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I. PHYSICAL LAWS AS THE FUNCTIONS OF THE SCALE OF OBSERVATION

Newton’s equation F' = ma is modified at v ~ ¢ = 2.9979 - 108m /s (speed of light)

Problem: our intuition belongs to 2 <1

The observed quantities and the physical laws depend on the scale of observation

/!
Scales: L, T, and M

Polarizable medium Relativistic vacuum

Vacuum polarization: ¢ — q(r)

\

q(r)

Physical constant = plateau
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Interactions with the environment = effective parameters: ¢ — q(r), M — M (v), etc.
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Quantum mechanics:

- The Reality can not fully be known

/\

- Quantum mechanics:

Optimized and consistent treatment of partial information

7~
1

- Quantum state: a list of virtual realities
!
like a phone book: name +»virtual reality v

tel. number<«>probability

Life:
- elementary unit: protein
450 randomly chosen proteins

- living forms consist of 4500 proteins
at the quantum-classical border

- Origin: primordial soup?

4165 possible RNA chains

Quantum origin of life?

M=2x 1077/<:g ~ MUm'verse X 1025



solar system

Concord Apollo 10 cathode ray tube /
Velocity: Lo |
e | ; ; | S vimss)
0 2 4 6 8
10 10 10 10 10

Orders of magnitudes in free fall: v = 9.8t{M K 5],
after 1 year v = 9.8 x 365 x 24 x 3600 ~ 3 x 10°m/s

Momentum:
measure of “relativisticness*“: relativistic limit
one needs dimensionless ratios 0 mc \ p
| | >
v \ ‘ >
0< o < 1 Y\

p . » non—relativistic limit
0< e < 00 with crossover at provle 1

II. A CONFLICT AND ITS SOLUTION

A. Reference frame and Galilean symmetry

Inertial reference frame: free motion = constant velocity
T =tv+ xg
E.O.M.: &=0
identical in each inertial reference frame

Galilean relativity: a generalization of the dynamics of a free particle to the interactive case

‘The mechanical laws are identical in each inertial reference frame‘

Example:
An object, falling freely from the the mast, ends up
at the bottom of the mast on a ship which moves

with constant velocity.

Symmetry transformations of Newton’s equation: m‘fT‘f = 0: (Galilean transformations)

t >t =t+ty <« absolute time
z — ' = Rx —tv+ x
Different reference frames are connected by Galilean transformations.

Addition of the velocity: © — &' = %(m —tv + xg) = & — v (absolute time)



B. Limiting velocity

W. Bertozzi, Am. J. Phys. 32 551 (1964)
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Light flasher Ii sweep signal [T~ <> 10 85
Aluminum disc ta stap
Charging belt electrons and signal ar-
rival of electron burst
Short tube signalling at end of flight path
start of electron burst Oscilloscope

down the flight path
~3 x 10%sec
— -—

Electran burst charge distribution
as a function of time

Energy K[MeV] Time of flightt[10~35] Velocity v[10%m/s] Velocity square v2[1016m? /s?]
0.5 3.23 2.60 6.8
1.0 3.08 2.73 7.5
1.5 2.92 2.88 8.3
4.5 2.84 2.96 8.8
15 2.80 3.00 9.0

as the energy increases like £ — 30F h ]//

energy conservation requires K — 30K i

4.0
3.0
2.0
Newton’s equation: v2 — 3002 ? 109

0 10 20 30 40 50 6.0
Kinetic energy K, MeV

v?, 10" m?/sec?

Limiting velocity: v < ¢ (not enough energy to accelerate beyond c)

C. Particle or wave?

XIX.-th century physics: nature of light
- Thomas Young (1801-04): measurement of interference

- Augustin-Jean Fresnel (1818): explication of interference, diffraction, polarization



- James Clerk Maxwell (1861): electrodynamics

Wave: diffraction, interference, polarization <+ Particle: energy-momentum

Mechanical models until 1850 but the speed of light is too high for a particle

Speed of light : n

. . O ‘lo
Ole Roemer (1675): eclipse of Jupiter’s _ g

e }
moons varies in time s W o=
SUN EARTH ,\
~ 8

c - 2 X 10 m/s JUPTER 0 I"

In

' Luminiferous Ether

Wave or particle?

Particle: Upart = VUsource + Viight

Wave:  Uyaue 18 fixed within the medium

Ether hypothesis - Mo Ry om o R s bR o8 E 8 R L d T
\B R AR R EEEREEREREEREEREN

How to find our velocity with respect to the ether?

