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I. RELATIVISTIC CLASSICAL DYNAMICS

A. Special relativity

1. Postulates:

(a) Inertial reference frame: a free point particle moves with constant speed

(b) The physical laws are equivalent in innertial reference frames

in particular: the propagation of light takes place with the same velocity, ¢
2. Invariant length: time in length unit: ¢ — ct

(a) Definition: o = (ct,x) = (2°, @), u=10,1,2,3
P =12 —g?= Zx“gw/ac”
1%

(b) Metric tensor:

1 0 0 O

0-1 0 O
Juv =

00 -1 0

00 0 -1

(c) Summary of the postulates: s? is the same in each inertial frame
3. Covariant and contravariant vectors:

(a) Scalar product:

(b) Einstein convention:

> gy’ = gy’
1%

(c) To suppress g: two representation for each vector u:

e covariant: uy

e contravariant: u*



(d) Lowering and raising indices by the metric tensor:

v v
Uy = Gt , utt = gM Uy — TY= xuyu = xuyu

Uy = g,uugypup — g;wgyp = gp . =0y
4. Lorentz transformations: Preserves the invariant length

ot — o't = AF Y
Vo AR ! v v AW v v
x“g,ul/y = A M/xﬂ g;wA. VY = AL M/g/JI/A- V'Y
’. U
Juv = AMM gp/y/A. v

_ tr _ __ AV - tr _ A~V
g_AgAa g_g/.tl/a A_A-M, A _AM'

6 dimensions: 3 spatial rotations and 3 for boosts

5. World line:

(a) Non-relativistic motion: trajectory: a(t)

(b) Relativistic motion: world line: z#(s) = (ct(s), z(s)), p =0,1,2,3.

ct

(¢c) Intrinsic velocity:

e Non-relativistic physics:¢ ~ 0, % <1 (p+#v)
|p|

mc

1

\%

e Relativistic physics:7 ~ 1,

e Crossover: |[p|=m

B. Role of time - Anti-particles

1. Minkowski geometry: space-time intervals:

e time-like: 02(t1 — t2)2 — (:I:l — 562)2 >0

2

e space-like: ¢?(t] —t3)? — (1 — x2)? <0

o light-like: c2(t; —t2)? — (z1 — x2)? =0



ct
future

Expanding light

ct _ sphereati=2s

present

Expanding
present X \_ N S 7/ gt spiiees
————— e e at=1s
I=1s

A light signal is
emitted at t =05

past

2. Time:

(a) Similar than the coordinates, except:

e Has orientation
e Remains classical in quantum mechanics
e Not a fundamental observable (needs periodic motion, memory, irreversibility, etc.)

e Unique metric signature
(b) Double role:

e a basic parameter of the dynamics

e introduces causal order

taken over by the parameter of the world line =-anti-particles
3. New relativistic physics:

e Non-relativistic trajectory x(t) = relativistic world line z#(s) = (¢, x(t))
e Relativistic world line z#(s) =non-relativistic trajectory x(t) 7

e Non-unique t:

At

p+ap+p




Physical interpretation: creation and annihilation of particle anti particle pairs

e Energy-momentum conservation: Creation or annihilation of another particle (e~ + e~ <> 7)

Causality: discontinuous velocities at the creation or annihilation

Charge:
Qp+ Qa—p =0
e Universe of a single fermion
4. Giving up classical E.O.M.:
e Sufficent condition for locally unique solution:
z(t) = f(z,t), =(t;) =x;

is the continuity of 9, f(x,t)

e Example:

T = glz|P, 0<p<1
dex™ = gdt (z >0)

pl-p
= g(t—t
- g(t = to)
_1
r = [g(1 —p)(t—to)] ™7
0 t < to,

91— p)(t —t)]TF £ > to,

‘to is not determined by the initial condition

e Quantum mechanics: giving up classical equations of motion at a random time

(change of particle number)



C. Energy of an anti-particle

1. Anti-particle: Its proper time (dr = ds) goes in opposite direction as the standard clocks

2. Time inversion: equivalent with £ — —F

e (Classical non-relativistic phyiscs:

_OH(g,p) . _ 0H(gp)
op oq
e (Quantum mechanics:
ihO|v) = H)

3. Ambiguity in classical mechanics:

S = —mc/ds TH(8) g dH(s)

oL
Pu = —po = Mmcdy
T (z) = \/L—_gégfif(:c) = mc/d35(4) (x — x(s))zH(s)E" (s)
PP = m [ dsé(t — x°(s))it(s)2°(s)
/e
= mit—=—
|£°]

4. Problems with negative energy:

e Free charged particles with £ < 0
e Couple to the electronagnetic field
e Cascading to more negative energy by emitting radiation

e Instability, no darkness at night, the world as a fire ball

D. Space-time inversions and charge conjugation

1. Special (inproper) Lorentz transformations:

10 0 O -1000
0-10 0 . . 0100

P = Nzt x) = (27, —x), T= szt x) = (—
0 0 -1 0 0 010

0 0 0 -1 0 001

T, x

)



2. Disconnected components of the Lorentz group:
Juv = A{Jl‘u.gﬂ/l/,Af/y.? 9= AtrgA
(a) Determinant:

det AB = det Adet B — (detA)’detg=detg — (detA)>=1 — detA ==+l
Ly = {A|detA=+1}, PL.= Ly, TLi=1L+

goo = 1=(A%)2 =D (A% — A% > [1+4) (A%)2>1
/ J

J
LV = {AA% > 1}, Lt={A|A% <1}, TL'=1L*

(b) A%:

(¢) Four disconnected components:
S
r=rlurturt urt

/I\

proper Lorentz group

Ly =prel, ' =pLl, ¥ =TL!
3. Charge conjugation: C:s - —sort— —tor K — —F
4. PCT theorem: Local relativistic field theories are PC'T' invariant
5. Parities:

e Space inversion:
P: f(z,2) = f(Px,Pi) =my¢f(x,)
o Time inversion:

T f(2,4) > f(T2,Ti) = 71 f(2,2)

Charge conjugation:

C: f(x,2) = f(x,—,2) =y f(x, &)

Classical physics:

fR) ===+ , PP=T=C"=1, mrye{l -1}
M

RS

Examples: mp = —7mp =1, =74 = T, = 1 and ygut = —yzn =1

Quantum mechanics: Wave functions can be multi-valued, 7,7,y € U(1)



II. SCALAR PARTICLE

The relativistic second order generalization of the Schrédinger equation

h2
Zhat¢($’ t) = _%A¢($’ t)

A. Heuristic derivation of the Klein-Gordon equation

1. Heuristic derivation:

E E
Pu = (;7 -p)= Zhaﬂ = Zh(aoa V)7 pﬂ = <E7p> = 1ho" = Zh(807 _V)

m202 2 2
(D + ) ¢(xr) =0] <« Klein — Gordon equation [ =395 -V

Compton wavelength % = Ao
2. External elecromagnetic field:

P pr AR 9,0, + z'hiAu =D,
C C
€ N e .
Duop = Oug+i CAM¢’ D" = 0u¢ — Z%Au‘b = (Du9)
Dox = (D¢)x + ¢D>2g

he
m=c
0 = (DHD“JF 2 >¢

3. Klein-Gordon equation as an Euler-Lagrange equation: (h=c=1)

L = (Dud) D' — m*6"d
Slé] = / QP L(6, 6", Dy, D)

4. Conserved current:

o U(1) symmetry: ¢(z) — eé(x), ¢*(z) — e Po*(x)
o Noether-current:

Ju= 3= (6" Dy — (D) 9) = 3=0" 06— ——¢"0Au, [0, = 909 — g
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5. Plane-wave solutions:

(b(l') = e$ip#:v“’ (D + m2)¢(1’) = ( 2 - p2)e$ip#m“ = 07 Po = WwWp, Wp=V m2 +p2

i
m

6. Sign problem:

(a) States with negative energy: dispersion relation for E? = FE is non-definite
(b) No probabilistic interpretation: p® ~ 9 is non-definite

(c) Common source: Both from the wrong sign of p° in the plane wave, the existence of anti-particles

B. First order formalism for scalar particles

1. Second order E.O.M.:

e [nitial conditons: ¢(t;,x) and dy¢p(t;, *) =>two particles ? particle and anti-particle ?

e Separation of the particle and the anti-particle modes:

[e.e]

d .

o(t,x) = / %eﬂ“tgb(wm) < positive and negative energy modes
—00

— Projection onto the positive and negative energy subspaces:

o(t—t) = / ;l—we—iw@—t/)
oo 4T

o0 .
As(t—t) = + / R L [ -
0 27 27 (t — ' F ie)

oE(t,x) = Aso(t,z) = /dt’Ai(t—t’)qﬁ(t’,az)

— Non-local in time: one needs time to figure out (the sign of) the frequency
— Possible locally only if we know the solutions of the E.O.M.

