = <7/)(0)|Hf|1,b(0)>

48

B — (n,€,m,sg|Hgn, €, m, s)
_r 1
<T595¢5 Ss|na€ama SS> - Rn,ﬁ("ﬂ)ynlib(97¢)u(se), RI,O(T) = —j3¢€ ao, Ybo = =
ag VA
e H,:
2\ 2 2 2 2, .2
e e a‘me
p4:4m2 H0+_ ; H(]:p___a En_ 2
T 2m T 2n
2
o - _ pt (Ho+ %)
" 8m3c? 2mc? .
(Hn) = ~5— (B2 + 2B +(5)
T ome \UT " r2
Generator functional:
o0
I(k) = / dre”™ " = —
0
1 A [ 4 _20 4 d> "I (k)
il W d2—n_ a:__12—n
<7,.n> 47 0 T age 0 a%( ) dHQ_n ‘K7a20
<1> 4 dI(k) 4af 1 <1>_ 4( )Q,ndQ—nI(n) _day 2
r’ T ad dk =2 a4 ap’ r2’ " a} dr?m | -2 a3 2 ad
(H,) 1 atm?ct a’mce? 2t 9 4 9
— — | = —=a"mec
m 2mc? 4 ag a? 8
e Hp:
mh?e? e*h’n 9 e2h? 9 1 4 5
<HD> - 2m2c2 <5(T)> = 2m202‘¢n,5,m(0)’ = Sm2c2 ‘Rl,O(O)‘ = 506 mc”.
dag=a(25 )3
o Hy: (Hso) ~(sL) =0
e Finally: AE = —%oﬂ‘ch, the spin degeneracy prevails in 1s1
2
3. n=2
e Degeneracy:
2 + 2 + 4 =8
251 2py 2p3
2 2 2
e Absence of mizing of 2s and 2p:
Hy = Hys O



o 2s:

1 r o __r
= —e 290
\/@2(2(10) 2 4o
28] |25) = —
s|l=|2s) = —=
r3 24a8

/

(2@0)% 2ag
1 1 1
2s|—[2s) = — 25| = [2s) =
ol = gy ol =
13
(Hp) = —112—8m02a4
(Hp) = —1—6m02a4
(Hso) = 0
Energy shift: degeneracy remains
21
AFEy, :—moflmc2
o 2p:
55
(Hp) = —@mc%/l
(Hp) = 0 <+ Rg:(’)(M)
e 1 ;o e?
Hao) = 201 selg o g SLR2 56 = 5mm
1
SLt,m,s) = =(J?—L*-S%|t,m,s)
2,
h 13
= —|JJ+1)—L(l+1)—==||¢
5 |70+ =+ 1) - g5 lm)
h? 11
= 3 [J(J—i—l) — Z] |t,m, s)
B —R*1,m,se) J =3
2
Eln,mys.)  J=3
1,2 4 1
(——mc ot J =3,
(Hy) = a8 2
%mc%/l J = %
21 , 17
= AE2p% = —@a mc’, AEgp% = —@a me
-E/8
¢ 17E/128
P32
21E/128
22 2pyp

N

T Lamb:

mc2a

48h2

49
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(a) Degeneracy in J is split
ubspaces 2s:1 and 2pi1 remain degenerate, they split up in «Q y photon emission an
b) Sub 2 d 2 in d h li in O (a?) by ph issi d
2 2

absorption processes (Lamb shift)

VI. IDENTICAL PARTICLES

1. Macroscopic quantum effect

e C(Classical physics: trajectories distinguish the particles

e Quantum physics:
— Heisenberg’s uncertaintuy principle = A trajectories

— The difficulty of distinguishability is generalised to the principle of undistinguishability

h-independent quantum effect
— Realization:
« m: exchange of two particles, |z1,x9) # 7|z1,22) = |22, 21)

+ Hilbert space: ray representation of physical states, [{))pnys = {€"|1)}

6@'06

T2, 21) = |z1, 72)

Y(xo,21) = eerp(xy,x0).