Maxwell: 1 Jupiter year=12 Earth years,

two measurements, separated by 6 tears Jupiter
eEarth .' with moon
écl. __ l écl. __ l
7fA - 9 7jB - v
€+ Vsol C — VUsol B’ B A A
t%l' . ticl' _ 2€USOZ _ 2€USOZ Sun
=02, (c+vso)(c— vsor)
267}301 o 20501
~ 5 = to
C ~~ C
16man

The problem is the repetition of the same experience 6 years later

D. Propagation of the light

Michelson (1881):



mcvable mirror
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ct vt
<—l) = £i+<—L> , B(E -0 =43, b= e

2
(€, €0) =ty —tL =~ iyl R iy
Rotation by 90° within few minutes:
) 201 - L
AL, 01) = —AtlL,f)) = - 2
e
2
2 (4 + L)1 —y/1-%F)
Aty 01) = AVl 01) = =
T2
2(0) + ¢ . 2
Vite~nl+s = = Gt ty) 2 %(€|I+5L)U_3
2 c 1— 2_2 c
The mirrors are not exactly perpendicular = interference rings
Number of shifted lines: AN
B
AlL=)AN = (At— At B NI A5 0 O
20+ 0 SR TR TR TR
AN = (At—At)s =2 ”
(Bi-afy =273 B e R T DR

Assuming vggn, = 30km/s, Yx 10~ and
c

using A =6 x 107"m, £ = 1.2m = AN =~ 0.04 was not found

‘No way to measure absolute velocity in physics

Michelson-Morley (1887): ¢ — 10¢, AN — 0.4, ANy = 04 0.005



Light beam viewed
11 microscope

Semi-silvered
mirror,

Adjustable
mirror

Glass plate used
to balance effect
of refraction

\ One light path

@ Mirrors Mirrors

Fitzgerald Lorentz (1892): a mysterious contraction of solids in motion:

0— 01 =%, At=0for £, =

Einstein (1905): contraction follows form the way one measures the length

Kennedy Thorndike (1932): null result with £, # ¢

E. The problem and its solution

The light is of the nature particle or wave?
Particle: Upart = Usource T Vemission but ¢ 75 Usource + € 7
Wave: Vonde €st fixed, but Michelson-Morley 7

The addition of the velocity do not apply to light?

One of the following seemingly natural assumptions is wrong:
1. The physical laws assume the same form in each reference frame.

2. The time is absolute.

Einstein (1905): No justification of point 2.

Special relativity: The physical laws assume the same form in each reference frame.
Results:

1. The speed of light is fixed by Maxwell’s equations.

2. The coordinate and the velocity can be given relative to some reference object.

3. The acceleration and the derivatives dz:’it), n > 2 are absolute.
General relativity: The coordinates, together with all derivatives, d’;f,ﬁt), are relative.

A more careful analysis of the measurement of the coordinates and the time is needed.
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Distance: with a reference meter rod X

(macroscopic!)

Act:
. . : : : : : T

Time: synchronized standard clock ! ! ! ! ! ! world line

i i i i i X

at each space point —> ofaclock
z A

Simultaneity is relative: ,

y y v

a light signal b < a — ¢
b a c X’
X
III. SPACE-TIME
A. World line

Non-relativistic motion: trajectory: x(t)
Relativistic motion: world line: x#(s) = (ct(s),z(s)), p=0,1,2,3.

ct

Non-relativistic motion:

New possibility: world line = trajectory

ptap+p

Vx




length s: ordering the events
Anti-particle: t - —t +& F— —F

Classical mechanics:

i = g 0 dt
Quantum mechanics: k0 = Hy

Quantum field theory: £ >0

Giving up classical E.O.M.:

e Sufficent condition for locally unique solution:

is the continuity of d, f(x,t)

e Example:

Relative simultaneity:

Clock synchronization:

—_

.%'(t) = f(xvt)v
glzlP, 0<p<1
at?,  apt?l = g(at?)P
p
fp, B=11
-p
bc p —1
ga?, —— =gaP, =aP
1-p 9(1 =p)
0 t <o,

dp _ _9H(p,g) dq _

Universe of a single fermion

OH (p,q)

Op

v~

b

‘to is not determined by the initial condition, pair creation is quantum phenomenon

reference clock at € = 0
. light signal from (ct,x) =0
. time at reflection: t(x)

. time of return to = 0: T'(x)

At =T ()

A
ct

ct

refl

A

bl

ct

11



B. Lorentz transformation
Transformation between two reference frame: (ct,x) — (ct’, ')

Non-orthogonal axes Euclidean rotation Lorentz Transformation

ct ¢t

[

ct et light

No fixed line

Simultaneity is relative:

T'(B) — T'(A) < T(B) — T(A) = 0 < T"(B) — T"(A)

General form: T = ax — bct
boost: = a(z — vt)
r = a(z’ +ot')

inverse (v — —v):

Applied for the propagation of the light x = ct, 2’ = ct’

2
, B B , B a, 9 cC B 1
ct' =alc—v)t, ct =a(c+ o)t/ = ct—a(c—i—v)c(c v)t, a a2 T T
e
, x—ut a4t
T V2 B v?
ez ez
K t/+vx
t = < (« x=ct), = e
1-% 1-%

2 — 0: Galilean transformations
No change in the orthogonal directions: v = (v,0,0), y =/, 2 = 2

Lorentz (1904) : compensation

Einstein (1905): way of observation

Lorentz symmetry is obeyed by all interactions

12
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C. Addition of the velocity

x, + ut’ ¢
Two different reference frames: S and S": x| = ”72, xz,=x, t= 022
1-% 1-&
, dx’ . dx
vo= — v=—
dt’ dt ,
(v, + u)At’ 1+ ZhAY
At = App = ———\ Az =AY, At= %
Vi-% -z
Az v tu v tu u ) <c
1+ c v L u~ce, ou u<kcv) e
C || ) ’ ’ ||
y o 1- Z—; v, o u<ke
L= LT ey T
1+ 2 0 wu=c

D. Invariant distance

Euclidean geometry: the invariance of s2 = (zo — x1)?
identifies the symmetries (translations + rotations)

Minkowski geometry: the invariance of s? = c2(ty — t1)? — (22 — x1)?

identifies the symmetries (translations + Lorentz transformations)

Proof A: (by Lorentz transformation)

o CE—Ut, R |
2 2
1-% 1-%
2 2 242 2 2
2 = 222 (ct =) —gx—vt) _ ("~ )(21_2_2) 242 2
_ 2 122
c? c?