— External field may mix the frequencies in the solution and create particle-anti particle pairs

foltw) = [ deet rygle)

dw’dw” iwt—i(w +w
= [t e g )

— [ s - = ()

= [ gl -w)

(EM field: e~e™ pairs, (static!) gravitational field: Hawking radiation)

2. First order E.O.M.:



e Double the number of variables

X+ _ 1 ¢+ Lo
x-) 2 \o— Loy

Slow motion: particle ~ x1, anti-particle ~ x2

e Half the order of the equation: (O +m?)¢ = (97 — V2 +m?)¢p =0 =02¢ = (V2 —m?)¢
o [ 1 [i00p — (V2 —m?)¢ 1 [i00p + (m — 2 V?)¢
7 = _ S
) 2o+ 292 —mte) 2 \idns+ (L V2 —m)s
X+ T X= =, Xt — X= = 7o

i X+ :1 m(x+ — x-)
P 2 \m(xs —x-)

_ \%& _
1W0ox = Hy, H= —%(03 +i03) + mos

3. Hermiticity: H' # H stability of excited states ??

e Klein-Gordon conjugation:

) — (= (¥lg
Wlg) — (Wlo) = (¢lgle)
(B|AT[p) = (V] Alg)* — (DlAlY) = (V]Alg)*,  (plgAlp) = (vlgAl)*
gA = (gA)f — A=g'Alg

g = o3, )‘(:XTag, A—>03AT03:A, H=H

(RIAK) = / Py (@) AX ()

e Non-definite scalar product: ”"metric tensor” g, (1| ”covariant”, |¢) ”contravariant”
(W) = [ daxte(to) = [ @ te)ont.2)
e Non-definite charge density:

) = O bxa) — e Ix=)
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=5 [ | (o = o) (0 mave) = (o + sowe) (0 awe )]
] m m ) m m

= o [ @l @ @)~ ot @ (@) = 51 [ s @) B (@)
— / dBxjO(t, )

4. Lagrangian:

7 7
L = §X30X - 550@( — xHx

1. Plane wave:

e Definition:

oL oL 1 i
0= —-0,——=-H — O, -0, —  10px = H
% “ D0, X+20X+20X 100X X
oL oL 1 i
0 = ——0,—— =—YH — =9yx — =0, —  10ox = —xH
C. Free particle
x(z) = upeﬂ'pm, x(z) = vpeipx

o Mass-shell condition: p*> = m? =p° = Wy

e Hamiltonian:

e Figenvectors:

2. General

wplp = Hpup,  — wpvp = Hpvp
V2 p2
H = ——(o3+1i02) +mog — Hp=—(03+1i02)+mo3

2m 2m

1 m+ wp 1 m — Wy

Up = 5 —U-py UpT 3 =V-p
VI \m —w, VI \'m + w,
UpVp = Upup =0, Upup = —Vpvp =1

solution:

— « ; d3p
— /p[apupe sz_i_bpvpezpa:]‘pozwp’ /I):/W

= X+ () + x-(z)
1 , . , ,
= /[ap(m +wp)e” P + ap(m — wp)e” P + by (m — wp)e + by, (m + wp)eP] o,
P

2, /muw,

m , -
_ i —ipx * _ipx
= / [ape + bp6 ]\pozwp
p V W
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e [nterpretation:
particle: wave function,

anti-particle: complex conjugate of the wave function (¢t — —t)

e Inverse Fourier transformation:

. ) ip:vH <= . B
= 5o | W, 19g=109-050

[ P m . .
2\/Mwp Je qa V%

7 1 . . .
= eP? Oy lage " + b;em]

2\/“? xq \/i‘fq
- 2\/"‘)11 /mq VWq
1 1

— zwpmowqaqefiwqmo(zﬂ_)?;é(p _ Q)

e [wq(aqe*"qm — bfleiqx) + wp(aqefiqx + bfleiqm)]

¥ = —ipT 8
bp = ¢ Gy & ().

e Real wave function: anti-particle = particle for neutral particles

. Non-locality in space: “square root” of the Klein-Gordon equation

0 = (@+m?)¢ =0~ (V> —m?)¢
%o = (V> =m?)¢
i806®) (z) = £vVm2 — Ag®) (z
00D (t,p) = +/m2 + p20P(t, p)

Difficult mathematical features
. Particle and anti-particle projectors:

e Momentum space:

1 m+ w 1 m—w
up = 5 ap p=3 Pl wp = /m? + p?
VI \'m —w, VI \'m + w,
1 m+ w 1 m + wp)? 2
Ay p —up®up:4 8 (m+wp,—m+wp)_4 ( 2 P
mwp \ m — Wy mwWp p2 _(m _ wp)Q
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1 (m + wp)z p2 ﬂ:%(o‘g + iUg) ]p] > m,
Aep = 3 2 -
Mep -p —(m F wp)? (1 +03) Ip| < m,

e Coordinate space: e: UV cutoff, the limit € — 0 is sought at the end of the calculation (distributions)
p

5. Charge conjugation: particle «+— anti-particle

_ _ 1 m? —wy  —(m—wp)? m? —ws  —(m+wp)?
Cp:Up®up—up®Up:4 - =01,
MWp |\ (m + wp)? wf, —m? (m — wp)? wf, —m?

6. Indefinite norm:
—ipT * ipT
lapupe™ P + bpvpe™] o,

/
WR%Z/fW@MWZ/‘Wﬁwm+%%€mWWﬁm“Mpﬁm
Tpq
/

7. Expectation values:

_ WAl _ (x4
W=Tamr ¢ YT T
e Energy-momentum: p* = (H,—iV), is
W) = [ daxtta)H -V )
= / / a upep + bptpe” P (wy, ) [aqguge """ —b:‘lvqeiqx]
Pq
= / p)lapap + bpby).

. <=
e Nocther current: ji = 5=¢* 9 "¢ = (5°,—j),

1{o+ L0 '
Xt = 3 ¢ ”?0¢ S Xt X- =6, Xt~ X = oo
- ¢ — Lo "
1 1
do = 500+ x) 0 = x=) + 500 = X2) O +x=) = Xixe = xEx- = X(@)x(@)
. - 11
J= b ) Vo +x) = o x(@) x(x)

2m 2m -1 -1
= (@)Y (05 +io)x(2)

2m
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. 1 o ) . " .
xlilx) = 5 /d?’x/ ay, upe ¥+ bpUpe pr]v(dg +i02)aquge” """ + bguge' ]
1 A . _
= %E dgaz/ qla;, upe ¥+ bpvpe” P (03 + i0g)[aguge™" 1" — byvge'l]
Pq
= / Z [apaplip(03 + i02)up — bpbyUp (03 + io2)vp).
P
) 1 1 1 m+ wp
Up(os +io2)up = 1 (m + wp, —m + wp)
mwp -1 -1 m— wp

(1) = / (1, wﬂ) @y — byt

e Sign problem: Either choice of the expectation value yields non-definite energy or charge density in

the presence of particle and anti-particle

D. Localization

1. Problems:

(a) Spread of the wave packet:

i. Non-relativistic wave packet of width Az

ii. The speed vy, of the spread: vy, ~ % (Heisenberg)

mAx
(b) Pair creation:

i. One-dimensional particle is an interval Ax =p,, = ZZT

ii. Strong localization:

ARE = c(y/m?c +p2  — /m? +p?)
472 (n + 1)%h 472n2h
— 2 2
= mc (\/1 + A2yl 1+ Aorm2e2 > 3Ime
iii. Particle-anti particle radiation for Az ~ L= = \¢

mc

2. Decoupling of the particle and anti-particle modes:

(a) Coupled — decoupled basis:

m+wp, — o1(m — wp)

2, /mwp

Sp =
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m+wp—al(m—wp) 1 m + wp
Spup = 2 iy 5
mw M\ m — w,
. omAtw, (Mtwp m—w, [Mm—wp
dmwy \ ), — wp 4mwp m+ w,
(m + wp)? — (m — wp)? 1
4mwp 0
Spvp = m+wp_01(m wp 1 ey = 0 = w_
2, /mwp 2 /mwp \ + W, 1
(b) Unitary transformation.:
Sp = 035705 = m+ wp + 01(m — wp) _ g1

2,/Mw, P
(¢) Hamiltonian in the Feshbach-Villars (decoupled) basis:
Hpy = SpHpS,!

- m—i—wp—(n(m wp) {p

2. /m 2m
p?
= {%(03 +io9) + mag] (

m+ w, + o1(m — wp)

2, /mwp

(03 4 io2) + mag}

m+ wp +o1(m — wp)>2

2\/—%

2 2 2
_|p 2m? + p? P
B [Qm (03 +do2) + m03] < Qmwp Qmwp>
- p° 2m? +p*  p? p?
=o3|l>—+m - =
2m 2mwy, 2m 2mwy

_ p om? + p2 p2 p2
tioy | ———— — [ = +m
2m  2muw, 2m 2muwy,
(PP +2mH)(2m? +p) - pt | p?(2m® + p?) — (P + 2m?)p?
- 0-3 2 + Z0-2
dm=w,

4m2wy,
= 03Wp

= s ® s +w_ @)

Hp = S; 'H FVS,,
3. Momentum-dependence: yi(z) = (1+ %)e*ipm —momentum-dependent basis transformation

4. Full Hilbert space:

<p|5aa’|p,> = (27T ( )Spaa’a
(x]Saw|2’) = / |p) (p|Saw |P) (P'|2") = / Spaar €@,
pp’ p

5. Coordinate operator: c.f. Newton, Wigner

~

LKG — inKG



&py = StreS !t =SiV,ST =i(V, +a,)

a, = S(V,S™)
B m+wp—01(m—wp)v
- 2. /mw P
ALY

B m+wp—01(m—wp)vw 2wp(l —o1) —m —wp — o1(m — wp)
= P

2/mwp 4/mwd?
m+wp, — o1(m — wp) wp —m — o1 (m + wp)
2,/mwp 4\/ﬁw§/2
wIQ) —m?24+m?— wf) —o1[(m + wp)? — (m — wp)?]
= Vuw,

2
8mwp

m+wy + o1 (m — wp)

2, /mwp

= Vuw,

Vopwp

P~ L P
2wy,

.’ﬁFV = :ﬁKG’ +iCp01

Hermitian but spin dependent

. e mixes the particle and anti-article states:

creation and annihilation pairs by the electromagnetic field
. Coordinate and momentum eigenvalues:

e Spectrum:

ZACKG|xan> = $|ZC,CL>, ﬁKG|p’ CL> :p|p, CL>, QACFv|ZC,CL> = $|ZC,CL>, ﬁFV|pa CL> = p|p’a>

e Basis transformation:

(@,alp,b) = adue™®, (@, alp,b) =

a

(p,alp,a) = (2m)°8(p — p)Spia, (P, alp, @) = (21)°6(D — P)Spaa

. TP
i€

e QOverlap:

1= [dsleaote.d =3 [ pajotna =3 [ 1.aitoi

#.0) = Y [ dale.ayala.alp.o)alp.alp,a)itp.alé. &
pp

= Z/dgx]m,@gpaaaei(m_d’)p
a p
(&, alx,a) = / aSpaqc’ @ TP
P

= 03 / ei(d:—a:)pm +wp — 01 (m - wp)
p

2, /mwp
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/el(z—z)P wp+m w,—m
p 2y/p m—w, —wp—m

S . i(x—x)p

(x,alx,a) = paa (e

T

8. Wave function:

XKG(t’ x) = KG<$|X(t)>KG = /[CLPUPBZ'pm + b;’l)peipx:“pozwp
p

XEv(td) = prl@(®) ey = @S] = / lape~ P, + bieuw_]
P

E. The birth of relativistic quantum field theory

1. Occupation number representation: n(p) particles with momentum p

2. Energy-momentum spectrum of free particles: (h=c=1)

2

= non — relativistic
E(p) =
v/m? + p?  relativistic
N N
E =) E(p;)=)» nEP), P=> pj=> npp
j=1 P J=1 P

3. Harmonic oscillator for each momentum: equidistant spectrum =harmonic oscillator

o Example: n(p1) =1, n(p2) =0, n(p3) = 2, n(ps) =0, n(ps) =3, ...,

e | L | lee | || eee | -

3] B, B, P, P; o

e Canonical operators:

[Xpﬁ/, pp/7d/] = Z(Sa,a/(s(p — p,)
e Creation and annihilation operators:

- wpXp il wpXp o B
ap = , by = .