— Gibbs paradox: entropy of the ideal gas is non-extensive

Solution: N identical particles has N! identical rearrangements
2. Fermions and bosons:

e Naive expectation:

7 =1 = =1 = ef=41

However 71'2|:U1,3:2> = 62i06|£€1,£ﬂ2> = em|x1,x2> = 20, =a#2nw

e Spin-statistic theorem:



(a) Rotationial phase:
Uj(Rn(2m))la1, 22) = €71, 22),
(b) Exchange phase:
b(xg, x1) = €t (a1, 22).

(¢) Theorem:

(d) Topological proof:

— Twist number of a closed ribbon: number of rotation by 2w

(3
s
“ )}

1 L
V= —/ dxda—(x)
2w 0 dx

— Ribbon, attached to each particle and to the wall
— Exchange of the ends of a ribbon generates 27 rotation

(e) Fermions and bosons in three dimensions:
U(R,(2m)) =€ ==+1
(f) Anyons in two dimensions: phase (irreducible) representations of rotationangourp SO(2)
Up(2m)|zy, z0) = €®|xy,23), —m<O<nm

3. Superselection rule:

No mixing between fermions and bosons <= classical physics has no fermionic coordinate

51
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(a) Matrix element of a tensor operator of integer angular momentum:

Wer| T |6¢) = (Wer|UT (R (20))U (R (20) IO U (R (270))U (R (270)) )
T = ZUT RTYU(R)D n(R)

(er | TO | be) :ZD R (2m)) (4o |UT (R 20) T U (R (27) ) )
= ngD R (2m)) (e [T | )
5 ’

STl —  WelTloe) =0 for € #¢

(b) Interactions do not mix fermionic and bosonic states (Hamiltonian is an ¢ = 0 tensor operator)

Y2 = S +ID) + 5 060,2) - vz 1)
iz He ¢ Ha
Hiz = Hs ® Ha
4. Several particles:

(a) Ezchange of two neighbouring particles:

Y@ty T Ty Tn) = EV(T1, ., T, Ty Tp)
(b) Exchange a pair:

Y@ty Ty Ty ) = EP(X1, . Ty Ty, Tp)
beacuse each particle j +1,...,k — 1 are skipped twice by z; and x} producing §2|j*k*1‘

(¢) Parity of a permutation:

e Each permutation

= ( (ﬁ)’v"’,ﬂ{fv))

is the product of the exchange of neighbours



Example:

(33257) = (L1, 5)(4,5)(2,3)(3,5)(2, 4)(3,4)

) 1<y

is unique and well defined

Proof: continuous deformation of the lines
- can reproduce any factorization

- changes the number of crossing in units of 2

e Each crossing generates a multiplicative factor £ = total exchange factor is £7(™)

Example: N =3

-1

Il

Q
Ve
=
LN
N W
N—

Il

Q
N\
L=
N DN
St
N—
N———

Il

Q
/N
N —
=i
w w
N———

(d) N particle ket state from N one-particle states {|k)}:

‘]{31,...,]{?]\[> =N Z fa(ﬂ)‘kw(1)> Q& ‘kW(N)>

TESN

Proof:
Y F(m)= ) F(xr')= > F(x'm)
TESN TESN TESN
the maps m — 7/, m — 7'm are onto and one-to-one = same sums in different order
|k3ﬂ./(1), ey kw’(N)> = N Z go(ﬂ—)|k3ﬂ.ﬂ/(1)> ®- |k7r7r’(N)>

TESN
o(nr’) = o(n) to(x) « €°) =1

‘kw’(l)a---7k7r’(N)> — 50'(7'(',)./\/ Z fa(ﬂﬂ—l)‘kww/(l»®“'®’k7r7r’(N)>:fa(ﬂ,)’kh"'

TeESN

7kN>
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(e) N particle function:

w,(:,)___7kn($1,---7$N) =N Z Uiy (k1)) Vhn (T o))

TESN

wl(c;,),kn (xl’ =N Z ¢k1 kau)) wkN (ka(zv))

TESN

Vo (1) gy (22) - Ypy (TN)

A det Vo (1) Yy (22) - gy (xN)

Viy (1) Yry(T2) - Yy (2N)

S

Slater determinant

(f) Pauli’s exclusion principle:

‘Two fermions can not occupy the same quantum state

5. Occupation number representation: Counting the number of particles of different types

|k‘1,k32,. . .,k‘N> — |’I’Lk>

an, P= anpk, Eln] = anEk
k k k
Does not contain unphysical information = no need of (anti)symmetrization
6. Exchange interaction: (wrong) historical name
(a) Two particle state:
1
Yi2(x1,01,T2,02) = ﬁ[%(whm)i/}z(m,@) + &a(x1, 01)h1 (22, 02)].
(b) Factorizable one- and two-particle wave functions:

Vi(x,0) = xj(x)d;(0)

Pr2(x1,01,T2,02) = x12(x1, T2)P12(01, 02),
(¢) Exchange statistics:

xi2(®2, 1) = Eexie(®r, T2),  Xi12(x2, 1) = Esdra(o1,00) = £ =¢

‘ (anti)symmetrization of states may introduce correlations among quantum numbers‘

(d) Bound states of two identical fermions:



Hamiltonian:

2 2

Py V253
H=-—"—4+== .
o + o, + U(r12)
a

strongly attractive spherical symmetric potential at short distances

New variables:

1 1
X=§($1+9€2)a P=§(P1+P2), T =x1— T2, P=pP1—DP2

X(@1, @) = e 7P, (Y6, 6)

Spatial inversion:

r— —xr = 533:(—1)[

Correlation among quantum numbers for £ = —1:
- 5=0: & =—-1= & =1=¢=0 in the bound state
- S=1¢=1= & =—1= =1 in the bound state
Nne(r) = O (rz)

— Spin-dependen ground state energy: fderU(r) < fdrr4U(7°)

VII. DENSITY MATRIX

A. Gleason theorem

1. Classical probability:

e FElementary events: H

e o-algebra: M, the measurable subsets of H
(a) ap, € M = Upa, € M
(b) ae M = H\ae M

o Probability measure: pu: M — R

(a) 0 <p(a) < oo (p(a) <1 for discrete values of a)
(b) p(@) =0

(€) an € M and ap, Na, =0 = p(Upay) =3, play)

2. Quantum probability:



o6

e FElementary events: H
e o-algebra: M, the measurable linear subspaces of ‘H
(@) ap e M = > cpap € M
(b) Va e M, {v € H|{(v|w) =0,Vw € a} € M.
e Probability measure: p: M — R
(a) 0<p(a)<oo
(b) p(0) =0

(c) an € M and ay, L a, =0 = p({>_, cnan}) = >, plan)

3. Gleason’s theorem: Any measure p in a separable Hilbert space of at least 3 dimensions is of the form

p(a) = Tr[pA(a)] |

e Projector onto the subspace a: {|n)} is a basis fora linear subspace a C H
A(a) =) [n){n,
n

e Quantum state:

— collection of information abut the system,
— probability distribuiton for all subspaces

— density matrix p

4. Expectation value of an observable:

A= Z |Un) An(n| = Z)\n!%ﬂ%! = Z)‘nA(‘n» [thn) < An
<A> = an)\n
= > Tr[pA(In)]An

= 3 TelpAuA ()]
= T?"pA

(4) = TrpA]



B. Properties
1. Hermiticity:

1 1
prt Pans pn =50+ p") pan =5 (p— ")

TrPyp = (Ylplty) € R = (¥|p|) = (]p'[v)) = pan =0

RS
I

2. Positive operator:
(¥lpl) = Tr[A(4)p] = 0

3. Unit trace:

Trp = Tr[pl] =1

4. Diagonalizable: {|1,)} is an orthonormal base
P:Z|¢n>pn<¢n|, 0 < pn, anzl

Interpretation: p, is the probability of finding the system in [i,)

5. Pure states: (factorizable density matrix)
p=l)wl & Ti[p’] =Tl =1
6. Mized states: (non-factorizable density matrix)

N
p= )], (N22) & Tip’=> pi<d pp=Trp=1
n=1 n n

7. Degeneracy: non-unique decomposition

8. Ezample: Two-state system:

1 01 0 —2 1 0
P:_(]1+p0), o ) )
2 10 i 0 0 -1

(o) = trlpo] = p

C. Physical origin

Two different(?) physical origins of the same mathematical structure:



1. Loss of classical information: |¢,) < p,

p = Z|¢n>pn<7pn|
w:ﬂm ZMMW%M Zm%ww

e FExpectation value:

— quadratic in the wave function

() = (] Alp) = / dadyy™ (z) (] Aly)(y)

— linear in the density matrix

p(z,y) = (z|ply)
Tr[pA] = / dady(z|ply) yl Alz) = / drdyp(z, y){yl Alz)

— no interference in Tr[pA] = 3" pn(¥n|Al)n) between the eigenstate of p

e Coherent average in a pure state:

v = X vl
Z vV PmPn ¢m|A|¢n 7& an wn|A|¢n>
p = Z\/pmpn’wm wn‘ #an‘wn wn

m,n

=

e

A
I

e Decoherence: reduced coherence in the expectation values
(¥|Aly) = Tr[pA] = Zm%wm

2. Entangled states:

o Bipartite system: H = Hy ® H,, with bases {|¢n,)} and {|xn)}
/ N

observed system environment

e Complete system: pure state

P) = ZCM,n’¢m> ® |Xn)

m,n

e Schmidt decomposition:

- Z Cnltin) @ |Un)s (U |Un) = Gty (On|Onr) = Gy

o8



e Classification of pure states:

(a) N = 1: factorisable state 1)) = |u)| @ |v)

(b) N > 2: entangled state

e Properties of a sub-system are well defined in a factorisable state
(WAL ]p) = (u] ® (v] A1 @ Ta|u) ® |v) = (u]As|u)
e Properties of a sub-system depend on the entangled environment

) = |ui)| @ |v1) + |ur)| @ |v1)
(Wl A1LY) = (ui|Arlur)(vifvr) + (uz| A1 |uz)(va|v2)
+(ur|Arug) (vifva) + (ur|Arfuz)(v1]va)

e No state vectors for an entangled subsystem:

(a) Suppose the contrary, 3 |pops), N > 2

N

) = Z Cnlun) ® |Un)

n=1

(b) P(|pobs)) =7 1. way:
p(‘¢0bs><¢055’) = <¢0b8’¢obs><¢obs‘¢obs> =1
(€) P(loops)) =7 2. way:

A(‘¢0b3>) - ‘¢0b3><¢obs’ ® ]lx
p(|¢obs><¢obs|) = <71Z)|A(|¢obs|w> = <¢||¢obs><¢obs| ® IL2|¢>
= ZC;/Cn<un/‘ ® <Un"(‘¢obs><¢obs’ & 1)’“n> ® ‘Un>

n,n’
N
n=1

s
ZnNzl ‘CH‘Q =1, N2>2

‘Cn‘Q | (un
—~ ——

)] <1
<1 <1

(d) The state of an entangled subsystem is given by the (reduced) density matrix

e Reduced density matrix:

(Ag) = D chw (un| ® (vn Ay ® Lyluw) ® [vw)

n,n’

99
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= Z |Cn|2<un|A¢|un>

n

N
= TrlpsAg], Py = Z [t |en|? (un]
n=1

/

non-factorizable

General form:

Ptot = chcz/|un> & |vn><un/| ® <Un/|

n,n’

pe = Try[ptot]

= Z<Xﬁ|ptot|Xﬁ>

n

= Y ench (Xal(lun) @ [on) (| @ (0 |)|x7)
n,n,n’

= 27 cachulun) | wulxn) Ol
n,n,n’

= Z Cncj;/|un><un/ (vn| Z |Xﬁ><Xﬁ |vn'>
nn' n
1

= chc;‘un><un/’<vn\vn/>
n,n’

= Z’cnﬂunﬂun‘
n

e [essons:

a) An entangled sub-system has no indivual properties

(
(b

)
Entanglement and mixed states arise from interactions
g
c¢) Entanglement is more general than interactions (no interaction Hamiltonian needed
g g
)

(d) Mathematical equivalence of points 1. and 2.:

‘Loss of classical information <— observed system is entanglened

VIII. MEASUREMENT THEORY

1. Tripartide system:
o Hamiltonian: Hg4(t) # 0 for tp, — 7y <t <ty + Ty

H = Hs +Ha+Hs,a(t)+He+Hs,a,e
~~

system apparatus environment

e Non-demolishing measurement:

[HSa Hs,a] =0
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o Initial state:

(1) = D ealsn) © |ao) © leo)

n

2. Measurement process:

(a) Pre-measurement: tpy, — Ty <t < tm + T

e Environment ignored: 27,,H, . < [ dtH; o(t)

System-apparatus correlations:

|(t)) = ch‘3n> ® |ag) ® |eg) — ch’3n> ® |an) @ leo)

Interaction generates entanglement

Microscopic information spreads over macroscopic size

e Understood
(b) Decoherence ty, + T <t <ty + T + 74:

e Apparatus-environment interaction

| (t)) = ch|5n> ® |an) ® |eg) — ch|5n> ® |an) ® |en)

n

e Reduced density matrix:

Ps,a = Zczcn’<en’en’>’3n> ® |an)(sn| ® (s

n,n’
e Decoherence of the pointer of an ampermeter in an ideal gas environment:

— Independent particles = factorizable pure state

)=o) e-- -

— Macroscopically different pointer states |a,) and |a,)

— The overlap of gas particle states after bouncing back from the pointer

<eg)|e£f,)> <l—-¢ j=1,...,N,
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— Macroscopical limit of the pointer

N, ‘
lim (e,le,) = lim (eg)\eg,)> < lim (1-e)M =0

Np—roo Np—ro0 - 1 Np—roo
]:

Macroscopically different apparatus states |ay,), |a,/)

= orthogonal environment states (e,|e,) =0

Macroscopically off diagonal elements of the density matrix in the pointer basis are suppressed

e Requires non-unitary time evolution

Loss of phase differences = irreversibility

e Understood
(c) Collapse:

e The result of the measurement is the apparatus state |¢,,,)

Ps,a = Z C;’;Cn/ <Xn‘eXn’>e‘¢n>s & ’¢n>a<¢n"s b2y <¢n"

AP, ))ps,a(| D))

Trsa[A(|Pn,, ) ps.al(|9n,)]
= W’nm>s ® ‘(ﬁnm>a<¢nm’s ® <¢nm’a

Collapse of a structure: ¢, — 0p p,,

A complicated, fast many-body effect

Nondeterministic, far from being understood

Determinism emerges in macroscopic physics as thermodynamics appears in statistical physics
3. Escape route: Hidden variable theory

e Deterministic theory containing yet unresolved degrees of freedom
e The statistical treatment of the hidden variables repoduces the predictions of quantum theory
e It must be

(a) Non-local

— Entanglement is distance independent
— Einstein-Podolski-Rosen effect
15 =0) = Z(l(z, 1), (5, 4) = (=), (¥, 7))
* An interaction at x influences the state at y
% Such a correlation spreads with ¢+ € (and infinite) speed (!!!)

(b) Contextual



— Three observable A, B and C
— The result of a single measurement of A depends on whether B or C has been measured

e Is this an acceptable price to save microscopic determinism?

e Why do we think that microscopic physics is deterministic?

Oral exam topics:

1. Time independent perturbation expansion
2. Time dependent perturbation expansion
3. Rotations

4. Addition of angular momentum

5. Relativistic corrections

6. Wigner’s D-matrix, Indistinguishability of particles

63



	Contents
	Perturbation expansion
	Stationary perturbations
	Time dependent perturbations
	Non-exponential decay rate
	Quantum Zeno-effect
	Time-energy uncertainty principle
	Fermi's golden rule
	Variational method

	Rotations
	Translations
	Rotations
	Euler angles
	Summary of the angular momentum algebra
	Rotational multiplets
	Wigner's D matrix
	Invariant integration
	Spherical harmonics

	Addition of angular momentum
	Composite systems
	Additive observables and quantum numbers
	System of two particles

	Selection rules
	Tensor operators
	Orthogonality relations
	Wigner-Eckart theorem

	Relativistic corrections to the hydrogen atom
	Scale dependence of physical laws
	Hierarchy of scales in QED
	Unperturbed, non-relativistic dynamics
	Fine structure
	Hyperfine structure
	Splitting of the fine structure degeneracy

	Identical particles
	Density matrix
	Gleason theorem
	Properties
	Physical origin

	Measurement theory