Proof B: (by consistency)

- 52 = 0 the possibility of exchanging light signal is Lorentz invariant

- 52 #0 ? Three reference frames, Sp and S;, V5,8, = V5, § = 1,2, |vi],|va| < ¢

Step 1. 5? = F(|vjl,s3)

Step 2. F(Jv],0) =0

OF (|v;l, s*

Step 3. continuity of F(v,s?) in s2 at s = 0: ds? = F(|v;],ds3) ~ % , ds?
S 52=0
a(|v;)

Step 4. ds? = a(\vj\)dsg, ds% = a(|v; — vgl)ds%, a(lvy —va]) = al|v2)) =1

a(lvi])



E. Minkowski geometry

Three different kinds of space-time intervals:
o time-like: c2(t; —t2)? — (z1 — 22)? > 0
e space-like: ¢?(t; —t3)? — (1 — x2)? < 0
o light-like: c2(t; —t2)? — (1 — x2)? =0

_ sphere al (=
future

ct o Expanding light

s

Expanding
present I — o8 |ig£[ sphere
: x e eI att=1s
t=1s

present
A light signal is
emitted at t =08 *_\_
past, present, future Light cone
o ,
Change of scale: R o ct - X constant
I ( y’ .
Fuclidean:
X v —>
22 + 42 = R X
Minkowski: X’
X
(ct)? — 2% = §?
<y
IV. PHYSICAL PHENOMENAS
A. Lorentz contraction of the length
{=x9—x
2 ActAct’ A ;
¢ = xl, — x| simultaneous coordinates
xl, + ot /
Ty = ——— : :
v2 / '
-2 ;
! = 1"2 _ .%'/1 = ¢ ,"‘ - h ,""
2 2 . DR
Vizg Vi-s T

2
/ — 1_ U_
0= -5

14
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Time dilatation = Lorentz contraction

Moving rod with mirrors:

16

cAt; = L+ vAt
CAtQ = /- ’UAtQ (a): :: L»
2t = Aty + Aty L’
4 v e -
c—v  ctv 22 (b): i
g |
= — AL .|
cl— Z_i ! A
2 " (c): —
0= I—Z—2<—>t/:702 for o = toc =
1-% AL,
C. Doppler effect
Non-relativistic: sound velocity: w Following one cycle:
_= / N S
WAL = N+ ud @ R,
N o= (w—u)At= LY WY u_ —
o~ 7 o B .
Vo=v ~utg A ‘
w—u
A

v
Stationary source: v =0, v/ = v (1 — —), vV =0 forv=w
w

. . /
Stationary receiver: v =0, V' = V' = oo for u=w

1—x

w
Relativistic (light): Two pulses with time difference T', speed of the detector is v

A ct
xo
r1 = ct1 = x9+ vty — 1=
C—’UT
X C
QL'Q:C(tQ—T):xo—i-UtQ — tQZL
CcC—7 ’
- T vT
2 —11 = ; Ty — X = T
1_v 1_v
c c \observer

>

X0
Ty to —t1 — S(wo — 1)
2~ U1 =
T2
_ 1 < T v ?)T>
2 \1-2 211

\



1 T 02 l1-= L
:721_2<1—c—2>:T 1_2 —T Z
£/1 = 2—2 c c c
1-2
Vo=v 1+;7é I/(l—g)
C #
non—relativistic
Static gravitational field:
electron ~ positron
E\(e"et) = Ei(e"et) +2mAU S e
2mc? !
AU |
= FEi(e e™) (1 + —2>
- L s
Er(e"et) = Bi(v), EB(e"e’) = E(v) |
E = hw |
w) E(e”e™) AU 1
o Breen) T |
T temet) ¢ i
z ‘e e
AU
z 0—2
Time-dependent gravitational field:
Robertson-Walker model of the Universe e
Universe in expansion: A¢p < Agps o5
A 2 e
Red shift: Wem _ Zobs _ 14+2>1 E E S
Wobs Aem 5 3 -
Hubble constant: z = —/¢ Z2 2
c
f the Uni Ty = = : :
age of the Universe: Ty = —, z = =% r
H Ty o 1.0

Twins:

A: rests, B: leaves and returns

Which one is older when they meet again?

Distance, 10¢ light-years

D. Paradoxes

A ct

20

17
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A rod and a circle:
0=2r, v, = (1,0,0), v. = (0,0,0)
t = 0: the center of the rod and

the origin of the circle coincide

Can they cross each other?

A spear and a stable:

gspear = 20m, Lsgapie = 10m ' 2 -:"'._I

_v?2 1
cz T2

Reference frame of the stable: (... = 10m

Reference frame of the spear: ¢/, ,, = 5m

Can the spear enter into the stable?

ct ‘/ ~
,,,,,,,,,,,,,, spear

stable

V. VARIATIONAL FORMALISM OF A POINT PARTICLE

Need of an equation of motion which is independent of the choice of the coordinate system.