2(,«)1', 2&)1',
e Fock space: harmonic oscillator of p =H,, Hr = ® Hp Hp, span by {|ng, np)}

No need of (anti)symmetrization
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4. Relativistic quantum field:

coon e isa it ipd

30 = [ lape ™ + B,
p

e Second quantization: wave function =>operator

o Field operator: removes a particle (ap) and creates and anti-particle (BL)

e New space cordinate variable * — &

e Field as a coordinate variable: x — Axm spatial lattice (regularization of UV and IR divergences)
UV regulator: minimal distance Ax

IR regulator: maximal distance L = NAz, n; =1,...,N
-QM:z;,5=1,...,D
— QFT: g(x) — 6(Azn) = ¢n
QFT is like QM in D = N3 dimensions
e Internal and external spaces:
— ¢(z) : R* = C, R*: external space (what?) C: internal space (when, where?)
— External space: first quantization

— Internal space: second quantization
5. Scalar product:

e No single particle wave function
e New scalar product is inferred from the harmonic oscillators

e New scalar product =>new physical content
6. No problematic —1 factor:

e Positive definite scalar product for harmonic oscillators

e Positive definite energy for harmonic oscillators

7. What is QFT?

‘Representation of exernal symmetries in the Fock space in terms of elementary particles




1. Non-relativistic wave-packet: E, = £

20

F. Spread of the wave packet

2
2m

(a) Coordinate:
1/1(15,33) — /wpe—itEp—I—imp
p

<$> = / d3x$r¢)pr¢)q it(Eq—Ep)+iz(q—p)
pq

= / d3x¢;¢qe“(EP’Eq)(—z’Vq)e”(q*p)

pq

— / d3xei:l:(q—p) w;eitEinq (’l/)qe_itEq)
pq

= [ (@n)5(a - P i (e )
pq

= [ 309,41V,
P

= <¢\$’¢>\t:o + t<w‘vgr’w>\t:0

/" N
T =1V, group velocity: vy, (p) = VE, = E

(b) Coordinate square:

d39€¢;¢q et (Ep—Eq) Vg e~ i®(p—q)
q

d3xe—iw(p—q) w;wqeitEp Vg (wqe—itEq)
q

[Wpe V2 (pe™ ")

V(ppe Er) = (Vi — itV Eyihy)e Er

V3 (hpe ") = VQzZ)p—th Eytbp — itV E, Vb, — it VE (Vi — itV Eyipy)]e PP
(x*) = / Ui[V? — itVE,V — itVE,V — itV2E, — t*(VE,)|¢p

I
|
~a\~3\~a\

= 1/1\&: + tvgrx + xtvg, +t vgr]1/1>‘t 0
= <1/}‘($ +tvg7") ‘w>|t:0

(c) Second moment of the coordinate: o2(t) = (x2) — (z)?

oa(t) = (W[(@ + tvge)*|¥) im0 — ((Y]2]¥) im0 + t{Y)]vgr|¥))1=0)?
= 02(0) + t[{(Y |2y + vgr@|t) =0 — 2(0|2|)0 (P|vgr 1) =0] + t22(0)
a2 (0) = (W[v )0 — (WGlogr¥)Fisg

e 02(0) can be arbitrarily small

e 0202(t) can be arbitrarily large
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2. Relativistic wave-packet:

(a) Decoupled basis:

e Coordinate:

p
. —itwyg . ixq * itwy L —ixq
[—aqwie” "1V 4" 4 bpw_e" PV je ]

_ / a5V + 1Viog)ag + bg(iV — t¥u;)b]
q

Xlzrvix) = Z/ d?’ﬂt[a;‘-,ije“w"’_iip+b;;w_e_itw15+i‘:”ﬁ]

= /[aé(iv +tVwg)ag — bg(iV +tVw,)bg]
q
= (alxrv + tvgr\a>|t=0 — (blzry + tng’b>|t:0
vy = cVpym2c2 +p? = c——L  + bounded by ¢

/m2c2 + p2

e Coordinate square:

p

p
[w V?}e’qmaqe—”w‘? +w_ V?} le™"Tbg ']

= — /[a’f (V2 = 2itVwyV — it V3w, — t*(Vwy)?ag
q

(Wabvl) == | dalagos 99 4 e iestion

q
—bg[V? + 2itVw; V + it Vwy — t2(Vw,)?]b}]

= (al(@py + tvg,)?|a) =0 — (bl(@rv + tvgr)?[b)=0
e Second moment:

o2(t) = (al(xrv + tvg)?|a)o — (Bl(zpv + tvg)*[b)o — ((alzry + tvg|a)o — (blery + tvg|b)o)?

= 02(0) +ta+t*b

a = ((alzryvg + vg@rvia) — 2(alzevialaly la) o
— (bl pyvg + vgrxpyv|b)o — 2(blpy|b)o(blvg:|b) =0
+2(alzpy|a)o(blvg[b)o + 2(alvg|a)o(blzrv|b)ji=o
b = (alvy,la)ji=o — (alvgrla)fi_g — (blv[0) =0 — (blvgr[b)fi—g + 2(alvgr|a) i=o(blvgr|b) i=o-
e Arbitrarily narrow wave-packet
e Particles and anti-particles remain decoupled
e Velocity of spread bounded by ¢

(b) Coupled basis:

Vywp
2wp

e Coordinate: £xg = Try — iCp0o1, Cp = —

<X|$KG|X> = 1/ d?’j[a;ereitwp—invP_|_bpu—)76—itwp+iacva]
Pq
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X [aqeiitwq(_vq - cqal)w+€iquV + b:;eitwq (Vq — qu'l)wiefiqmFV]
= <X‘mFV’X> +1 / cq[b_qaqe*%twq _ aiqbzeQitwq]

q .
= (alz + tog|a)—o — (bl + tvg|b) =0 — 2m(e™*"" (b"|ep|a) =)

/!
Zitterbewegung

e Coordinate square:

Wby xah = = [ lapiec™ == 4 by tartior)

pa ) . .
x{age” " (Vg +2¢,V401 + cg)uure“]‘” + b:‘le”“’q (V?I +2¢,V 401 + cg)w,e_“]‘”}

_ _/ a0 €r TP 4 bt tiep)
—quCqqul +c )aqe Walyy, e'9® 4 [(Vg —2¢,V,01 + cg)b:‘]eit“q]w_e_iqw}
/{a — 2itVw,V — it V3w — t*(Vwg)? + CQ]Qq

—bq V2 + 2itVweV + it V3w, — t2(Vwg)? + ¢ ]b*
—2621t“’qa7ch(V + it Vwg )by + e 2Mah_c (V — itVwg)ag}
= (al(z + tvg)*|a)o — (b](x — tvg,)*|b)o + 2Im(e™ ™7 (b*[cp(x + tvgr)|a)o)

/

limit of localization

(¢) Advantage of the decoupled basis: absence of the non-physical Zitterbewegung

(d) Disadvantage of the decoupled basis: local gauge transformations must be redefined

1. Electromagnetic field:

X1
X2

iDox =

i0x =

/]\

The ”true“ UV gauge transformations

G. External field

1 (¢+4D
2 i " 00 . Do =0y +iep
¢ — ;-Dog
D2
Hy, H:—2—(03+i02)+m03, D=V —icA
m
V32 . e e .
——(0o3+i03) + mog — | —AV + —V A | (03 +io2) +ep| x
2m m 2m

T T

mixing of particle and anti-particle modes
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EA
Ug+tm
Uo
U-m
”””””"””m ”””” f”””"f"”
'z
-m

2. One dimensional potential barrier: (Klein) U(z) = Up©O(z), Uy > 2m, m < E <Uy—m
e Wave function:
U(t,z) = x(z)e"?
0 = [(B-U(2)*+ V: - m’x(2)

x(2) = O(=2)[xi(2) + xr(2)] + O(2)x1(2)
xi(2) = eP* xp(2) =be P xy(2) = de’? p=+/E2—m2 p = V(E — Up)?2 —m?2

e Matching conditions:

(a) continuity of the wave function:

1+b=d
(b) continuity of its first derivative:
/
1-b=dg, ¢=%
p
(c) Solution:
1-b = (140
1—
— _5’ d= 2
1+¢ 1+¢
e Current:
-z 1 * *
J = —(X Vex — Vax X)

2im
§i(0) = p, ji(0) =—bl*p, 7 (0) = |d|*p’

e Reflection and transmission coefficients:

_ 2_(1_5)2 _ 2¢ 4§
==y TR e




o Clurrent conservation:

47 (0) + 7 (0) = j7(0) — R+T=1

o Mixing of the particle-anti particle modes:

E>0 2<0

E-U 0 2>0

e Positivity of the coefficients: £ >0 =0 < R,T <1 (no Klein paradox)