A. A point on a line

Goal: an equation to identify x4 € R: use a function with extreme at c. only

S@ o W@

dl‘ |I:xcl

Reparametrization of the line (change of coordinate system): x — y

dS(z(y)) _ dS(x) dx(y) _0
dy =y M 4y y=y.,

0
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Variational principle, an alternative definition: * — x + dx

S(xer + 0x) = S(xa) 4+ 05 (x0r)
S 2
= S(wa) + 0625 (x0) + 5" (z0) + O (52)
2T

0
= §S(zq) = O(627) (manifestly coordinate independent)

B. Non-relativistic particle

xcl(ti) = Ty, xcl(tf) =xy — xcl(t)

Variational principle: xz(t) — x(t) + dx(t), dx(t;) = dx(ty) =0

SO) = [ dtie(o).a(0)

5S[w()] = /t’fdtL <x(t)+5x(t),3’c(t)+ %595@)) —/t’fdtL(m(t),a'c(t))

_ /fdt [L(x(t),:b(t)) +6$(t)w

+%am(t)w + O (6(t)?) — /t ' dtL(x(t), g'c(t))]

B /tf dt5(t) [BL(x(t),x'(t)) B if‘)L(m(t),f(t))]

. Ox dt o
=0
+ 8 (t) —aL(x(g).’i(t)) 40 (a(t)?)
R
= 0 (62(t)°)

Euler-Lagrange equation:

_ OL(x,x) i@L(m,d})

0 or  dt Oz

Lagrangian:

Generalized momentum:

oL oL
E — L equation : p = —

P= i ox

Cyclic coordinate: = 0, peyel conserved

Teycl

Energy: Legendre transf.,

H(p,x) = pt — L(x,&), p=—=mv
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_pP Py _ P _
= p (2) +v@ =L +v@=T+U

m 2
- . . 0oL 0L .. . .. 0L
H=pr+pi-2——Z—~=pr+pi—azp—x-—=0
ox ox ox

Examples:

1. Particle moving on a curve, y = f(z), on the (z,y) plane: y = f/(x)i

L= %9’02 +9%) —mgf(z) = @# —mgf(z), m(x)=m[l+ f?(z)

2. Pendulum:

L= %6292 + mgl cos 6

3. Double pendulum:

sin 64 sin 69
x = 0 , Ty =z +
—cos b — cos 09
) cos 0y ] ] . [cosBy
x1 = {101 , g =21 + Lo
sin 91 sin 92
L = wﬁ%ﬁf + %659% + m2€1£2é1é2(008 01 cos 09 + sin 6 sin 03)

+g(m1 4+ ma)ly cos 01 + gmals cos Oy

0 = mgﬁlﬁgélég(— sin 0 cos 02 + cos 01 sin 6) — g(my + ma)ly sin 6y
+(m1 + mg)@él — mgﬁlﬁg%[ég(cos 61 cos O + sin 0 sin 05)]

0 = maol1l20102(— cos By sin by + sin 0y cos O3) — gmals sin o

—m2£§é2 — mgﬁlﬁgi[él(cos 01 cos 09 + sin 0y sin 05)]

C. Noether’s theorem

‘Each continuous symmetry generates a conserved quantity ‘

Symmetry: x(t) — ' (t'), Lz, &) = L(z',z') + A(t', )

Continuous symmetry: 3 infinitesimal transformations, € — x + ef(t,x), t = t + €f(t, x)
Conserved quantity: F(x,2) =0

(a) £ 0, f =0

L(z,&) = L(z + cf, & + €O f + (20) f) + O (€%)
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A particular variation: € — €(t), © = @, 05[e] = O (€?)

L(e,é) = L(x+ef, &+ e f + €(@d)f +¢f) + O (€9)

oL oL oL . oL . 9
Euler-Lagrange equation:
OL(c,¢)  d OL(e,é) _OL ;
o dt_oe T oa
T N——
Pe

Translations: f(z)=mn,n?>=1. L= L ;2 -~ U(Tx), T=1-n®n, p. =min

&
Rotations: f(z) =n xx, n?=1. L = 242

—U(|x]), p =ma(n x ) =n(x x mz) =nL
(b) f=0,f#0:t—=t =t+e x(t) > x(t—¢€) =x(t) — ex(t), dx = —cx

A reparametrization of the time integral of the action with € — €(t):

tf+€(tf) /
Sla] = W L@ — o), alt — o)
1
ti+6(t¢) . +€,

dt’

A

ts 0L d 0L . .

b OL doL OL\"
_ (0L dOJL 7 oL
/ti dt [ew <3m dt@a’:>+6 :|+6< w85b>ti
oL . .
e(t) e H = —a — L is conserved

ox

ly

D. Examples

1. Spherically symmetric potential:

L = 54 U(lal)
sin 6 cos ¢ sin 6 cos ¢ 6 cos 6 cos ¢ — ¢sin O sin ¢
x =71 |sinfsing |, € =7]sinfsing | +7 | fcosfsing + ¢sin b cos ¢
cosf cos 6 —fsinb

L = Z[% + 1267 + 12§ sin? 6] - U (r)
o 0L _dor

- Oz dtox
0 = r’¢?sinfcosf — —r20 —  planar motion : 6 = g

doL d . .
0 = E% =Py = %mTQ(bsinQH —  conservation of py = mrip=1L,=1{
0= -U'(r)+ mr(92 + q52 sin® 0) —mit=-U'(r) + mrgz'52 —mr
0 d
—_ 7T v SN / e .
= -U'(r)+ g mi U'(r) Egr 5 — i
mit = ~Ugsp(r), Uepp(r) =U(r) + 2
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One-dimensional motion in an effective potential with an centrifugal barrier:

e What can one say about the possibility of falling into the center for U(r) = —% with n = 2 or 37

e Is there circular orbit for U(r) = -9t — 87

—kr

e What are the stable orbits for U(r) = —g&—7

T

2. Two particles on a ring: Two point particles of mass m move on a ring of radius r without friction.

They are connected by a massless spring of length ¢ < 2r and spring constant k.

(a): Find a continuous symmetry and the corresponding conserved quantity.

(b): Solve the equation of motion for small oscillations.

e Lagrangian:

L="0262 43— X (rsn 228 4 2
=5ria 5 | 2rs 5
e Symmetry: a — o+ ¢, 8 — B+ ¢ (rotation)

e New coordinates: @:#,X:a—ﬁ,@%@ﬂzﬁ,x—w

2 o x\? 2 X 9
—{—(@—5) —§<2rsm§—€)
X
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e Conservation law:

oL

== =2mr’0 =L, =mr?(a+ [
pe = (@ + )
e E.O.M.
) 0L _doL
) - dzx dt Ot
80 : 2mr?O = 0, © =0+ Ot
mr? X X
ox : - X = —kr <2r51n§—€) cos 5

o Small oscillations: 2rsing ~ ¢, 2rsin & = /£, x = xo + €

— €> cos XO; ¢ ~ —kr2e cos? %

mrz .

—€ = —kr <2r sin X2 e

2
2
w2 = QECOSQ&ZQE 1— £
m 2 m 2r

Special cases:

L~2r: w~0 Why?
2k
m

[
2
]
&
2
|

VI. RELATIVISTIC MECHANICS
A. Vectors and tensors

The components of the four-vector, 2# = (ct,z) = (2°,2), p = 0,1,2, 3,

are mixed by Lorentz transformations

Invariant length: to characterize the Lorentz transformations

2 =22 —g? = tgua’ = vx

Metric tensor: to define the scalar product

1 0 0 O

0-1 0 O
Juv =

00 -1 0

00 0 -1

Scalar product:

Y = Z G y”
uv
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To suppress g one uses two representation for each vector wu:
- a covariant, u,, and

- a contravariant, u*:

_ v _ _ _
Uy = Gt , w = g"u, — wy= xuyu = xuyﬂ

uy = gy up = gwg”’ =g, =0}

Einstein convention:

Lorentz group: Family of linear transformations
ot — ' = APz,
preserving the invariant length,
TY = x“/AH,;'QWA{/VI’?/V/a Guv = A{J//J,.gll/l/,Af/l/.'
It has 6 dimensions, 3 for spatial rotation,

10
A= ., R"R=1
0R

and another 3 for boosts: x = x| +xL, e =ve, =0.

= t v=p(1- 220
x' = a(z) —vt) +yz, =4 =

Invariance:

2
A2 —x? = 2p? (t - —) - a2(ac|| —wt)? —yx?

2 2.2 2
— 22 <ﬁ2 _ a2v_2> _ a:ﬁ <a2 — f_%ﬁ) + 2vzt <a2 — %52>
c ¢ c ¢

O(mi): y==21—=1 + wv=
0

O(x,v): 0 = 042—6—252
2.2 ~2
c‘v c 1
O<w2> _1:~—~—2—042—> 2
|| 0202/8 5 CQ _13_22
2 ~2 2.2
2,2\ . _ 2 U ¢ 1 cv 2 _ 9
O(Ct)'l_ﬂ_acj—c—Q@(l—é—Qcﬁ)—)c-c
1
0125: <— v =
1 v
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v
vt -
= =
v2 v2
T T
Inverse: v — —v
/ / / vm/H
T + vt ct' &+
ZCH = s ct = &
v2 2
- -
Exercise: internal consistency of the notation, A = A", g = g, " =9,

g = A"gA, & guw=A" g A,
AT = gAY = (gAgTHY, e ATM = gAY g, = AP (orth)
" = (Az)" = AF 2
B = (ghg™) " = oA = (A
), = (gAz), = (gAg~'gz)y = A,"w, = (Az),
Ty = 2V gag Ap = .’E/)\A)‘u = (&'A)u

N.B. rotations : &’ = Rz, x=R"2 =«'R

contravariant tensor : THHr = Al .. AR TV
covariant tensor : Ty .., = A0 - AT, 0,
i . P1Pm — APL .. APm LS VnrpR1hm
mixed tensor : Tm---un =A ko1 A nmAm Aun Ty

Invariant tensor:

ry o
uv = Auﬂg#/l’/‘/\ v

B. Relativistic generalization of the Newtonian mechanics

Four-velocity: ds = dz0 — Z—j
d 2 .9
ds® = dz®? — da?® = da®? |1 [ 2% a2 (1
dx0 o2
2
ds = dz®/1 — v_2
c
u — xd(S) = i(s) = <di,iﬁ> _ R
S s ds c \/1 _ 22 \/1 _ 2
c? c2
Four-acceleration:
dut
= S =1 — wu=0