3. Spherical potential well: U(r) = —Uy©O(R —r), —-m < E <m and E > m — Uy

E. ,

(Oppenheimer-Weinberg-Schiff-Snyder)

e Klein-Gordon equation:

0 =
(blm(x):
0:

0 =

(=0: uy =

e Wave function:

(a) Inside: sinkr and cos Kkr

[(80 + 13U (r))* = A+ m?|¢(z)
0e(r) Yo (0, 9)e™ "5

(- vo+ o~ D ] i
. [83 _ l(l:; 1) + (E o U(T))2 o mQ] U,g(T), n(r)

= [m? — (E = U(r))*Jug

ug =sinkr, k=+/(E+ Uy)? —m?2

cos kr suppressed by the regularity condition, uy(0) = 0

24
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(b) Outside:

(¢) Matching conditions:
kR

sinkR = ae™ ™", kcoskR = —kae™

— tanRk = —

(E +Up)* —m?
m2 _ E2

tan R\/(E + Up)2 —m?2 = —

= ==

Graphical solution:

A E
m

RN

— more and more states dive into the gap

— bound states for both e~ and e™

— at certain values of Uy a pair of bound states disappears

— energy spectrum displays a complex conjugate pair at such Uy
— virtual particle-anti particle pairs

— radiating potential well

III. FERMIONS

A. Heuristic derivation of Dirac equation

. ”Square root” of the Klein-Gordon equation: 93¢ = A¢p — m?¢
0y = Hy, H=op+pm
e Conditions: {A,B} = AB + BA

5 ({05, )+ [, ) 5 (103,90 + (05, 0)

ajakajak = 5(



1
= (o, ar} + oy, ax]){9;, O}
= Slaj,)90
-0 = [~{aj,ar}0;0k + B*m? — m{ay, B} + 0] = —A¢ + m*¢

{ajaak} = 25j,k7 /82 = ]17 {a7ﬂ} =0

o Covariant notation: Y = (B, far),

0 = ("9, — m)p(x) = (i7" + iy V — m)(x) = (i — m)y(x)

10 0 0

3 3 0-1 0 0
{7y = 29" =2

00 —1 0

00 0 —1

~* transforms as contravariant four-vector.

e Useful equation:
(i@ +m) (i@ — m) = (i@ — m) (i) +m) = —9* — m?.

e Dirac matrices in the standard representation: simplest realization in terms of 4 X 4 matrices

5 0 1, O 0 o 0 o
=7 = ) o = ) Y= )
0 —1, o 0 —o 0

2. Dirac conjugate:
o ! belongs to a non-covariant equation:
0 = i,y (@) + o (x)m, Pr=9° A=
e Dirac conjugate: ) = 10, 0qty0 = it A0yia0 — yu
0 = [10,0" @)V +p(@)m]y® = 10,07 (@) AT + p(x)m]y” = iy +dm =0

— Klein-Gordon: Hermitian Hamiltonian,

— Dirac: covariant E.O.M.

e Electric current: Noether current of the symmetry ¢ (z) — e (x), ¥(x) — e (x)

L = LI @) — Oud)s] — mid

g = Yyt

26
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e Positive definite probability density and scalar product:

i°(x) = ¥i(z)e(z) >0
W) = / Pt () () > 0

B. Non-relativistic spinors

TABLE I: Real classical matrix groups.

Symbol Name Definition Dimension Generators
GL(N) general linear group det A # 0 N? {7 :real N x N matrices}
SL(N) special linear group detA=1 N2 -1 trr = 0°

O(N) orthogonal group At A =1¢ IN(N -1) T = —1

SO(N) special orthogonal group A"A=1,det A=1 IN(N -1) T = —7, tr7 =0

“The matrix A is supposed to be an element of the group in question.
bdet(1l + er) = 1 + etrm + O (€°)
det A" A = (det A)? = 1 and det A = +1.

TABLE II: Complex classical matrix groups.

Symbol Name Definition Dimension Generators
GL(N,C) complex general linear group det A#0 2N? {7 : complex N x N matrices}
SL(N,C) complex special linear group det A=1 2N? -2 trr =0

U(N) unitary group AtA=1° N? = —1

SU(N) special unitary group ATA=1,detA=1 N2 -1 T =—7,trr =0

“det ATA = (det A)*det A = |det A]* =1

e Elementary systems: Irreducible representations of the external symmetries

1. Representation: U(g) : G — H, U(gg') = U(9)U(¢")
2. Irreducible (star) representation: 3 |v) € H, V |[¢) € H, T gy € G, [¢) = U(gy)|t0), g € G
3. Symmetry group: Connected subgroup and disconnected cosets

first find the representation first the connected subgroup

next for the cosets

e SU(2):
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1. Definition:

a+ia3 a1 +a
Aa,a) = al + iao = oo , a,a€R, detA(s,a)=a*+a’>=1

1a] — as a — 1a3
2. dim(SU(2)) =3

3. Quaternion (Pauli matrices) algebra:

‘O'ao'b = 1dap + i€abc0cy o' = 03007 ‘

4. Multiplication:

A(a,a)A(b,b) = (al + iao)(bl + ibo)
= (ab—ab+i(ab+ba—a x b)o
= A(ab—ab,ab+ba —a x b).
5. Inverse: A~!(a,a) = A(a, —a) = Af(a,a) ={A} = SU(2)

6. Another parametrization: spin s = %, n?=1,

i « « « a
Ap(a) = e 299 =1 cos 5 ino sinE =A (cos Px —mn sin 5)

e Fundamental representation: ¢ — A1,
e Complex conjugate fundamental representation: n — A*n
1. Unitary equivalent representations:
U'(g) =VIu(g)v
2. The fundamental and the complex conjugate fundamental representations are unitary equivalent:
(io)" = ogioog = 0%2’0‘02 — A" = 09Aoy = O';AO'Q
e Adjoint representation: X, a,b=1,2,
X — AX AT,

1. Reducible representation: 8 dimensions, 8 =4 + 4
2. XT=4+X = AXAT = A(£X)AT = £(AX AT

3. Choose the 4 dimensional representation by Hermitean matrices:

0 3 .1 2
r +x° o —x
X(2") =21 + zo = ;

xt +ir? 20— 23

Spin wave function of two spin half particles, % ® % =0dl=a%ba
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e Relation between SO(3) and SU(2), Part I.: The triplet multiplet is a three-vector

1.

Disconnected components of O(3):

ATA = 1 —  det(A"A) = det(A7) det(A) = [det(A)2 =1 — det(A) = £1

SO(3) = {det(A) =1|A"A =1} < connected, rotations without inversion

length det X = —a? is preserved: det X — det AX AT = det Adet X det AT = det X

infinitesimal SU(2) transformations are infinitesimal SO(3) rotations:

Q

A (@)X (0,2) Al (a) (]1 - z%na) zo (n n i%na)

Q

xo —i—[no,xo]

= X0,z +an x x),

The repeated application for finite a: the adjoint representation is a mapping SU(2) — SO(3).

The representation of inversion needs further steps.

e Fundamental group: Group over the homotopy classes of closed paths: T' is a topological space (each

point is contained in a neighborhood, i.e. an open set)

1.

2.

7:[0,1] = T, (0) =~(1)
71 homotopic with v2, 71 = 7o, if

(a) 71 can continuously be deformed to v, within I", or

(b) 3 f:]0,1] ® [0,1] — I' continuous function such that

f(5,0) =m(s), [f(s,1) =2(s)
Equivalence classes of homotopically equivalent loops G, = {7|7' = ~7}.

Multiplication of loops:

’)/1(28) O<S<%
Y2 ®71(s) =
(25 —1) F<s<1

e.g. paths on the circle with a given winding number

@M=" ¢ GG, =Gy

Fundamental group, m(T'):

(a) Homotopy classes with the multiplication and v~ 1(s) = v(1 — s).

(b) eg. m(UL)) = Z.
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e Relation between SO(3) and SU(2), Part II.:
1. The mapping A — AX AT, SU(2) — SO(3) C O(3) is a two-to-one,
(—A)X(—A)T = AX AT
2. The group manifold SU(2) is simply connected, 71 (SU(2)) = m1(S3) = 1.
3. The group manifold O(3) is doubly connected, m1(O(3)) = Zo = {1, —1}.

Proof:

(a) Rp(m), Rp(—m) € SO(3), are identical, Ry, (7) = Ry, (—7) because a rotation by 27 leaves a vector

unchanged.

(b) Continuous deformation of the loop can change ng4, the number of diametrically opposite points

of SO(3) visited in units of 2.

(¢) The parity ng mod 2 is topological invariant.
4. SO@3): |a| <7 (AXAT = (—=A)X(-A)), SU(2) : |a| < 27

_i a e
Ap(a) =€ 299 = 1 cos 5 ~imosing



C. Multi-valued wave functions

1. Wave function:

(a) ¥(x) : R?* — C possible Riemann-sheets, e.g. In 2.
(b) Do they play role in physics?

(¢c) There might be several Riemann-sheets if the particle is excluded from some region, ¥)(x) = 0
2. Particle on the circle: © = r(cos ¢,sin ¢), () = (d|))

e Hermitian extension of the momentum operator p = ﬁdb =pl

(a) —oo <z < o0, 9 € Ly:

(P1lplb2) = /

— 00

— [ s (Rouin(@) vale) + i hate)

—00

Ao} (@) - 0ta(v)

o0

—00

0
= (Y1lp'[e)2)
(b) 0 <z < o0, A

(¢c) —m < z < m =different Hilbert spaces:

ilple) = [ dov1()=0502(0)

—Tr

= [ (ﬁawlw)) ¥a(0) + 2 (61al0)

T

— o)
= My = {U()|(d +27) = ep(¢)}

—Tr

31
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L4 7‘[9:

— Basis:

— Spectrum:

poth = © <n+ i) "
T v

h2 0 \?

— Periodic 6-dependence:

0—=0+2r —  P(d) = Yni1(d)

Physical origin: The particle interferes with itself as it turns around the circle. No classical analogy.
e What matters

(a) in classical mechanics: where you are

(b) in quantum mechanics: where you are and how did you get there

Quantum symmetry: ¢ — ¢ + 2m, irreducible representations: (¢ + 2m) = ¢?%1)(¢) (like translations)

0: new topological quantum number
3. Aharonov-Bohm effect:
e Particle on a ring which encircles a magnetic flux

o= /2dnB(:1:) = jézdmA(a:)

The magnetic field is vanishing on the circle, A = Ay = 5= = J,5a(d) a(¢) = % (pure gauge)

2rr

Hamiltonian, p — p — £A

K1 e®
Hy = —0p — .
® T 22 < i ? 277710)

Aharonov-Bohm effect: The expectation values dependend on the magnetic field.

Surprises:

(a) The magnetic field is vanishing along the path of the propagation

(b) The physical effects of the magnetic flux can be eliminated by an aperiodic gauge transformation

which lead out of the Hilbert space.

Afw) = Af@) + V(@) $(@) > X(a),
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— Ay =0and x = qﬁﬁc 5 — Ap = magnetic flux ®.

QWT’

- Ho — Hoyeo, Hp = Hoyeo.

e Hgy is the free Hamiltonian (no magnetic flux) in Hcs.

he

e Relation to quantum mechanics on the circle: ® < 6

4. Dynamical condition of the multi-valuedness of wave function: The particle has to be excluded

from a region and that makes the coordinate space multiply connected.

5. Topological symmetry: The fundamental group is a (classical) symmetry and its irreducible representa-

tions generate a new quantum number, O, e.g. rotor dynamics,

0 boson,

7T1(SO(3)) = Z2, O =

7 fermion.

D. Projective representations

1. The vectors 1) and e'®|¢)) represent the same physical state.

2. The representations of symmetries are to be generalized to projective representations,

Ulgg') = Ug)U(g)e™ o)
U(gsg291) = Ul(g3)U(9291) = U(g392)U(g1)
(g3, 9291) + (g2, 91) = a(gs,92) + a(g3g2, 91)-

Question: Can the phase factor be eliminated by a ”gauge transformation in the group space?
U(g) = U(g)e”?

Necessary conditions:
1. Preliminary:

(a) Central charge: the coefficient of the identity in the commutator of the generators,

[r,7] =cll +---
(b) Simple group: has generator which commute with all the other generators, eg. il for U(n)
c) dSemi-simple group: has no generator which commute with all the other generators, eg. n
Semi-simpl h hich ith all the oth SU

2. Local: (in the vicinity of the identity)
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(a) The group has no central charge.

(b) The central charge of a semi-simple group can be eliminated by the appropriate redefinition of the

generators.

3. Global: The topology of the group must be simply connected. In case of a multiply connected topology the

phase a(g, ¢') gives a representation of the fundamental group.
Rotations:
1. SO(3) is semi-simple but doubly connected, m1(SO(3)) = Zo =3 projective representations.
2. The spin is pseudo-scalar and is left unchanged by space inversion =—=-U(P) = zp1.
3. Projective representation: U?(P) =1 € Zo =U?(P) = 1, zp € {1,—1,i,—i}.
4. U(Rp(27)) = 1£©

(a) d=3: ¢®© € m(SO(3)) = Z3, bosons (O = 0) or fermions (6 = )

(b) d=2: m(SO(2)) = Z, —m < © < 7, anyons

E. Relativistic spinors

Spin is a relativistic effect:

e Irreducible representations of the Poincare group are labeled by P*P, and 52

e The Lorentz boost introduce projective representations of the Poincare group

e Lorentz group is represented on the universal covering space of Ll which is SL(2,C)
Spinor representation of SL(2,C): dim(Sl(2,C)) =6

e Parametrization:

a+ a3 ta; + as
A(a,a) = al +iao = , a,acC, detA(a,a)=ad>+a’>=1

1a] — Ay a — 1a3
e Fundamental representation: & — AE.

e Complex conjugate fundamental representation: n — A*n.



35

e van der Waerden conventions: &,, %, a,a € {1,2},

€a = AL&, na — Ay
0 1 ;
Jab = =ioy = gy = —9"" = —g*
-1 0

EaX® = &ag™xb = E1x2 — Eax1 — (EaXp — EoXa) A" AS = (E1x2 — E1x2) det A = €,Xx°

e Adjoint representation:

X — AXAT
ai 0 2+ a2’ al —iax? xaa
X% zt) = 2°1 4+ xo = = X% (xH)
b 4 iz? 20— 23
X . = Xbb _ tro sk _ tr
aa — YabYsp ) g=102, O =0 = —02002 =02009

tr

= ioy(2’1 + zo)iol = 21 — xo™.

Lorentz group and SL(2,C): Dim(X) =4, X is a four vector z*.
1. length det X = 22 is preserved.

2. infinitesimal SL(2,C') transformations are infinitesimal Lorentz transformation:

i

Rotations: Rp(a) = Ap(a) =€ 297, a~0

X(0,2) = Ap()X(0,2)A] (o) = X(0,z + an x x)

Lorentz boost v =¢fn, 5 ~0
An(iB) = ¢7"% = 1 cosh g +no sinhg
An(iX () A(08) ~ (1+ Gno ) (o1 + o) (1+ fno)

21 + (z + 2°Bn)o + 5{710', xo}

Q

Q

= X(2°+ Bnx,xz + 2°6n)

3. Mapping: SL(2,c) — Ll: two-to-one (A and —A).

4. Topology: Ll = S0(3) ® R3, 771(L1) =m(SO(3) ® R?) = Z,.
Universal covering space:

1. T" and T'; are locally identical, T'; is globally simply connected, m1 (') = 1

2. R — U(1) locally identical, m(R) = 1, m(U(1)) = Z.
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3. SU(2) — SO(3) locally identical, m1(SU(2)) = 1, m1(SO(3)) = Zo.

4. SL(2,C) — L1 locally identical, m (SL(2,C)) = 1, m (LL) = 1 (SO(3) @ R?) = Za.
Representations of the Lorentz group: L = Ll <) Li oLl oLt
1. Representation of L1 :

(a) Simply connected m1(SL(2,C) ® R3) = 1

(b) Doubly connected 71 (SO(3) ® R3?) = m (Ll) = 7y

—>projective representations (bosons, fermions)
2. Representation of discrete inversions P, T

3. Representation of the cosets LY = TPLTF, T = PLL, LY = TLTF

Representation of discrete symmetries by bi-spinors:
1. P:

(a) Nonrelativistic case: P = zpl
(b) Relativistic case: PL(v) = L(—v)P # L(v)P =[L(v),P] # 0 =P # zpl

(¢) Irreducible representation of Ll uL!: unitary, s, — s,, exchange the irreps. of Li

1/1=§,
Na

36



Pga = ZPa, P?]a = ZPé-aa
zp = £1, (PP=1) or +i(P?=-1).

2. T

(a) TL(v) = L(—v)T # L(v)T =[L(v),T] # 0 =T # 271

b) Irreducible representation of LT UL:: anti-unitary, s, — —s,, keep the irreps.
+

ab, *

TE" = 2rgas™®, Tne = 2rg™n;,
T? = U(Rn(27)) = —1,

zr = =i
3. C': anti-unitary, s, — —s,, exchange the irreps. of Ll

CE" = 200"k, Cna = —zcgas™
20 = +1,+i.

Usual convention of a PTC-symmetric quantum field theory: zp = —zp = —z¢ = i.

F. Dirac equation

1. Covariant equation for ¥ = (£, 1),

2. Involving p® = p°1 + po and pay = p°1 — potr.

P, = m&",
Pacl” = mng,

or

(P +po)n = mé,
(r° = po)e = m.

Dynamical role of the mass: coupling the two spinors

Elimination of one spinor:

(p* = m?*)¢ = (p* = m?)n = 0.

+
of L

37



Covariant form: p, = i0,

0 01 0 —0o 0 1, 0 0 o
Wch = 9 Yeh = ) Wst = ) Yst =
10 o 0 0 —1, - 0
1 1 (1 -1,
Y = UNAUT, U= (=% = ,
2 2 1, 1o
Scalar Dirac matrix:
1, 0

VP =i, 45, =
1,

Minimal coupling: p, — py — €Ay, Oy — Oy +ieA,, (iP —ed —m)y =

Discrete symmetries:

o Pw = UPwPa fP(t7CC) = f(t,—:l:), AuP(tam) = (¢(t,$),A(t,$))p - (¢(t - ) _A(tv —CC)),

Up = in°, Upy'U, =10, UpyUp' = —

(i) — ed —m)p = 0 =Up (i) — eAd — m)Up Uptp = 0 = (i) — efp — m)pp =0

o Ty = UT@Ta fT(t7CC) = f(_tv $)7 AMT(ta :B) = (¢(t7 :B), A(tv m))T = (¢(_t7m)7 _A(_t7m))7

Ur = —iy'y*0, Up' = %!, Upy™OUp" =20, Ury" Uz = —

(=i —eh—m) = 0 =Up(—ig* — eA™ —m)U; ' Urtp = 0 = (i) — eAr — m)¢r =0
o CY =Ucy, Uo = —iv?y°, UcA*U5" = =41, (i + ed — m)ypc = 0.
Lorentz transformations:

e Fundamental representation:

£ — A §b & — A¢, Aa,a) =al +iao

e Complex conjugate representation:

A*(a,a) = (al +iao)" =a*l —ia*c*, o =—0900,
= JQA(a*,a*)ag

Na — Adny = (gawr g™ A%y, g =ioo

%
— i09A*(a,a)ioln = ioyoa A(a*, a*)ogion = A(a*,a™)n.

e Bi-spinors: A, (a+i8), u = an, v = fn,
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1. Lorentz covariance:

i
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An(a + Zﬂ) = e_%(Oé-Hﬂ)"lU — e—%(ua—f—i'va) _ e_ZWWUW
1
vj = Woj = —Wjo, U = §Ejkgwjk, Wik = €jkete,  €jkL€ikm = 25@,771