26

Four-momentum:

E

hE )

N.B. (i) ¢ = o0, p = mwv, (ii) v = ¢, p = ©

Four-force:

dp* d dxt
o huiadi) R 7}
ds ds <mc >

Spatial components:

dt d dt dx
ds di <md—%> =K

m(v) = m— =

d dx d ds

Temporal component: (energy equation)

ds ds 02
-2
d 0
Ku =0 — o 4r _
~~ ds NGOG
5 grem(v) dtp dt,
d 2
mc(;;)c = Fv — )e —/det /Fdr
let F = -V¢ — E=mv c +¢ is constant
N——
cpY
Energy:
E E? 2 22
pr=(—.mvv), — =p +mc, E(p)::tc\/m
c c
v
a‘E(p)‘ pc % 1_%

8]) \/p +m202 \/1 \/1_|_ v2

Ex. 1: Constant non-relativistic force

d d mv

F:— e —
at’ T —
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\/

2 2
muv v muv
o - ()
1_ o2 c2 Ft A
0_2 v
2 2 c
bt = () i ()]
C tL Pt < me
v = 5 ~ S
14 (%) ¢ Ft>mec

Ex. 2: Constant relativistic force

dp _

K
ds

Initial conditions in a co-moving reference frame:
. . . a .
r;=mz9, v;=0,, ¥ =20, v;=0, u=2=(10), Gu=0 — u=(0,-), @ =-—

Solution of u?(s) = 0:

a .. a
ut = (cosh — 8,sinh —23>
c c
ccr.a a
= = (smh —8,cosh — 5 — 1) + (0, z9)
a c c

A ct
Rindler geometry:

Half of the space-time is unreachable

Thermal radiation of particle-anti particle pairs
on the horizon

— Hawking radiation of black holes

C. Interactions

EM. it = Fl(z1,...,2), a=1,...,n

a

CI. x4(8) = Tiq, Ta(Si) = uq

Problems:
1. The initial conditions are imposed A

on the spatial hyper-surface, t = t;

and the Lorentz boost mixes into the dynamics:

=0 — uty=0
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2. The four-force, F}'(x1,...,x,), represents a superluminal effect

No-Go theorem: there is no relativistic interaction, mediated by a force of the type
Fi(xy,...,20) #0

e.g.

Ff(zy,...,2pn) = Z(xg — 2 f(ma —20)%) = (To — 2p)da # 0
b#a

Solution: - distribute degrees of freedom at each space point

- transfer the excitations with a limited speed

— fields, ¢(¢, ), appear in physics

D. Variational principle of relativistic mechanics

e Lorentz invariant action:

[S] = TML*T% = ML*T! =[x x p] = [}]

sf sf
S = —mc/ ds = —mc/ dsy/ Tt g, TH
S S

% @

Reparametrization invariance: s — 7:

Tmax
S, = —mec / dr
Tmin

e EOM.: i2=1 = 7 # s to allow independent variation of 2#(7), () — a*(7) + dz*(T)

ds

\/ dr dxt dzt dt B
dr

ds dr M dr ds

d dzH A2zt dat d?xP dzH
2 2 14
0 = —me———97 = _pe——9" | e dr= TV dr
At [dwr = dar deP  dah da? . dat\3
dr Iov ar dr Iov ar (?9/}”?)
(r=s) = —mci"
e The four-momentum:
oL
pF = ——— = mei*
ot

e Nonrelativistic notation: z* = (ct, x),

ty 2 Ty 4
S = / dt (=m)[1- 2 :_mCQ(tf—tl-)Jr/ dt [%v2+0<v—2>]
xi c

t; 02
Ly
B 8_L_ mu
p ov 1 Z—i
oL
F = _—x—L=pv—-1L
oz
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Motion in a spherically symmetric potential:

e Coordinates: =/ = (ct,r, 0, $)

e Action:
S = —mc/dsx/j:“gw,j:" —/dtU(r) = —/ds[mc\/:b“gwji“”—FfU(r)]
L = —me\/itg, " — iU (r)
= —mC\/ch2 — 72— T2(92 + sin? 9(;'52) —tU(7)
e 40 :

. d . T
2 o 042 _ 2 ——
7 sin f cos ¢ = 257 0 —  0(s) 5

Cyclic coordinates: t, ¢:

oL 3; 9 . (mP+E-U)?
gz me’t — U(r) me — -G ,
— = mer?p =14,

d¢

Energy equation: 1 = &2

(m?+E-U)? 2
m2ch T T 22

1= 22— 42— p242 =

Radial equation of motion:

ﬁ::9<@02:0m9+E—UF_ G
dt m2ct m2c2r?
dr\? B m?2cb (me® + E—U)? 2 1
(%) - (m+E-U)? [ m2ct © m2c2r?
) zif + m2c
- C (mE+E—-U)?

e Nonrelativistic limit, 2 — 0, in the leading O ((£)?) order: (U, E = O ((¥)?)):

ar\?* 2 E-U ) 2 E-U
— ~ 11— —55+1 1-2 ~ — 2
<dt> ¢ [ <m202r2 + > ( mc? )} ¢ < m2c2r? + mc? )