0 U1 V2 V3

—V1 0 us —ug . (o] 0 : . gy 0
= ] R R
—V2 —U3 0 ui 0 —0j 0 gy
—vV3 U2 —Up 0
R L
2. Representation independent form:
0 01 0 —0o
Yeh = y  Yeh =
10 o 0
i
o = L]
3. Spin: generators of SO(3) rotations:
1
S; = 2 CiktTRke
1 om 0 o; 0
(Sen); = §€jk€€kém =
0 Om 0 O'j
TABLE III: Transformation properties of bilinears.
Bilinear Special Lorentz tr. Space inv. Time inv. Charge conj.
S = S S S S
P = y%y P & P P
Vi = @’Y’W = (VO, V) wHVVV (VO7 _V) (_V07 V) \4s
A = Py wh V" (Vo V) (Vo V) Ar
TH = apotep = TH (u,v) w“,)w“l:,TW/ TH (—u,v) TH (—u, v) TH (u,v)

G. Free particles

Y (@) = e Py, Y (@) = ePup, 0= (B—m)up = (p+m)vp

P =wp = /mZ - p2 >0, p? = m2c



40

p # 0: pf = (me,0),

0=(" -Duw=0"+1)
1 0
0 (1) 1 (2
HON _ (¢ O _ [ |
0 0 0 0
0 0
0 0
0 0 0 0
Q= =) == ).
1 Y 0 @
0 1

p#0: ' = (wp,p), (b m)(pF m) = p —m?, 0 = (ﬂ 0)’”<O U)
0 —1 —o 0

\/@W)

«a ZI) +m o
W= ' = (@)
m(m + wy) o
m(m+wp
(@)
?}éa) _ _1'6 +m U(()Oé) — | V2m(m+wp)
2m(m + wp) m;rwp (@

Normalization: 0y#~9 = ~#f

ug B+ )+ myug” a4 M)y (p+ m)ug

PG C _
PP 2m(m + wp) 2m(m + wp)
_a g m) @+ m)uy’ _ ag) (m? + P+ 2mp)ug’
2m(m + wp) 2m(m + wp)
a4 P 4 2mwpn® — py)u” g (m? 4w} — p o+ 2mey)ug)
B 2m(m + wp) N 2m(m + wp)
- ﬂéa)(mQ tm?ip?—p?t 2mwp)u (()B) _,
N 2m(m + wp) N
ﬁg})uéﬁ) _ _1—)1(704)1)1(75) = ap) aéﬂ)?}éﬁ) _ Eéa)uéﬂ) —0
Projection to positive and negative energy: momentum-dependence as for scalar particles
p+m  14+4°  p+m p+m
P = Up )@ al®™ = =
+(P) Z p 2m(m + wp) 2 2m(m + wp) 2m
(a p -m 1- 70 ZI) -m m— p
— m(m + wp) 2m(m + wp) m
/
(p—m)up = (p+m)vp =0

Bi-spinor: (2 spin) x (4 energy)
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H. Helicity, chirality, Weyl and Majorana fermions, twistors

Bi-spinor: 8 real (4 complex) dimensional space: 8 =4 + 4
e Helicity:

1. Rotation invariant spin projection: projection of the total angular momentum on the momentum,

J
hp:ﬁ, J=L+S—zxp+8
Db
_ Sp
p|’
Dirac fermion: h = ig.
2. Conservation: S; = %Ejkgdkg,
0 1, 0 —o 0 1, o0
lap + fm,pS] = |p +m ;P
1, 0 o 0 1, 0 0 o
) o; 0 o 0 0 1 o 0
= pp* ||’ A7 + mp" 107"
0 —O'j 0 O ]12 0 0 O
]12 0 k 0 ]12
= p'p°loj, o] + mp”[lla, oy =0
—1s 1, 0

3. Spatial rotation: invariant

4. Lorentz boost: p = =,
1=

(a) L_xy, A > 1 such that v changes sign
(b) p=pn, Sn= %njejkéakg = %njﬁjkz%hkﬁg] = %njejké'Yk'Yg = %’Y(n X )
Three-vectors which are orthogonal to the boost velocity remain invariant

(c
(

(§]

)
)
)

d) = Sn invariant
) v changes sign =h changes sign =-helicity is non-Lorentz invariant
)

(
f) A massive fermion can not be composed exclusively from a given hellClty components.

e Chirality:

1 0
1. Definition: Eigenvalue of 75 = i’yofyl’yz’y:", ’y?h = ? ) ’Y5¢ =Xx¢, x = +£1
0

2. Projectors:



3. Lorentz invariant, ¢ = : , fyghg =&, *yg’hn =-n

Ui

4. Conserved by massless particles only,

(®° +po)n = mé,
(r° —po)e = ma.

5. Massless particles:
(a) Chiral symmetry:

E— e, n—e 'y,

42

b — €74

broken by the axial anomaly at the UV cutoff (suppression of high energy modes), 70 — v + v

FIG. 1: J. Ambjorn, J. Greensite, C. Peterson, Nucl. Phys. B221 (1983) 381

Y§=+1

'Y5=-'I Y5=+1 Y5=—1
———— _——— —_—
—_——— e - —_—— e — —_—
_—— .~ T ———
=>

- \ - ——

- & [

- \ - —_—
. — ——
75:-1 *(5:+1

‘YS: +1

|

-
. b o ¢
;
- -

.
.

-
.

Fig. 1. (a) Explicit excitations of particles in the negative energy sea with ys=+1 into positive energy

states with ys = —1. This transition is forbidden by a chirally invariant lagrangian. (Full and open circles

denote particles and ‘holes’, respectively.) (b) Simultaneous shift of all energy levels in the Dirac sea
due to pair creation in an external electromagnetic field.

(b) helicity = chirality

W= ()’ —py)Y =0, pyY=wn"y
0 1o 0 —0o o

. 0 1y 0 1y 0
Py YY = P Y=p Y =pS . Y = |plh . (0

1, 0 o 0 0 —0o

2
= |plhxY =wpp =|plyy — hx=1, hyx=+x1, — h=x

—1q
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(¢) R: x=1,h=1, L =x x p, right hand rule
6. Weyl fermions: £ and n respect no space inversion.

(a) Lagrangian:
Ly =n'(idy —iVo)y, Le=¢&l(io+iVo)e.,

(b) ”Neutrino equations™: (p° + po)n = (p° — pa)é =0

(c) v, seen in the mirror does not exist in Nature.

TABLE 1V: Invariance properties of the splitting of the bi-spinor space.

Invariance Helicity Chirality Majorana fermion
Ll x v v
Time evolution of a free particle v m#0: x;m=0: v v

e Majorana fermion:

1. Definition: The basis transformation

1 1+ 09 i(O’Q — 1)
Uy =<
2 2(1 — 0'2) 1+ 09
makes
(a) ¥4, = U4/, U imaginary,
0 o 01 0 0 oo 103 0
Yir = M= s o= = :
g9 0 0 101 —01 0 0 iO’g

(b) (iv*0,, —m)y = 0 real
(c) phase of ¥ preserved
2. Majorana-Weyl fermion:
(a) They have the same dimensionality, Majorana ~ Weyl ?

(b) Problem: the realness of a Dirac fermion, ¢* = 1), is not a Lorentz invariant condition.

(¢) Can a Majorana fermion be build up from a Weyl spinor?

Yes:
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1 1+ o9 i(O‘Q — 1) ¢
bur = 5
i(l—09) 1409 —i09&*
_ 1 AFo)it (o= 1o | 1 [ (L+02)8+ (1 —0o2)¢"
2 i1 = 02)€ —i(1 + 02)o28* ) 2 \i(1 — 09)& — i(1 + 00)&*
_ 1 [ Qto)e+[A+o)e" )
2\i(1 — o) + i1 o))

(d) Mas generation?

i. Lagrangian:

La = 0w (i)~ m)n

= %[gT i(0p — V)& — m&™iosl] + c.c.
ii. E.O.M.:
(00 — Vo)& —moy™ = 0.
iii. Are the neutrinos massive?
e Twistors: space-time coordinates from spinors?

1. Observables are bosonic tensor operator with integer spin.

— Observed coordinates belong to ¢ = 1.

— Can the elementary, microscopic representation be simpler, say ¢ = %?
2. Idea:

— Adjoint representation

i 0 20+ 23 b —ix? ami
zt o XY =z"1+x0 = o VW

at +ix? 20— 3

—d=4A=X'=X =v=0"
— Twistor coordinates: X (z) = v%*e,
3. Problem:

— However v — €"“v is a symmetry =>d — d — 1 = 3 can be represented.
— Rank(v®*®) = 1 =det X = 2z, = 0.
=Twistors are available only for light-like vectors.

— General vectors might be represented by a bi-twistor, (v%,7,) =>simplicity is lost
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I. Non-relativistic limit

E@ﬂ/} = [a(—iV — EA) + fmc + EAO} (S [aﬂ' + Bme + EAO] v, w™=p-— ‘A
c c c c c
Pauli’s equation: Standard representation, ¥ = (¢, x),

0 1, O 0 o 0 o
v = , Y= , a=
0 —1, —o 0 o 0
i0p = comy + (edo +mc?)g

i0yx = com + (eAy —me?)x
Separation of the rest mass: ® = eim02t¢ and X = eimCQtX

0@ = eimCQt(iat —mc?)p = onX + eAg®
X = eimc2t(i8t —me)x = cond + (edg — 2mc*) X
x =29 Oy, eAg < mc?

2mc )
10;® = |:(0-7T) —{—6A0:| P,
2m
Summary: Use Schrédinger’s equations with p — o,
— 2 A)2
o= | P ¢ pioale.
2m 2mc

Problems:

1. Irrealistic velocity:

(a) Representations of the time evolution:

i. Schrodinger: i0y|1(t))s = H|Y(t))s, i0:As = 0, [¢(t))s = e " EtIH (1)) g
ii. Heisenberg: |¢(t))y = e/t H () g = [1(t;))s,

WOIAE) = (W)’ A e DT |y(t))s

N~
(@)l As w)s
= (@(ty)| T AT (1))
(Wl An(®) )

AH(t) — e’i(t—ti)HASe—i(t—ti)H

0 Ap(t) = [Ag, H], i0¢(t)u =0
(b) Dirac equation:
E&gar: = [z, ap + fmc?] = ia,
c

a1 = £, the particle moves with the speed of light.
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(c) Zitterbewegung: interference between positive and negative energy solutions of the Dirac equation.

(d) Heisenberg uncertainty principle: good knowledge of & =—large momentum fluctuations.

2. Higher order time derivatives =>Ostrogadsky’s instabilities, & = % is Newton’s great luck

Pr — 20) [ = L(z,a®, ... 2™ )

dty
EOM:
- 5L - d’ L
= = ) - 1y 2
6S[x] = & / dtL(z) > / dtozt) o / dtéz Z( 1y =)
j= J
d? oL
— _1)
0 Ej:( Y i3 520
Energy conservation: ¢t — t + &, dx = =&,
d & 5L R . oL (it d I IL ) G-k
Z/ dti 520) _Z/dt [§5m(j)m +Z(k)5x(j)§ v
7=0 k=1
= oL ARy
‘ +Z§x(
Sl = | dte or— ) Y i(ﬂ') it gF) g G=k+1)
T dt : k 520)
j=1k=1
EOM for ¢:
0= or-tioy j Oy [ k] a4 i
T k dtk | 620) !
Jj=1k=1
n=1: H1 = 5—L.%'—L
oz .
Stal R A (OL gy
) _ _ i _ ite Il
n>2: H = H +Zzl;(k)( 1) v ((h(j)x ) non — definite !!!
]: =

Instead cluster expansion:

S = Z /dtl dt L t17 (tl) (tl) : tm (tn)vi(tn))

n>1

non-definite energy !!!

Foldy-Wouthuysen transformation:
1. Basis transformation |¢)) — S|1¢) to decouple particles and anti-particles
Klein-Gordon equation:

m+wp, — o1(m — wp)
Sp =

2, /mwp

= cosh k + o1 sinh Kk = "1
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Dirac equation:

S = e% =T cosf + msm@ ((’yp)Q = —p2)

S(ap + pm)S~! = (]1 cos f + % sin9> (ap + pm) (]1 cos ) — ﬁ sinH)

PPy o} = PR 40 ) = P A = 0
S(ap+ pm)S™! = (ap + fm) <IL cos ) — |p1|7 sin 9>
= (ap+ Bm) <IL(0082 6 —sin®6) — QH cos 6 sin 9)

= (ap+ pm) <11 cos 260 — % sin 29>

: o T |
(ap)(vp) = p'p*aly? = p/phy Pyt = Spp Ay 4} = —pp?

S(ap+ pm)S™! = ap <cos 20 — m| sin 29) +5(m cos 20 + |p|sin 20),

|
0

tan20 = M, sin29:M, COS29:E, Hpw = Buwp.
m Wp Wp
. Projectors:
m=+p
P = —~
+ () 5 X
SPjE(p)S*1 = ﬂcos@—i——s 0 m £ (fwp —vp) ﬂcos@—ﬁsinﬁ
p| 2m , p|
= m:':’yp:t@ 10059——51119
2m 2m Ip|
= m:F’ypi%(ﬂm_E@) «  cos?f—sin?0 =
2m 2m wp |P| wp wp
==yt
2

. Coordinate operator: x =1V,

rrw = S:cSil

= (ﬂcos@—kﬁsinH) T <]1COS(9— Esin€> =x +ia

p| p|
1 m P Wy —
R A A O
Wp wp) " p?
1 P P’
= —|y—-(1 —+0
2me [7 ( +7®7)2mc+ <m202>]

. Velocity operator:

1 .
Eata: = —i[x, fwy] = BV pwp = BVgroup



48

J. Spherically symmetric potential

1. Hamiltonian
H=ap+m+U(r), {ajar}=20 B°=1, {aB}=0

2. Commuting observables:

(a) Total angular momentum:

i. Angular momentum:

[Lj, H] = [Lj,ap+ Bm +U(r)] = [L;, op]

= m€kelTrDe, Pm] = Qm€jre| T, Pmpe = ton€jrepe = i(a X p);

ii. Spin:
1 1 i ; 0 oy 0 oy
Sj = €kt = §€jk€§[’7ka7£] = §€jk£7k’7z = €kt
—or 0 —op 0
7 orop 0 7 ) om 0 o; 0
L = —5Ckt ke =
0 ooy 0 om 0 oj
]12 0 0 o
B = ) o=
0 —14 o 0
1 o; 0 0 o o; 0 1, O
[Sj7H] = 5 ’ yPm " + ! ,m
0 oj om 0 0 oj 0 —1s
P o; 0 0 om 0 om o; 0
2 0 oj om 0 om O 0 oy
Pm 0 [O’j,O’m] . 0 oy .
= 7 = 1Pm€jme = _Z(a X p)j
[0, 0m] 0 o¢ 0
J=L+S, [J,H =0
(b) Spatial inversion: ¥p(t,x) = Uph(t, —x) = ir" Py (t, x)
Up, H| = i[PB,ap + pm + U(r)] =i[PS, ap]
1 0 0 po 0 o 0 —po
—i|lp[ , P =iP P + P =0

0 —1o po 0 —po 0 po 0
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(c) Mazimal set of commuting observables: J?,.J,, P

3. Spherical harmonics:

M
Vi

M
oJ

H 4 =F 4
X X
J? ¢ = J(J+1) ¢
X X
1. ¢ v ¢
X X
P 4 = (-1)* ¢ , J=l+=, o=+1
X X
J+MYJ7%
1
2 M c=+1, J=l+3
J*MYJ_i
_ V o 2J MJ,_%
VRV M= | =1, J=t—L >0
EWAESVESES A
2(J41) "M+

F(T)yﬁgJ
T G(T)y%%J

~

o, = o7, po scalar with negative space inversion parity: AJ =0, Al = £1

M M
UTyJ-l—%J = _yJ—%J

4. Polar coordinates: (e, eg,e4), ¢ — (1,0,0), V=e,V, +eyVy +€e,Vy, o, = e,

v

e (e, V)—e. x (e xV)=eV, —e, x(e,Vg—eyVy)
eV, — Eer x L

1 1
a,—0, — —a(e, x L)
7 r

dapl + i€apeoe, (aa)(ba) =ab+2iS(a xb), a=e,, b=2S
0 1o
e,L +2iS(e, x L) =2iS(e, x L) <+ X , a<>2S
I, O
ia(e, x L)
1 23 1 1
ar—,&n—k—lar(SL):—,ar <8r+——é[(>
(3 T (3 T T
1+2SL=1+J"-8>-L"
JJ+1) =3 —(J+3)(J+1+9) s —2-0J-%
JI+1) -2 -(J-9J+1-9%) ~44+0J+%¢



5. Stationary state:

(
- o (- 2ot

a,+%——K>+ﬁm+U(r)} i(

<

IV. KLEIN PARADOX

141 dimensions, U(z) = Uy©O(z), Uy > 2m, m < E < Uy —m

1. Dirac equation:

(Z@ - BA - m)T/),
WO(E = U(2)) +iv°V. — m]x(z) = 0

E A
“Ugtm
Uo
U-m
””“”””””’m ”””” ;’_"”"7.:’”
'z
-m

Y(t,z) = x(z)e "F, edy=U,

Wik,

iG(r)y%%J

’ ]12) <8T+EB<E+J>>+ﬁm+U (F
1, 0 ro\2 | \ic

F(T)yﬁgJ
iG(T)y%%J

P = 0",

|

20



2. Plane wave:

0 1 0 0 o
Y= y Y=
0 —1 —o 0

2m(m + wp) 0 2m(m + wp)

(wp +m —po )
po  —w,+m (o)
WO = M e P <¢ ) _

2m(m + wp) ° 2m(m + wp)

(wp +m po )
(@) _ —p+m U(a) _ —po  wp,+m (

3. Wave function:

x(2) = O(=2)xi(2) + xr(2)] + O(2)x2(2)

1
L TEep (1)
xi(z) = e®? 2m o ? = ¢'P? 0
‘ m+wp | ——22____ 41 p ’
2m(m+wp) m+FE
0

0

‘ (1) ‘ (2) ‘ 0
Xr(z) — befzpz QS + b/eflpz ¢ — befzpz
_qu(l) _qu@) __Dp_
m-+wp m-+wp m+E

- o) - ¢ iy
xt(z) = de'?”? . +de?* . = de?”?
op ¢(1) op (2)
m—l—wp/ m—i—wp/

(E —Up)* =m? +p”

Spin independent potential (no spin flip): ¥ =d’ = 0.

4. Matching conditions:

[ avaxe) = i [ dern -0 - vE)E)

—€ —€
€

Disex(0) = i~ lim / dzlm —A°(E — U(=))x(2) = 0
x1(07) = xa(0") — 1+b=d
P 14

x3(07) = xs(07) = (A1-0) % dm+E_UO,

— 2m(m+wp) X
@ [mn

m-+wp ¢(o¢)

2m

ap (o)

2m(m+wp)

op (a)

m-+wp (a)
m

E? = m? + p?
1 0
1
+ Ve W
0
0 miE
1 0
+ d/eip’z 1
m+FE—Uy 0
0 —m-i-g]—Uo
/
E
l—b—de, c¢=P_M*

spin

T pm+E-U
—_———
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1-¢
b= —2 d=—"—o
1+¢& 1

5. Reflection and transmission coefficients:

7 0 of j j
7% = Py = TPy = x1 ( x=x' x, R=-2, 1="2"
O'Z O ]Z ]Z
0 0
00 0—1
jl' - <1,05L,0> P
0-10 0
001 0
00 0—1
jr = b <1’0’_mLi—E’O> = —2/b |2m
10 0 0 -t
0-10 0
0 0
/ 00 0 -1 o
G = ld? (1,0,—EZ——0 = 2ldP————
m+E U()
0 —-10
! E-U,
R = b2, T =ld?% =T 0
p m+FE

1-¢\? 2 \? 1-6)2+4
ret = p = (1) + () = g !