0 2
— Z(E -
m27’2+2m( ) U)
m [ dr 14
5@) b U

e Further problems:

1L O((%)?) 7

2. Find the equation of motion of the action

S = —mc/ds\/dn“g,wdc" — 1/dSU(r)
c



Mechanical analogy: 0, (t) — ®0,(t) =

kr2
L = Z [—92 20 (Ops1 —

_ GZLQ By’ — <¢n+1a ¢n> Hcosqbn
——( Ou9(x))? +
S = / dtdm[ 8,6(x)0*d() + A cos 2L

— /dm [— (Oro(x

Auxiliary conditions: ¢(t;,x)

Action:

Variation:

¢(x) = o) +60(x),  I¢(ti, )

= / dtd®z [
174

— / ds, 562~
ov

S
fV dxo,j" = fav ds,j*

Euler-Lagrange equation:

VII. FIELD THEORIES

¢(t7 .%'n),

0,)* —i—grcos@

¢(w
®

¢ =roVak, c=a"?

k —_gr
m’)\_a

A. Equation of motion

= ¢i(®), o(ty, @) =

¢r(x)

S0 = | didts 1600

Laag
c

\%

/ dtd?’w( ¢’ 99) 5¢

3L(¢, 99)
o
(¢, 09)
00,0

N

OL(6.00)
Yoo+ 8 X >

OL(6.09)
00,0 3 5¢>

56+ 0,

<5¢8L (6,99) ) s,

= 5¢(tf,:c) =0

(¢, 99)

21

00,0 00,0
) 0L(6,09)
¢ " 00,0

+ / dtd3z6¢ <8L(¢’ 09)
1%

0 (local Lagrangian)

9L(¢,09)

9¢a

) 2L6.09)
" 00,4

=0.

54 + 0 (6%9)

> +0 (6°¢)

30
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B. Wave equations for a scalar particle

Schrédinger equation:
: h? , h?

Relativistic generalisation: p,, = (%, —p) = —%OH, pt = (%,p) = tho*,
Klein-Gordon equation: p* = mci, p* = m?c*:

m2c?

72
1 h
0= (04— ]¢, Ac=— (Compton wavelength)

0 = (7~ o= 12 (9,0 + " ) o

with interaction:

1 1
real L = 5(3(]5)2 — %# —U(¢)
1
complex L = 0¢*0¢ — A_2¢*¢ —V(¢*9)
C

202

Free particle: U(¢) = %55 2, V(¢*p) = m;f ¢ ¢, d(x) = e‘%l’ul‘“’

2.2
m2c
0 = [ 9u0" + —3 )e—ﬁW
2.2
5, mfc
0 =p°— 2
, m2c?
oo) = T =y = |

C. Electrodynamics

Degrees of freedom: charge, z4(s), a =1,...,n, EM field, A*(x)

Gauge invariance: A, — A, + O,o, F,, = 0, A, — 0, A, — 0,4, + 0,0,00 — 0, A, — 0,0, = F),,
EM field:

Lagrangian:

1. Ly=0 (((9014“)2)

31



2. Lorentz invariance

3. gauge invariance

Full action:

Electric current:

ds

= 1) — gk
(cp, ) = (cp, pv) = p—&

Current conservation:

8uj'u = 0p+V-j
= > [-0a(t)VS(x — ma(t) + V(@ — 2a(t))va(t)] = 0

a

(& A . 1 4 v
S = —c g mn/dsn— c_2/d xjt(x)Au(r) — 167rc/d xFy,, (x) F* ()
_ _ E 4 M _ L 4 %
— —c g mn/dsn 2 /d xj (x) + Opo(x)] Tomo d*xFy, (x)F* ()

= —chn/dsn - c% /d4x] x)Au(x) — Oujt (x)o(x)] — 1617'('0 /d4xFW(x)FW(x) =S5

Maxwell’s equation:

Sp = —— /d%]“A - d4x(6HA,, — 0,A,)(0"AY — 9V AM)
0 e
=Y = HAY — 9Y AP
céAV c] (0 0 )

= —8 FH
47

32
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Mechanical E.O.M.: z(s) — z(7) to avoid #?(s) = 1

S = =3 [ dr ey () + A7)

) e d ah(T) e
—: 0= —=2Y(1)0,A(xn - — |- ——A,(z,
- 1 (1) A7) m[mcmeﬂm © Ao ()
me-T it ()0, Aol () = B Ay (7)) + e iDL ()
= - = T v\In\T)) — Op n\T . T T
2(7) A g [£2(7)]3/2 !
T—s: mcih(s) = ¢ iy (s)
c
Bianchi identity : 9,0,A, = 0,0,4,
OpFuw + Oy Fpp + 0uFp =0
Maxwell: (E, H) — A, the first unification in physics, A" = (¢, A), A, = (¢, —A)
1
E = -0p)A—-Vo¢ = —EatA — Vo,
H = VxA.
Inversion:
€ikeHe = €jie€tmnVmAn = (0imOkn — 0jndkm)VmAn = VA, — Vi Aj = —Fjj,
Field strength:
0 B, E, E. 0 -E, —E, —E.
-E, 0 -H, H, E, 0 -H. H,
F, = , FH =
~E, H. 0 -H, E, H. 0 -H,
-B, -H, H, 0 E. -H, H, 0
Dual field strength:
. 1 .
FMV = §€ul/pO'Fp
~ 1 1
Foj = —§€jk€FM = §€jke6kemﬂm =H; (e13=—€2=-1)
Fjr = —€ueF" = €0y

0 H, H, H,

- -H, 0 E, —-E -

FMV _ T z Yy 7 J -
~-H, -E, 0 E,

~H. E, —E, 0

T =
|
S o
|
Sjo
SIS

Inhomogeneous Maxwell equations:

4 .
TV, PP & Arp=VE
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%jk = O F% + Vv, Pk %Tj = —OE+VxH

Homogeneous Maxwell equations:

0 = 9,F"
0 = V;["=VH,
- - 1
0 = 9F% +V,;FiF = - (—atH +V x E)
C

D. Noether theorem

‘There is a conserved current for each continuous Symmetry‘

Symmetry: invariance of the E.O.M. which is derived from the action
at = a2, ga(x) > du(x)  —  L(¢,00) = L(¢,0'¢) + 0, A"

External and internal spaces:

da(x): R* = R
external space internal space

Continuous symmetry: 3 infinitesimal symmetry transformations

e External symmetry: z#* — x* + dz#, e.g. Poincare group

e Internal symmetry: ¢q(x) — ¢q(x) + 504 (), e.g. d(x) — e“¢(x) for a complex field

Conserved current: d,j* = 0, conserved charge: Q(t):

DQ(t) :ao/ d3z5° :—/ d%avj:—/ ds - j
14 14 ov

Internal symmetry:
ozt =0, 0¢a(z) = eTgpdp(x).
Symmetry:
L(¢,0¢) = L(¢p + €T, 0 + €T0P) + O (62) .

New field variable: €(z), ¢(x) = ¢u(x) + €(z)Tda (), 555[$Cz] _

Linearized Lagrangian for ¢(z) (e = 0 is a solution!):

L(e,0¢) = L(¢pq + €1, 0de + OeTp + €70P)
_ 8L(¢;f¢d) er + 200 Z‘bd) (Oer + erdud] + O ()
i
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Symmetry: %enb + %67’@@ =0 — € is a cyclic field:

0 - OL(e, O¢) _ 9 OL(e, O¢)
- 86 " 86“6
OL(e,0¢)  OL(¢pc1, i)
M — —
Je 00,0¢ 00,6 "
hJt =0

1. Independent conserved current for each independent direction in the symmetry group
2. Defined up to a multiplicative constant
Examples:

1. n-component real scalar field: ¢4, a =1,--- ,n, G = O(n),

L = (06 V(&)
0p = €*7%
Jo = 9,67

2. Single complex scalar field: ¢ = %(qﬁ +ige), G =U(1), ¢(z) — e¢(x)

2
L = % L p10M 1 + %5;#?25“(752 - %((ﬁ +¢35)—V @((Zﬁ% + ¢§)>
= 0,00 ) + 0,0 0" — m*dTdp — V(¢9)

Field variable:

()

¢ e o\ [ ¢ ¢ (10
— ' , 0 =i =ar , T=1
o et g o* —¢* o* 0 —1
0

L [ OL oL |, . f PP =
53u¢7¢:_1<53u¢¢_35u¢*¢>_ Z(au¢¢ o) ;LQS)—WS 8,u¢

((bl) : <¢1) — e = x cos agpy — sin g + i(cos aps + sin gy )]

BRRE > () -

F = 000 68,@1 38M¢ 20 5 ) = 012 — Ouga

[0u(d1 4 id2) " (P1 + id2) — (1 + i2)* Oyl + ih2)] = —i(Dpd* — $*0u0)

[\3|s.
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3. n-component complex scalar field: ¢4, a =1,--- ,n, G =U(n)
L = 09'0p-V(¢'¢)
6p = €%, 0ol = e (¢pr))T = =1
<~
T = —0u0' TG+ 0up(r) 10T = —0,01 7 + ¢1 704 = 677000

External symmetry:

Translations:

e Action is rewritten in terms of z#* — '* = zH 4 e#

o v =1 +e ¢(x) > ¢ (x) = p(x) + dp(2), dp(z) = —elOup(x), S — 5" =8

A

[ st o0 + [ dsLola).00)

1% V-V

— / SL(6(x), 06()) + / 45, ¢" L(d(x), 0(x))
1%

\Y%

o
I

oV
OL(¢,0¢) OL(¢,0¢) )
= — | dzé’0,0 | ————4% —0,————"—~ +~ 0 E.OM.
OL(¢, 00
d —€"0,p———"—= PL(,
e Translation in direction v:
OL(9,09) ]
0= ds, | -0, ¢p—==—— + g, L(¢,0
/av u[ o) 38,@ g, L(¢ ¢)
e V is arbitrary: The energy momentum tensor
oL
wo_ B Y
T 03y¢a ¢ —g"'L
is conserved
0,T" =0

e "Charge” of the translation €”: energy momentum

Pt = / dPz T

36



e Parameterization:

T

(c is restored).

€ cp

s o

C
energy density
momentum density

energy flux density

momentum fux p* in the direction j
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