6. Klein paradox: m < E < Uy —m =€ = m mS_”EEUO <0 =T < 0and R > 1 (spin effect)

Appendix A: Renormalization group

A typical result in QED, the interaction energy of two static charges:

U(r) £ 22 7277

r

Q: Why is it difficult to interpret the result of any calculation in quantum field theory?

A: Because it is given in terms of the parameters of the Lagrangian which are non-physical quantities

Q: Why are the parameters of the Lagrangian non-physical?
A: Because physical quantities depend on their scale of observation and we do not know

the scale of observation of these parameters

52
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Q: Is there such a problem in quantum mechanics?

A: No because quantum mechanical problems involve few particles and cover a small scale window

TABLE V: Main chapters in quantum field theory and renormalization group

Quantum field theory Renormalization group Time period
renormalized theories multiplicativ RG 1954-1970
blocking 1971-1984
bare theories
functional RG 1984-2006
open theories quantum RG 2006-

1. Multiplicative RG

1. UV divergences in perturbation expansion:

2) _ (i [Ha o)
ER =3 E(o £O <oo 7
m¥#n
00 (0) (0)y2
5O _ [ s WP e S D)
P= o _ o0 7 4 ©) -
Ep = ° Eip) —4

2. Regularization: restriction to known physics, |p| < A, below the cutoff representing our ignorance

| Hilyy)
0
EO _ g0

) = [ e gl

Spatial resolution: ¢, = %
3. Renormalization: How to sweep the parameter of our ignorance under the rug?

e Constants in the action are NOT physical parameters: S[xz;ag], S|¢;ap], ap ={9B,...,mp,...}

Physical parameters
P = F(ap)

are complicated functions of the bare parameters
e Compensation of the change of the cutoff: ap — ap(A)?
e Renormalization conditions: QED for electrons: S[¢,1E,AM; e, mp|

— Naive solution:

P, = Fi(eg,mp), P»=Fyleg,mp) — ep,mp




— Regulated solution:
Py = Fi(eg,mp,A), P=Fy(eg,mp,A) — ep(A),mp(A)

— Renormalized trajectory: theories with different UV resolution but the same IR physics

A
short

long

T

— Interpretation: ap(A) are running parameters, they parametrize the physics at scale A

No constants in physics, only (slowly?) running parameters

— Theories with N parameters have N — 1 free parameters only
e Renormalized theory: Removal of the cutoff A — oo, £pin — 0

e Renormalizable theory: The finite scale physics converges as A — 00, lipin — 0
F(GB(A),T)’LB(A),A) — P

e Perturbative renormalizability by power counting:

— Perturbation series for an observable (O):

<O> = ZgnIn
n=0

N(pi,...,
I, = / By dip NP1 PE)
[Pl Pe|<A D(p1,.--,pk)
— Wick rotation: p° — —ip?, 20 — —iz0, 22 = 202 — 2?2 - — (22 + 2?)
N(p1,...
[P1],onpr|<A D(p1,---,px)

Primitive degree of divergence: i = ¢ = 1, energy dimension of X: [X].

w(ln) = [In] = 4k + [N(p1, ..., pe)] — [D(p1,-- - pr)],

— UV divergence:

— Power counting:
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(a) [g] < 0: strong power divergences with increasing orders; non-renormalizable theory
(b) [g] = 0: the same divergence structure; renormalizable theory
(¢) [g] > 0 finite number of UV divergent orders; super-renormalizable theory

— Example:

s = [ate|5007 - g7
0=15] = —~d+2+2/¢), [4] :g—l—>1 (d — 4)
= —d+ [gn] +n[¢], [gn] :d—n<g—1> —4-n>0

o Multiplicative RG: Momentum-dependent UV divergences =>¢(z) = vV Z¢p(x)
e Problem of the perturbation expansion:

— ap(A) =

— Asymptotic series, minimal error in order QLB —0

— New small parameter is needed

e Renormalized perturbation expansion:

— Renormalization conditions for physical parameters:
On = Fn(aB(A)’ A)

— Counterterms

¢* scalar theory:

A m2
Lp = 5(5¢3)2—TB¢QB—%¢%
_ Lo Mo g 02 o0 0m? o g

Lr Ler

In general: ap = o+ A«

Splo; ap] = Srl¢; o] + Scr(é; Aa]

— Reordering of the perturbation series for Ao = O(A™), n > 1 or Ao = O(InA)
D ba(M)ghk =D ba(A)g + AgA)]" = rng”

— Problems:
* asymptotic convergent series
* no formal expression giving > 7,9" after expansion

— Nonperturbative theories are defined only at the bare level
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2. Blocking

1. Critical phenomenas:

o Phase transitions:

— Macroscopic averages (IR) are singular functions of the microscopic parameters (UV)
— No singularity in fundamental (UV) physics laws

— Where do critical temperature, density, pressure, etc. come from?
e Critical phenonenon:

— Diverging correlation length (usually second order phase transition)
— No perturbative approach
— Surprising simplifications

% critical exponents: thermodynamical singularities (1" — T¢) ™

* universality: independence of the critical exponents from

chemical composition, lattice structure, etc.

* B. Widom notes that all these follow from the homogeneity of thermodynamical potentials
F(A\z) = NPF(2)
2. Blocking in space-time:

e Block spin: (Kadanoff) Ising model, a — sa, s = 2
gh e e
OO O
O ‘ LO-

majority rule:

e Blocked partition function:



o7

= > 2> H‘So;/,Fj/[o]@_H[””

{o;=+1} {o!,=£1} j'

1
- Z Z H(Sa;lvFj’[U}eiH[oj]

{0, =41} {o;=%1} j'

7H’[o'/_l]
e J
_ Z o H'log]
{U;/::tl}
e Blocking transformation of bare parameters:
91/1 = By(9)

e Physical interpretation: Bp(g) — gn represents the contribution of modes within (a, sa) length scale

interval
3. Vicinity of the critical point:

e Blocking:
— lattice spacing: a — d’ = sa

— coordinates: x — =’ = <

— correlation length A = af, & = &

S

— free energy F = a’f, ' = sf in d-dimension
e Scale invariance: £ = £ = oo at the critical point, g* = B(s, g%)
e Around the critical point:

— B(s,g) is analytic in g since a blocking sums up the physics in the finite interval a < ¢ < sa

— linearization in Ag = g — g*:
Ag; = ZMnm(S)Agm
m
— assuming the diagonalizability of M

MG, = \Gy,

*

G, scaling operator
x X > 1 relevant
x \ < 1 irrelevant

* A = 1 marginal



— All relevant and marginal scaling operators are needed in the Hamiltonian

— RG equation:
B(s2, B(s1,9)) = B(s152,9)
— Linearized RG equation:
An(82)An(51) = A\n(s182)
— Continuous solution:
An(s) = s
— Critical exponent of the H,, scaling operators

G, — s""G,,

e Origin of singularity:

1n Lmacr
a

Ins

N
Lger = s a, N =

N — oo repetition of a regular blocking becomes singular

e Homogeneity: assume that all relevant operator is present in H,
= Sdf(G,) = f(s"Gh) = Sdf(Gn)
e universality: independence of the critical exponent on the irrelevant parameters
4. Statisitical Physics and Quantum Field Theory:

e Critical phenomenon is SP: A — o0, a fixed, % =2

e Renormalization in QFT: A = A\¢ fixed, a = + — 0, ATC — 0

>

e Two equivalent classifications:
renormalizable: relevant and marginal

nonrenormalizable: irrelevant

o8
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5. Functional RG:

e Physical small parameters: coupling constants, ¢, A small but finite

e Infinitesimal paramater: infinitesimal blocking % — 0 at the end of the calculation

e Generator functionals for the Green functions
) 1 ‘ ‘
WAl =3 = [ don - dog((@n) - ) OFTIoLar) - (w0
n=1

e Exact differential equation for the A-dependence:

Salgl — h 6255 (0]
T e T

3. Quantum RG

1. Cutoff independence: A is not a fixed parameter

2. Renormalization: A — A — AA generates mixed quantum state

3. Environment: Bare, cutoff theory has an environment, the particles modes in A < E < A — AA
4. Open QFT: QFT is UV divergent =>need of regulator =QF'T is open

5. CTP: Open quantum systems:

e bra and ket fluctuations are correlated in mixed states
(@ilplz—) = p(xy, x-) = P1(@4 )Y (@) + ho(m4 )5 () + - -
e reduplication of degrees of freedom
- QM: z — (x4, z_)
= QFT: ¢(x) = (¢+4(2), 9 (x))
e UV: new renormalizable coupling constants

e IR: decoherence, classical limit
6. Our world:

e Decoupling theorem: heavy particle M, light particle m < M
Elimination of the heavy particle generates effective interaction terms gO in the Lagrangian with
@ ((%)n> ,  n >0 super renormalizable
g=450 ((%)n) , n>0 non — renormalizable

@ (ln %) , n>0  renormalizable
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e Fffective theories:

— UV cutoff-dindependence =—-approximative fixed points

— the massive particles of higher energy theories deflect the renormalized trajectory from the lower

energy (approximate) fixed points

e Global renormalization group

29 . 80
few particles 10" particles 10

Quantum Classical
\ :
' 27

-30 -15 -1 -5 7 21
1 1 : 1 1 1
e }0 P 1? : 1? } ? 1?  meter
Q-gravity proton atomfcell % Earth Milky Way Universe

weak interaction
<>

strong interaction electrodynamics

B T —

gravitation
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Oral exam questions:

1. Particles and anti-particles in special relativity

2. First order formalism of the Klein-Gorond equation

3. Mixing of partice and anti-particle components of the Klein-Gordon equation
4. Relativistic spinors

5. Free particles of the Dirac equation

6. Helicity, chirality, Weyl and Majorana fermions
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